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Preface 


ICE-EM Mathematics Third Edition is a series of textbooks for students in years 5 to 10 throughout 
Australia who study the Australian Curriculum and its state variations. 


The program and textbooks were developed in recognition of the importance of mathematics in 
modern society and the need to enhance the mathematical capabilities of Australian students. 
Students who use the series will have a strong foundation for work or further study. 


Background 


The International Centre of Excellence for Education in Mathematics (ICE-EM) was established 

in 2004 with the assistance of the Australian Government and is managed by the Australian 
Mathematical Sciences Institute (AMSI). The Centre originally published the series as part of a 
program to improve mathematics teaching and learning in Australia. In 2012, AMSI and Cambridge 
University Press collaborated to publish the Second Edition of the series to coincide with the 
introduction of the Australian Curriculum, and we now bring you the Third Edition. 


The series 


ICE-EM Mathematics Third Edition provides a progressive development from upper primary 
to middle secondary school. The writers of the series are some of Australia’s most outstanding 
mathematics teachers and subject experts. The textbooks are clearly and carefully written, and 
contain background information, examples and worked problems. 


For the Third Edition, the series has been carefully edited to present the content in a more 
streamlined way without compromising quality. There is now one book per year level and the flow of 
topics from chapter to chapter and from one year level to the next has been improved. 


The year 10 textbook incorporates all material for the 10A course, and selected topics in earlier 
books carefully prepare students for this. [CE-EM Mathematics Third Edition provides excellent 
preparation for all of the Australian Curriculum’s year 11 and 12 mathematics courses. 


For the Third Edition, [CE-EM Mathematics now comes with an Interactive Textbook: a cutting- 
edge digital resource where all textbook material can be answered online (with students’ working- 
out), additional quizzes and features are included at no extra cost. See “The Interactive Textbook and 
Online Teaching Suite” on page xiii for more information. 
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How to use this resource 


The textbook 


Each chapter in the textbook addresses a specific Australian Curriculum content strand and 

set of sub-strands. The exercises within chapters take an integrated approach to the concept of 
proficiency strands, rather than separating them out. Students are encouraged to develop and apply 
Understanding, Fluency, Problem-solving and Reasoning skills in every exercise. 


The series places a strong emphasis on understanding basic ideas, along with mastering essential 
technical skills. Mental arithmetic and other mental processes are major focuses, as is the 
development of spatial intuition, logical reasoning and understanding of the concepts. 


Problem-solving lies at the heart of mathematics, so ICE-EM Mathematics gives students a variety 
of different types of problems to work on, which help them develop their reasoning skills. Challenge 
exercises at the end of each chapter contain problems and investigations of varying difficulty that 
should catch the imagination and interest of students. Further, two “Review and Problem-solving’ 
chapters in each 7-10 textbook contain additional problems that cover new concepts for students 
who wish to explore the subject even further. 


The Interactive Textbook and Online Teaching Suite 


Included with the purchase of the textbook is the Interactive Textbook. This is the online version of 
the textbook and is accessed using the 16-character code on the inside cover of this book. 


The Online Teaching Suite is the teacher version of the Interactive Textbook and contains all the 
support material for the series, including tests, worksheets, skillsheets, curriculum documentation 
and more. 


For more information on the Interactive Textbook and Online Teaching Suite, see page xiii. 


The Interactive Textbook and Online Teaching Suite are delivered on the Cambridge HOTmaths 
platform, providing access to a world-class Learning Management System for testing, task 
management and reporting. They do not provide access to the Cambridge HOTmaths stand-alone 
resource that you or your school may have used previously. For more information on this resource, 
contact Cambridge University Press. 


AMSI's TIMES and SAM modules 


The TIMES and SAM web resources were developed by the I[CE-EM Mathematics author team at 
AMSI and are written around the structure of the Australian Curriculum. These resources have been 
mapped against your JCE-EM Mathematics book and are available to teachers and students via the 
AMSI icon on the dashboard of the Interactive Textbook and Online Teaching Suite. 
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The Interactive Textbook and the Online 
Teaching Suite 


Interactive Textbook 


The Interactive Textbook is the online version of the print textbook and comes included with 
purchase of the print textbook. It is accessed by first activating the code on the inside cover. It is easy 
to navigate and is a valuable accompaniment to the print textbook. 


Students can show their working 


All textbook questions can be answered online within the Interactive Textbook. Students can show 
their working for each question using either the Draw tool for handwriting (if they are using a device 
with a touch-screen), the Type tool for using their keyboard in conjunction with the pop-up symbol 
palette, or by importing a file using the Import tool. 


Once a student has completed an exercise they can save their work and submit it to the teacher, who 
can then view the student’s working and give feedback to the student, as they see appropriate. 


Auto-marked quizzes 


The Interactive Textbook also contains material not included in the textbook, such as a short auto- 
marked quiz for each section. The quiz contains 10 questions which increase in difficulty from 
question | to 10 and cover all proficiency strands. There is also space for the student to do their 
working underneath each quiz question. The auto-marked quizzes are a great way for students to 
track their progress through the course. 


Additional material for Years 5 and 6 


For Years 5 and 6, the end-of-chapter Challenge activities as well as a set of Blackline Masters 
are now located in the Interactive Textbook. These can be found in the ‘More resources’ section, 
accessed via the Dashboard, and can then easily be downloaded and printed. 


Online Teaching Suite 


The Online Teaching Suite is the teacher’s version of the Interactive Textbook. Much more than a 
“Teacher Edition’, the Online Teaching Suite features the following: 


¢ The ability to view students’ working and give feedback. When a student has submitted their work 
online for an exercise, the teacher can view the student’s work and can give feedback on each 
question. 

¢ For Years 5 and 6, access to Chapter tests, Blackline Masters, Challenge exercises, curriculum 
support material, and more. 

¢ For Years 7 to 10, access to Pre-tests, Chapter tests, Skillsheets, Homework sheets, curriculum 
support material, and more. 

¢ A Learning Management System that combines task-management tools, a powerful test generator, 
and comprehensive student and whole-class reporting tools. 
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Number and Algebra 


The numbers 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, ... are called the whole numbers. 
Whole numbers are used for counting objects, such as the number of the people 
in a room. 


Zero (0) is the first of these numbers. Zero is important because it is used to 
describe some common situations: 


e The room is empty. (There are O people in the room.) 
e There are no frogs in my bathroom. (There are O frogs in my bathroom.) 


There is no last whole number, as every whole number is followed by another 
whole number. The next whole number is obtained by adding 1 to the previous 
whole number. The list of whole numbers is infinite — it never ends. 


The whole numbers are also known as the counting numbers. We use them 
every day to talk about ideas and describe events and achievements. 


The following are some world records from Guinness World Records. Each one 
is expressed in terms of a whole number. 


e The greatest number of step-ups completed in 1 hour is 4135. 

e The greatest number of dominoes stacked end-to-end vertically is 726. 
e The greatest number of drum beats in 1 minute is 1080. 

e The greatest number of pancakes tossed in 2 minutes is 416. 

e The highest first-class cricket score ever is 501, scored by Brian Lara. 


continued over page 
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NE —SSCSC 


The operations of addition, subtraction, multiplication and division help to answer further 

questions about such numbers. For example: 

e Estimate the record for the greatest number of drum beats in a second. This is found by 
dividing the number of drum beats in a minute by 60. 

e¢ How many pancakes could be tossed in 6 minutes if the record-holder could keep going 
at the same rate? This is found by multiplying 416 by 3. 


Many of the calculations in this chapter should be carried out mentally. Mental calculations 
will help you build your mathematical skills. 


ic) Whole numbers 


¢ The whole numbers (or counting numbers) are the numbers 
0,1, 2,3, 4,5, 6, 7, 8, 9, 10, 11, ... 


e Zero is the first whole number. 


e There is no last whole number — the list of whole numbers is infinite. 


¢ Counting any collection of objects gives the same answer, whatever order they are counted in. 


The number line 


The whole numbers can be represented by points on a line. 


Label a point 0 and then mark off equal intervals of any chosen length, always moving to the right. 
Label the points 0, 1, 2, 3, 4, ... as shown. The arrow shows that the line continues in the same 
direction forever. This line is called the number line. 


Le | ! 
0) 1 2 3 4 


Oe 
i>) 
N 


Less than and greater than 


Any two numbers can be compared with each other. For example, if I have $2 and you have $6, then 
I have less than you and you have more than me. 


On the number line, 2 is to the left of 6. This is written as 2 < 6. It is read as ‘2 is less than 6’. 


The sharp end of the new symbol < points to the smaller number, 2, and the open end faces the 
larger number, 6. 


We can also say that 6 is greater than 2. This means that 6 is to the right of 2 on the number line. 
This is written as 6 > 2 and is read as ‘6 is greater than 2’. 
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1A THE NUMBER LINE ir 


> Less than and greater than 


e A whole number, a, is less than another whole number, b, if a lies to the left of b on the 
number line. The symbol < is used for less than. For example, 2 < 6. 


e We can also say that a whole number, b, is greater than another whole number, a, if 
b lies to the right of a on the number line. The symbol > is used for greater than. For 
example, 11 > 4. 


a b 
—____@ —_________» > 


a<b 
b>a 


e Zero is less than every other whole number. 


Example 1 


a List all the whole numbers less than 5. 
b List all the whole numbers less than 10 and greater than 1. 


a 0, 1,2, 3,4 
be? 3,4, 5, 6,7, 8.9 


Example 2 


a Draw a number line and on it mark with dots all the whole numbers less than 5. 


b Draw a number line and on it mark all the whole numbers greater than 45 and less 
than 52. 


\ @ Exercise 1A 


1 a List the whole numbers less than 11. 


b List the whole numbers greater than 52 and less than 61. 
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2 For each of the following, draw a number line from 0 to 10. 
a Mark the numbers 2, 4, 6 and 8 on it. 
b Mark the numbers 1, 3, 5 and 7 on it. 
c Mark the whole numbers less than 5 on it. 
d Mark the whole numbers less than 8 and greater than 2 on it. 
3 The manager of an underground railway system decides to save time in the mornings by 
having one particular train only stop at every third station between stations 1 and 19. The 


stations are all 1 km apart. Show the stations on a number line and mark with a dot each 
station where the train stops. 


Addition 


Addition is an operation that is carried out on two numbers. You have learned about addition in 
earlier years, but we will talk about it here to be complete. 


The sum is the result of the addition of two numbers. 


The sum of two whole numbers, for example, 6 + 4 can be obtained by starting at the number 6 and 
counting 4 more numbers to the right, as shown on the number line below. 


| l l | l l x ™~ —~ i \ ae. \ % 
(0) | 2 3 4 5 6 7 8 9 10 


Making mental addition simpler 


The order in which we perform addition does not matter. For example, 6 + 4 = 4 + 6. This can be 
shown on the number line. 


6+4=10 
eA ™ AAS ™ ~~ —~™! oe 
_A _A at fh _A _A” _A _A ot i 
10) 1 2 3 4 5 6 7 8 9 10 
4+6=10 


This property is called the commutative law for addition. 


The word commutative is related to the word commute. Both words come from the Latin word 
commutare, which means ‘to interchange’. 


In mathematics, it is a rule that operations contained in brackets are performed first. When three or 
more numbers are added together two at a time, it does not matter which two are added together first. 


This property is called the associative law for addition. For example: 
(2+4)+5=2+ (4+5) 


When the commutative law and the associative law are used together for addition, the result can be 
described as the ‘any-order property for addition’. 
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1B ADDITION a 


Cc Any-order property for addition 


A list of whole numbers can be added two at a time in any order to give the same result. 


Using mental addition 


The any-order property for addition is a great help in simplifying arithmetic calculations. Many of 
them can be done in your head, or mentally. 


Calculate each of the following using the any-order property for addition. (They are set out 
so that you can see the strategy.) 


a 23+41+7+9 b 27+554+ 4454 2347 


a 234+414+7+9= 234+7)+ (4149) 


= 304+ 50 
= 80 
b 274554 445 + 23 +7 = (274 23) + (55 + 445) +7 
= 50+500+7 
= S5)// 


ec 


1 Carry out these additions mentally. 


a 15+5 b 8+ 22 ¢ 1347 d 74+ 6 
e 74+58 f 6+ 38 g 8+ 89 h 32+9 
i 35427 j 424+ 19 k 29 + 36 1 57+ 86 
2 Carry out these additions. 
a 149+ 33 D238 +5 ce 277643 d 16+ 24+5 
e 6149+ 24 f 4+42+ 38 g 164+55+27 h 72+ 19 + 26 
3 Do these computations using the techniques introduced so far. 
a 22+17+4+ 18+ 23 b 14+ 18+ 76 + 92 ec 13+27+64+6 
25-32-1354 18 e 15+ 34+ 26435 f 12+194+18+4+1 
4 Carry out these additions. 
a 243 + 57 b 567 + 43 c 328 + 22 d 786 + 24 
e 435 + 25 f 963 + 57 g 486 + 524 h 364+ 251 
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5 Three cows produced 29 litres, 47 litres and 23 litres of milk in one day. 
How much milk did they produce in total? 


6 A tiler laid 267 tiles in the kitchen, 20 tiles in the laundry and 113 tiles in the bathroom. 
How many tiles did he lay in total? 


7 On the first day of my holidays, I travelled 85 kilometres from my home in Victor Harbor 
to Adelaide, then 516 kilometres from Adelaide to Broken Hill. The next day I travelled 
298 kilometres from Broken Hill to Mildura. 

How many kilometres did I travel in the first two days of my trip? 


8 A busker collected $8.00, $13.00, $4.00 and $12.00 over four days. How much did she earn? 


9 In three Year 7 classes, 27 students, 31 students and 26 students attended roll call one 
morning. How many Year 7 students were present? 


10 I picked 18 daffodils from my garden on Monday, 3 on Tuesday, 27 on Wednesday, 6 on 
Thursday and 12 on Friday. How many daffodils did I pick over the five days? 


11 In one week, Sam read four books. The first book had 312 pages, the second 175, the third 
48 and the fourth 98. How many pages did Sam read in the week? 


12 a By appropriately pairing numbers, carry out the addition 1 +2+3+4+5+6+7+8+49. 


b Use the same idea to find the sum of numbers from | to 99 inclusive. 


The standard addition algorithm 


An algorithm is a set of procedures or steps for performing a task. In this section we look at an algorithm 
for addition. 


We will use the two-digit numbers 15 and 27 to demonstrate the addition algorithm. 


1 5 (1 ten and 5 ones) 
+2, 7 (2 tens and 7 ones) 


4 2 (4 tens and 2 ones) 
This is explained by saying, as we add the ones: 


5 ones + 7 ones = 12 ones 
and 12 ones is 1 ten and 2 ones 


Write 2 in the ones column and carry | ten to the tens column. 
As we add the tens, we say: 


1 ten +2 tens + 1 ten =4 tens 
We then write 4 in the tens column. 


The final answer is 42. 


This technique can be extended to three or more numbers with different numbers of digits. 
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1 C THE STANDARD ADDITION ALGORITHM Ve 
Example 4 


Complete the following additions. 


a 35 b 
D2 3 BD FU 3 
+ 97 +8095 
a QO 3 5 b 
2 3 8 2 Fil 3 G 
oa a 800 OS 
3 4 i al i 52 8 1 


ence 


1 Work out the answers to these additions by using the standard algorithm. 


a 721 + 630 b 235 + 549 c 109 + 872 d 468 + 951 
e 973 + 296 f 2107 +989 g 1432 + 3791 h 793 + 274 + 473 
i 8693 + 7392 j 9999 + 32 
2 Work out the answers to these additions. 
a 37+ 129+ 1647 b 9230 + 839 + 61 c 829 + 1083 + 437 
d 72+ 2744+ 391 + 28 e 254+ 194 + 482 + 53 f 632+ 106+ 7+ 270 
3 For each of the following, find the missing digits (*) to make the addition correct. 
a 6 * 8 b 8 x 4 c 919 
+* 39 +*Oo* + 89% 
997 x 0 3 1* 18 
d 6 * 3 e T* 1 f 3% 3 
+ * 89 + %* O97 + 7T77* 
1262 109* * 110 


4 Make six different three-digit numbers from the digits 4, 7 and 8. What is their sum? 
5 Find the sum of: 

a three hundred and sixty-seven and six hundred and twenty-seven 

b four hundred and twenty-four and five thousand, three hundred and twenty-six 


6 The odometer of a car read 54987 kilometres at the beginning of a journey of 
765 kilometres. What did it read at the end of the journey? 


7 Ashop had three employees. The manager received $976 per week and the senior assistant 
received $654 per week. The junior assistant earned $443 per week. What was the total 


weekly wages bill for the shop? 
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8 The Amazon River is 6436 kilometres in length and the Nile River is 234 kilometres longer. 
What is the length of the Nile? 


9 The populations of five ant farms were determined at the end of each of three months. 


a List the ant farms in order of increasing size of their populations at the end of March. 


b What was the population of Ant farm A at the end of May? 
c Which of the ant farms had a population greater than 100 at the end of April? 
d What was the total population of all five ant farms at the end of May? 


10 Complete the following to make the addition correct. 


6 3 
7 2 

F 5 8 
0 42 


Subtraction 


A whole number can be subtracted from a larger whole number. The result is called the difference of 
the two numbers. For example, 8 — 5 = 3. The difference of 8 and 5 is 3. 


Subtracting as ‘taking away’ 


If you have 5 items and you take 2 away, the number remaining is 5 — 2 = 3. 
For example, I had 5 pencils but my sister took 2 away, so now I have 3. 
On a number line, this is illustrated by moving two numbers to the left. 


l l l eNO l l a 
0 1 2 3 4 5 6 7 


Subtracting as ‘adding on’ 


Another way of thinking about the subtraction 5 — 2 is to ask ‘What is the difference?’ or “What do 
you add on to 2 to get to 5?’ Subtraction can also be thought of as an alternative way of expressing 
the addition 2 + 3 =5. 


a, (ec a 


(0) 1 2 3 4 5 6 7 
24+3=5 or 5-2=3 


One example of this is ‘I have 5 pencils and my brother has 2, so I have 3 more pencils than my brother’. 
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1D SUBTRACTION a 


> Subtraction of whole numbers 


A whole number can always be subtracted from a larger whole number to give the 
difference of the two numbers. 


‘| had 8 but someone took away 5’ can be expressed as 8 — 5. 


‘| have 8 and she has 5, so | have 3 more’ can also be expressed as 8 — 5. 


Subtraction is the reverse process of addition. For example, 8 — 5 =3 is equivalent to 
saying 3 +5=8. 


Mental subtractions 

Here are three ways to perform the subtraction 100— 67. 

1 Count on from the smaller number to the larger number. 
Going from 67 to 70 requires counting on 3. 
Going from 70 to 100 requires counting on 30. 
Therefore 100 — 67 = 33. 


2 Subtract the 60 and then the 7. 


100 — 67 = 100 —- 60 —7 (First subtract the 60.) 
=40-7 (Then subtract the 7.) 
= 33 
3 Take away 70 and then add 3. 


100 — 67 = 100 - 70+ 3 
= 30) 43 (First subtract 70, which is 3 too many, 
=o so then we add the 3.) 


Carry out these subtractions mentally. 
UB sill D273 © 18396 


a One way you might choose to do this is to subtract the 30, then the 1. 
Bo ola) 
=9-1 
=8 
b One way you might choose to do this is to first subtract 7 from 27, then subtract 1. 
es 2 
= 20-1 
=) 
c One way you might choose to do this is to take away 100, then add 4. 
183 — 96 = 183 — 100 + 4 
=83+4 
= 87 
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N 1D SUBTRACTION 
i OP aenreery 


Zero 


The number zero is very important in arithmetic. When you add 0 to a number or subtract 0 from a 
number, the result is the original number. 


For example, 2 + 0 = 2 and 2 — 0 = 2. When a whole number is subtracted from itself, the answer is 
zero. For example, 5 — 5 = 0. 


The standard subtraction algorithms 


We can set out subtraction in the familiar column form. 


6 
-24 


OO 


In the previous example, 6 > 4 and 5 > 2 so the subtraction is very easy. What can we do if this is 
not the case? 


Consider 54—26. We set this out in column form and we work on the units column before the tens 
column. (In general, we work from right to left across the columns.) 


Method 1: Equal addition 


5 '4 Since 6 > 4, we add 10 to the 54 by changing the 4 to 14, which we write as 4. 
—2, 6 Torestore the correct answer, we add 10 to the 26, making it 36; we do this 


2 by writing 3 as 2,. We can now subtract in each column to get 28. 


Method 2: Trading or decomposition 


45 14 Think of 54 as 5 tens and 4 ones, and 26 as 2 tens and 6 ones. 


- 2 6 Now write 54 as 4 tens and 14 ones, and subtract 2 tens and 6 ones to get 
2 3  2tens and 8 ones. 


It does not matter which of the two methods you use — it is your choice. 


Example 6 


Carry out the following subtractions. 


a 456-278 b 20007-7986 
a Method 1 a Method 2 
4 15 16 34 ‘45 16 
-2, 7,8 = 
aes Aes 
b Method 1 b Method 2 
i 6 
21) A a eg Os Gy) 
ti 88 - IOV S26 
il 2 @ 2 il 1 2 0 Bill 
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 earvtes ] 1 Carry out these subtractions mentally. 


a 28 —22 b 273 — 68 ce 350-47 d 94 — 66 
e 137-53 f 167-59 g 475 -—95 h 1008 — 17 
2 Doeach of these computations by working from left to right. 
a8+7-7 b8+12-12-8 c 19-7+8-19 
d 56-11+11 e 38-18-1419 f 1011-11411 
3 Carry out these subtractions. 
a 562 — 387 b 921 — 428 c 405 — 286 d 813-619 
4 Carry out these subtractions. 
a 3456 — 234 b 18502 — 7862 ¢ 22788 — 19999 


5 Copy and then complete each subtraction by finding a digit for each *. 


a 76 b 0 Cc 23% * 
-2* -* 7 —-*k * 97 
x7 46 3 9 

d lw 5* eC * 76% f S37* 
-~ 4* 9 —- * 43 ~2 148 

734 i 6 1-8 32* 8 


6 Complete each statement by filling in the boxes with numbers that make the statement true. 
a 3+ 7 = 10 is equivalent to []-3=7 
b 18+ L] =27is equivalent to L]-18=9 
c 42 + 26 = [_] is equivalent to [_] - 26 = 42 
d |] + LJ = 144 is equivalent to 144 -_] = 81 
7 Bill has $456 more than Anna. Bill has $3789. How much does Anna have? 


8 During the last school holidays, Stephen drove from Brisbane to Cairns along the Bruce 
Highway. He set his trip meter to zero when he left home. It showed 1236 km at Townsville 
and 1586km on his arrival in Cairns. How far did he drive between Townsville and Cairns? 


9 Melissa had invited 1534 people to attend a fundraising event, and 204 people indicated 
they would not be able to attend. How many people did Melissa expect to come to the 
event? 


10 Australia scored 246 and England scored 196 in a one-day cricket match. What was the 
winning margin? That is, how many more runs did Australia score than England? 


11 A town with a population of 34 827 has 18 439 adults. How many children are there? 


12 65376 tickets were sold for a concert. The venue had seating for 75 000 people. How many 
more tickets could be sold to fill every seat? 
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Multiplication 


Any two numbers can be multiplied together. The result is called the product of the numbers. 
The product of 5 and 3 is 5 x 3 = 15. 


This product can be represented by a rectangular array of counters with 3 rows and 5 columns. 
(An array of 5 rows of 3 columns will do just as well.) 


Multiplication can also be represented using areas. For example, the rectangle shown has side 
lengths of 5 cm and 3 cm. Each of the smaller squares shown has side length | cm. The area of the 
rectangle is 15 cm?. 


We have used centimetres here, but any unit of length could be used. 


Multiplication by whole numbers can also be illustrated on a number line by using repeated addition. 
For example: 


§5x3=34+34+3434+3 


or3X¥5=5+5+5 
45 +5 +5 


0) 5 10 15 20 


Zero and one 


When you multiply any number by 0, the result is 0. When you multiply any number by 1, the result 
is the number you started with. For example: 


7X0=0 and 2*1=2 


Multiplying by 10, 100, 1000, ... 
Multiplying by powers of 10 — that is, 10, 10 x 10 = 100, 10 x 10 x 10 = 1000 and so on — is 


straightforward. 
24 10= 20 32 * 10 =320 
2x 100 = 200 32 x 100 = 3200 


2 x 1000 = 2000 32 x 1000 = 32000 
2 x 10000 = 20000 = 32 x 10000 = 320000 
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1 — MULTIPLICATION a 
Example 7 


Perform each multiplication. 


a 22 >< 0) ln) 2) 5< Il @@ Al s< 110) 

d 73 x 100 e 93 x 1000 

mn 23<O=0 [ny 3h Se Tl BB @ 43 IO =430 
d 73 x 100 = 7300 e 93 x 1000 = 93 000 


Laws for multiplication 


From the diagrams on the previous page, you can see that 5 x 3 = 3 x 5. This is an example of the 
commutative law for multiplication. 


Remember that the convention in mathematics is that operations inside brackets are performed first. 
For three or more numbers multiplied together, two at a time, it does not matter which multiplication 
you do first. For example: 


OxX3)x4= 15 x4 5x 3x4) =5x12 
= 60 = 60 
That is: 
(5x3)x4=5x (3x4) 


This illustrates that the associative law also holds for multiplication. The two rules together 
show that for strings of multiplications, order does not matter. This result can be described as the 
‘any-order property for multiplication’. 


ic) Any-order property for multiplcation 


Whole numbers can be multiplied two at a time in any order to give the same result. 
For example: 
4x7x5=4x5x7 


=20x7 
= 140 


Example 8 


Use the any-order property for multiplication to work out the following calculations. 


A KIM AxD ty AAOS< 12 S< 5) 

M1 SSIKSKVEaES<K2xK7 XS De20 1255) = 205512) 
= 110 Bil = 100s 1 
= Dilo) = 12700 
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N 1E—E MULTIPLICATION 
se 06 simmer 


cy Properties of multiplication 


¢ Multiplication of whole numbers can be thought of as repeated addition: 
5X3=34+3+3+3+4+3 or 5xX3=54+5+5 
¢ The commutative law and the associative law hold for multiplication: 


3x4=4x3 (commutative law) 
(5x2)x3=5~x (2x3) (associative law) 


e The any-order property for multiplication says that a list of whole numbers can be 
multiplied two at a time in any order to give the same result: 


2x6x100x4x7x25=(7x6x2) x (4x25) x 100 
= 840000 


secre 


1 Perform each multiplication. 


a 17x 10 b 89 x0 ec 100x 1 
d 18 x 1000 e 120 x 100 f 100 x 100 
g 1000 x 73 h 10000 x 100 i 67430 x 1000 


2 Carry out each calculation, using the any-order property for multiplication. 


a25x4x6 b5x26x2 ec 5x 43x20 
d50x49x2 e 16x5x40 f 13x6x0 
g 1x 34x20 hox1l0x1l0x2 i3x7x4x5 


3 Fill in each box with a number to make the statements true. 
a (3x2)x7=3x(L1x7) 
b (5x9) x (2x8) =9x8x(L] x2) 


4 Jan has 13 jars, each containing 20 olives. If he decides to redistribute the olives equally 
among 20 jars, how many olives will there be in each jar? 


5 Six friends buy a large box of jelly snakes. The snakes come in 5 different colours. How 
many snakes are needed so that every person has two of each colour? 


6 Bricks are arranged on a concrete floor in 12 rows of 25, and stacked 4 bricks high. How 
many bricks are there in total? 


7 Holly has prepared 28 bags of lollies for her birthday party. Each bag has 9 lollies in it. She 
makes these into 14 new bags when some of her friends do not turn up. How many lollies 
will each person now receive? 
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Combinations of operations 
and the distributive law 


As soon as there is more than one type of operation in a calculation (for example, both addition and 
multiplication), we need a set of rules about the order in which the operations are to be performed. 
These are some of the rules. 


> Order of operations 


e Work out the calculations inside brackets first. 


e In the absence of brackets, carry out operations in the following order: 


— multiplication from left to right, then 


— addition and subtraction from left to right. 


This means that: 


5xX34+2=15+2 
=17 


Brackets can be used to force the addition to be done first. For example: 


5x B+2)=5x5 
= 25 


We will revisit and add to these rules in later sections of this chapter. 


Example 9 


Carry out each of the following calculations. 


a 3x7-4 b 3x (7-4) c 5x6+8 

d 7x (11+ 4) e 3+4x2 f 25-6x3 

a 3x7-4=21-4 b 3x(7-4) =3x3 c 5x6+8=30+8 
= iF =9 = 38 

ad 747 i e 3+4x2=3+8 f 25=6% 3= 25 =18 


The distributive law 


When multiplying, it is sometimes useful to express one of the numbers you are multiplying as a 
sum of two other numbers. For example: 


6 x 105 = 6 x (100 + 5) 
=6x100+6x5 
= 600 + 30 
= 630 
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N 1F COMBINATIONS OF OPERATIONS AND THE DISTRIBUTIVE LAW 


This is an example of the distributive law for multiplication over addition. Using the distributive 
law can often help you to do multiplications more easily. 


Using the distributive law for multiplication over subtraction can also help to make a 
multiplication easier. For example: 


85 x 98 = 85 x (100 — 2) 
= (85 x 100) — (85 x 2) 
= 8500 — 170 
= 8330 


Example 10 


Carry out each of the following computations, using the distributive law. 


a 106x8 
b 43x7+43x3 
c 97x88 


The following are possible methods. 


a 106 x 8 = (100+ 6) x8 (distributive law) 
= 100x8+6x8 
= 800 + 48 
= 848 


b 7x 43 +3 x 43 =(7 +3) x 43 (distributive law) 
= 430 


c 97x 88 = 88 x (100 — 3) (distributive law) 
= 88 x 100 — 88 x 3 
= 8800 — 264 
= 8536 


Example 11 


For each of the following, put a whole number in the box to make the statement true. 


a 6x(7+ L])=6x7+6x5 b 13x7+13x8=L]x(7+8) 
e 10x (4+7)=10x4+10x L] d 8x L]=8x10+8x7 
a 6x (7+([5) =6x7+6x5 b 13x7+13x8=[13|x (7+ 8) 
ce 10x (4+7)=10x4+10x|7 d 8x{l7j=8x10+8x7 
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1F COMBINATIONS OF OPERATIONS AND THE DISTRIBUTIVE LAW 


> The distributive law 


¢ The distributive law holds for multiplication over addition: 
2x(34+4)=2x3+2x4 


¢ The distributive law holds for multiplication over subtraction: 
2x(8-4)=2x8-2x4 


ese 


1 Carry out these calculations mentally. 


a5x6-3 b 5 x (6-3) c6x54+7 
d 6x (5+7) e 11x Q+3) f 10+2x7 
g (10+2) x7 h 19-9x2 i (19-9) x2 


2 Carry out these calculations mentally, using the distributive laws. 
a6x87+4x 87 b 64 x 77+ 36X77 c 23x 78+77 x78 
d 27x4 e 9x 102 f 87x 101 


=) 3. Puta whole number in the box to make each statement true. 
allx(7+L))=11x74+11x5 b15x7+15x8=L] x(7+8) 
e 11x L)]=11x20+11x3 d 21x6+21x8=[] x (+8) 


4 Use the distributive law to carry out these calculations. 
a 6x 87-4 x 87 b 123 x 77-23 x77 
¢ 23 x 78-13 x 78 d 8 x 120-13 x 120 


5 Puta whole number in each box to make the statements true. 
a lix(7—-L])=11x7-11x5 b 15x8-15x7=L] x (8-7) 
c9xL]=9x20-9x1 dsx[L]=8~x100-8x1 


6 There are 40 passengers on a bus when the bus stops. Eleven passengers leave the bus and 
7 passengers get on the bus. How many passengers are there on the bus? 


7 Daniel has 6 boxes of chocolates, each containing 20 chocolates, and he also has 54 loose 
chocolates. How many chocolates does he have altogether? 


8 Deborah has 5 hair clips while Christine has 11. 
a What is the total number of hair clips? 


b Jane has three times as many hair clips as Deborah, and Leanne has three times as many 
hair clips as Christine. What is the total number of hair clips that Jane and Leanne have? 
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9 John and Minh walk each day for 12 days to keep fit. John walks 9km a day, and Minh 
walks 5km a day. 


a What is the total distance walked by John and Minh in the 12 days? 
b How many more kilometres than Minh has John walked in the 12 days? 


10 James has 10 fewer novels than Janine, and Ainesh has 5 times the number of novels that 
James has. Janine has 13 novels. How many novels does Ainesh have? 


11 Becky earns $5 less than Ben each week, and Jake earns 4 times the amount that Becky 
earns each week. Ben earns $17 each week. How much does Jake earn each week? 


12 Seven is multiplied by 5, and 6 is added. What is the result? 
Six is added to 7 and the result is multiplied by 5. What is the final result? 


Eleven is subtracted from 20 and the result is multiplied by 2. What is the final result? 


a Oo Sm & 


The result of multiplying 7 by 8 is added to the result of multiplying 7 by 2. What is the 
final result? 


e The result of multiplying 9 by 3 is subtracted from the result of multiplying 9 by 11. 
What is the final result? 


Place value 


The symbols 0, 1, 2, 3, 4,5, 6, 7, 8 and 9 are called digits. For example, 421 is a three-digit number 
and 40000 is a five-digit number. 


The place value of a digit in a number means its value according to its place in that number. 
We can break apart any number and write it showing its place-value parts. For example: 

3721 =3 x 1000+ 7 x 100+2x 10+1 

= 3000 + 700 + 20 + 1 

For the number 3721, we say that: 

¢ the place value of 3 is 3000 

¢ the place value of 7 is 700 

¢ the place value of 2 is 20 


¢ the place value of 1 is 1. 


A number can be represented in a place-value table. In this table, the places are thousands, hundreds, 
tens and ones. The ones place is sometimes called the units place. 
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Powers of 10 
Recall that: 
10 x 10 = 100 and 10 x 10 x 10 = 1000 and10 x 10 x 10 x 10 = 10000 


We can record that there is 1 factor of 10 in 10, 2 factors of 10 in 100, 3 factors of 10 in 1000 and so 
on, by writing: 


1b =.10" 
100 = 10? 
1000 = 10° 
10000 = 10+ 


Example 12 


Find the correct number for each box. 


Nee b 700=7x 10 c 340000 = 34 x 104 


a 12012 x10 =12 <0? b 700=7 x 100 = 7 x 102 
c 340000 = 34 x 10000 = 34 x 104 


Notation using powers of 10 is very useful in describing the place values of digits. It is particularly 
useful for large numbers. When we use powers of 10 to show the place value of the digits in a 
number, we say that the number is written in expanded form. 


For example, 30721 is written in expanded form as: 
3x 10*+7x 10?+2x 10!+1 


Example 13 


Write each of the following numbers in expanded form and give the place value of the digit 5. 
aes b 750987 


a 523 =500+20+3=5x10°+2x10+3 
The place value of the digit 5 is 500. 

b 750987 =7 x 10°+ 5 x 10*+9 x 107+ 8 x 10'+7 
The place value of the digit 5 is 50 000. 


Example 14 


Write down all the three-digit numbers that can be formed from the digits 3, 7 and 9 (use 
each digit only once in each number formed), and list the numbers from largest to smallest. 


There are 6 such numbers. They are 973, 937, 793, 739, 397, 379° 
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Large numbers 
There are common names for some large numbers: 


1000 000 = 10° is 1 million 
1000 000 000 = 10? is 1 billion 
1000 000 000 000 = 10!2 is 1 trillion 


Large numbers are often used in astronomy. Here are some examples: 
¢ The average distance from the Earth to the Sun is approximately 150 million kilometres. 
¢ There are between 100 billion and 2000 billion stars in the Milky Way. 


¢ The star Sirius is approximately 75 684 billion kilometres from Earth. 


») Place value 


e Each digit in a number has a place value. 


For example, in the number 567, the place value of 5 is 500, the place value of 6 is 60 
and the place value of 7 is 7. 


¢ Anumber can be written in expanded form to show all the place values. For example: 
567 =5 x 107+ 6x 10'+7. 


Sc 


1 Find the correct number for each box. 


a 90=9x 194 b 500=5x 10H 
e 1800 = 18 x 104 d 20000 =2 x 104 
e 45000 =45 x 104 f 234000 = 234 x 10 
g 7000000=7x 104 h 25000000 = 25 x 10 
2 Write each of the following numbers in expanded form and give the place value of the 
digit 6. 
a 46 b 623 c 569 d 63 e 286 f 760 
3 Write each of the following numbers in expanded form and give the place value of the 
digit 3. 
a 2083 b 3758 c 5036 d 43 170 
e 50732 f 235678 g 23678978 


4 Write down all of the three-digit numbers that can be formed from the digits 2, 5 and 9 (use 
each digit only once in each number formed), and list them from largest to smallest. 


5 Write down all of the three-digit numbers that can be formed from the digits 2, 5 and 9 
(each digit can be used more than once in each number formed), and list them from largest 
to smallest. 


fAl) ICE-EM MATHEMATICS YEAR 7 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 
Photocopying is restricted under law and this material must not be transferred to another party. 


The standard multiplication 
algorithms 


In Section 1F we saw that the distributive law can be used to help perform multiplications. The 
distributive law can also be used to explain multiplication algorithms. 


Multiplication by a single digit (the short multiplication algorithm) 


The multiplication 43 x 5 can be done mentally. Here is the explanation of how to do this: 


43 x5 = (40+ 3) x5 


=40x5+3x5 
= 200+ 15 
= 215 
This can also be set out using the short multiplication algorithm: 
4 3 
x 42 
215 


Example 15 


Multiply 27 by 8, using the short multiplication algorithm. 


Multiplication by more than one digit (the long multiplication algorithm) 
Consider 378 x 37. The distributive law gives: 


378 x (30 + 7) = 378 x 30 + 378 x 7 
11340 + 2646 
= 13986 


An efficient setting out for this is as follows. 


7 
6 (Multiply by 7.) 

0 (Multiply by 30. That is why the 0 is here.) 
6 


CHAPTER 1 WHOLE NUMBERS 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


N 1H THE STANDARD MULTIPLICATION ALGORITHMS 


Multiplication by three digits is carried out in a similar way. 


3 78 
x 2.3 7 
2646 (Multiply by 7.) 
113 40 (Multiply by 30. That is why the 0 is here.) 
75600 (Multiply by 200. That is why the 00 is here.) 
$953 86 


To make the examples easy to read, we have left out all of the carry digits. 


Example 16 


a Multiply 389 by 46. b Multiply 667 by 667. 


6 
6 
6 
0 
2 
8 


Scie 


1 Carry out each calculation, using the short multiplication method. 


a 53 x4 b19x8 c 64x7 d 85 x4 

e513 x4 f 819x8 g 235 x7 h 2006 x 7 

i 6543 x7 j 8159 x4 k 91370 x 9 1 43987 x 6 
2 Carry out each calculation, using the long multiplication method. 

a 453 x 24 b 179 x 86 c 614x 47 d 895 x 45 

e 135 x 27 f 506 x 68 g 235 x 34 h 5646 x 73 

b OL270 X39 j 762 x 549 k 936 x 564 1 91370 x 109 


3 Calculate each of the following using either short or long multiplication. 


a Each student in a class is given 9 coloured pencils by the teacher. How many pencils does 
the teacher need to supply 26 students? 


b A packaging machine in a factory packs 893 boxes per hour. How many boxes are packed 
in a 12-hour day? 


c A brick wall has 43 rows of 723 bricks. How many bricks are in the wall? 


d A publishing company packages books in boxes of 125. How many books are there in 
298 boxes? 
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4 A hall has 86 rows of 34 seats. How many seats are there in the hall? 


5 A machine makes 257 doughnuts in an hour. How many doughnuts can it make in 
13 hours? 


6 Copy and complete the following by finding a digit for each *. 


a * 6 b k*9 c kkk 
x 7 x 3 x * 3 
60* 50 * 6 4 8 

kk * (0 
4.9 6 8 


7 A particular brand of lollies comes in packets of 26. A carton contains 34 packets. 
a How many lollies are there in one carton? 


b How many lollies are there in 30 cartons? 


8 A trolley at an airport is loaded with 15 cases, each with the maximum allowable weight of 
20 kilograms. The trolley weighs 115 kilograms. What is the maximum possible weight of 
the trolley and the cases? 


9 If 25 people each own 7 pairs of shoes, and 32 people each own 8 pairs of shoes, then how 
many shoes do the 57 people own in total? 


10 Calculate your age in: 


a months b weeks c days d hours e seconds 


4 ' Division 


Division without remainder 


Division is an operation on two numbers that tells how many equal groups a number can be divided 
into. It can also tell how many are in each equal group. 


Division without remainder is the reverse of multiplication. This is shown in the following example. 


Example 17 


Fill in each box to give the equivalent multiplication or division statement. 


a 60 +5 = 12 is equivalent to 60 = 12 x LL]. b 24+ LJ =4is equivalent to 24 = 6 x 4. 


a 60 +5 = 12 is equivalent to 60 = 12 x[5| b 24 +[6]= 4 is equivalent to 24 = 6 x 4. 
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Division without remainder can answer questions such as: 
‘How many equal groups of 5 objects can 15 objects be divided into?’ 


This is shown in the diagram below. 


There are 3 such groups. The 15 objects are divided into 3 equal groups of 


eo tet 5,80 15+5=3. 
“e eee e: The diagram also shows that 15 =5 x 3. 
e@eeee0 


In addition, the diagram shows the answer to this question: 
‘If 15 objects are divided into three equal groups, how many objects are in each group?’ 


There are 5 objects in each group. The 15 objects are divided into three groups, each 
containing 5 objects. 


Example 18 


There are 60 chocolates to be packed into boxes so that each box has 12 chocolates in it. 
How many boxes are needed? 


As 60 = 12 x 5, 5 boxes are needed. That is, 60 + 12 = 5. 


OCO0000 
O00000 


OCO0000 OCO0000 OCO0000 OCOO0000 
O00000 O00000 OO0000 O00000 


Example 19 


A box of 72 chocolates is to be divided equally between 9 people. How many chocolates 
does each person get? 


Each person gets 72 + 9 = 8 chocolates. 


Division with remainder 


If there are 28 marbles and you wish to form them into 3 equal groups, then the 28 marbles can be 
broken up into 3 groups of 9 marbles with 1 left over. 


24 
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It is not possible to divide 28 into 3 equal groups, because 28 lies between 3 x 9 = 27 and 3 x 10 = 30. 
The best we can do is take 9 groups of 3, with 1 left over. We can see this on a number line. 


This shows that 28 = 3 x 9 + 1. We say ‘28 + 3 equals 9 with remainder 1’. 


In this process, 28 is called the dividend, 3 is the divisor, 9 is the quotient and 1 is the remainder. 
The remainder must be less than the divisor. 


Example 20 


Put the quotient in the first box and the remainder in the second box to make each 
statement true. 


hoes Lee boot] elo 


a 26=[6|x4+[2 b 34=[11]x 3+ 


— 


Another notation for division 


Up to this point we have only used the sign + for division. There is another way of writing division. 
For example: 


24 + 6 can also be written as a 


Other examples using this notation are: 


0 =), Sean = 9 
eee 12 


For the time being, we will only use this notation for division without remainder. We will have more 
to say about this in Chapter 4 when we study fractions. 


One and zero 
Any number divided by | gives the original number. For example: 
3 + 1 = 3, and the equivalent multiplication statement is 1 x 3 = 3 
Any number divided by itself gives 1. For example: 
7+7=1 
Dividing by 0 does not make sense. For example, if 4 + 0 is a number, then that number multiplied 
by 0 is 4. But multiplying any number by 0 gives 0, so no such number exists. 
However, 0 divided by any non-zero number is 0. For example: 


0+ 13 =0, since 13 x0 =0 
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11 DIVISION 


Example 21 


Evaluate: 
ee » 240 
5 3 
a 2=25 5 b P= 240+3 


The distributive law with division 


When dividing, it is sometimes useful to express the number you are dividing as a sum of two other 
numbers. 


Here is a simple example, with a dot diagram to illustrate it. It uses the distributive law of division 
over addition. 


16+2= (10+6)+2 @e@ee@eee@e00dod 
=10424+622 
shad @e@eeee@e00od 
=8 
Here is another example, this time involving subtraction. It uses the distributive law of division over 
subtraction. 
196 +4 = (200-4) +4 
= 200+4-4+4 
=50-1 
= 49 


The distributive law for division over addition and subtraction makes it easier to carry out some 
divisions. 


Example 22 


Use the distributive law to evaluate each of the following. 
a 100=r ss) 3 Jy (AU Ns pees ce 540+5 


a (100+55)+5=100+5+55+5 b (200 —- 15) +5 =200+5-15+5 
= 20+ 11 = 40-3 
= 3iil = 7 
c 540 +5 = (500+ 40) +5 
= 500+5+40+5 
= 100+8 
= 108 
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> Properties of division 


The expression 96 + 8 can mean: ‘How many equal groups of 8 objects can be made 
from 96 objects?’ 


The expression 96 + 8 can also mean: ‘If 96 objects are divided into 8 equal groups, how 
many objects are there in each group?’ 


Division without remainder is the reverse operation of multiplication. For example, 
8 x 12 = 96 is equivalent to both 96 + 8 = 12 and 96+ 12 =8. 


In43 =6x7+1 and 43 +6=7 remainder 1, the number 43 is the dividend, 6 is the 
divisor, 7 is the quotient and 1 is the remainder. 


The distributive law works for division over addition. For example: 
(700 +25) +5 = 700+5+254+5 

=140+5 

= 145 


The distributive law works for division over subtraction. For example: 
(700 - 25) +5 =700+5-25+5 

= 140-5 

= 135 


@ Exercise 1 


1 Fill in each box to give the equivalent multiplication or division statement. 
a 108 + 9 = 12 is equivalent to 108 = 12 x L_]. 
b 200 + 10 = 20 is equivalent to [_] = 10 x 20. 
c 72+ L] =12is equivalent to 72 = 12 x LI. 
2 Work from left to right to calculate the following. 
a 24x3+3 b10x2+2 c 36+4x4 
d 56+8x8 e 18+3x3 f 24+12x12 


3 There are 28 chocolates to be divided equally among 4 people. How many chocolates does 
each person get? 


4 There are 84 people at a club meeting. The organiser wishes to form 7 equal groups. How 
many people will there be in each group? 


5 Fill in the boxes to make each statement true, with the smallest possible remainder. 
ai7=L]x3+L] b37=L]x5+L] 
e 13=L)x2+LU] d87=L]x8+L 
e41=L]x5+L] f 48=L)x12+L] 
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6 Draw a dot diagram to show 30 + 8 = 3 with remainder 6 or, equivalently, 30 = 8 x 3 + 6. 
7 Draw a dot diagram to show 20 + 6 = 3 with remainder 2 or, equivalently, 20 = 6 x 3 + 2. 


8 Illustrate each expression on a number line. 


a7+2 b 13 +3 
9 Evaluate: 
20 » 30 42 
4 10 6 ay 
144 36 120 
104 20 P2e5 
. 12 4 


10 Perform each calculation by using the method indicated. 
a 448 + 32 (divide by 2 five times) 
b 640 + 80 (divide by 10 and then by 8) 
c 805 + 35 (divide by 7 and then by 5) 
11 Evaluate each expression by using the distributive law. 
a (600 + 35) +5 b (300 — 25) +5 ¢ 390+5 
d (600 + 27) +3 e (300 — 24) +3 f 390+3 


The short division algorithm 


Consider 64 divided by 4 and 91 divided by 7: 


64+4=(40+4)+(24+4) 91+7=(70+7)+(21+7) 
=10+6 =10+3 
=16 = 13 


We can set this out as follows: 


Ls 


1 6 
4)6 74 7)971 


Find 763 + 4. 


— remainder 3 
4)7 363 
763 + 4 = 190 remainder 3 
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In this example, 4 is first divided into 700 to give 100 with 300 remainder. We write | in the 
hundreds column to show this. 


The remaining 300 is added to the 60, then 4 is divided into 360 to give 90 exactly. We write 9 in the 
tens column. 


Finally, 4 is divided into 3 to give 0 and 3 remainder. We write 0 in the ones column and a remainder 
of 3 at the end. 


Example 24 


Find 473 + 4. 


we remainder 1 
4)4 7 33 
473 + 4 = 118 remainder 1 


Example 25 


If $6755 is to be divided equally among 5 people, how much will each person receive? 


emsul 
5)6 17°55 


Each person will receive $1351. 


t ) Exercise 1J 
1 Use short division to calculate: 


a 556 +2 b 869 +7 c 4536 + 8 

d 8624 + 8 e 1089 +9 f 5472 +6 

g 1496+ 11 h 33552 + 12 i 39240+9 
2 Work out each of the following, using short division. 

a 524+4 b 1095 + 3 c 498 +6 

d 431 +8 e 740+ 11 Ff 9756 + 12 

g 67543 +6 h 19005 + 7 


3 If $4250 is to be divided equally among 5 people, how much will each person receive? 
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10 


11 


There are 542 tennis balls to be packed into boxes of 12. How many boxes will be filled and 
how many tennis balls will be left over? 


A biscuit company packages its biscuits into tins of 96. The biscuits are arranged in 
rectangular arrays. How many rows with how many biscuits in each could there be? (Give 
four different answers.) 


If 231 children from a school are to be transported on 7 buses, how many children will there 
be on each bus, if the number of children on each bus is the same? 


There are 11 buses available to transport 407 people on an outing. How many people will 
there be on each bus, if the passengers are to be distributed equally? 


A library of 3458 books is to be divided equally among 7 organisations. How many books 
will each organisation receive? 
Eggs are sold in cartons of 12. If there are 345 eggs to be packaged, how many full cartons 


will there be and how many eggs will be left over? 


Cans of lemonade are to be packaged together in groups of 6. The factory has 4567 cans to 
be packaged. How many packages of 6 cans are there and how many are left over? 


2552 people arrive at a film studio for a tour. The film studio decides that there should be 
exactly 8 people in a tour group. 
a How many tour groups are there? 


b How many people are left waiting to form the next group of 8? 


The long division algorithm 


The long division algorithm is the short division algorithm with the subtractions set out. The 
long division algorithm is an efficient and clear way to set out division, particularly with larger 
divisions. 


7)8 6\1 
“7 ) 
1 (Bring down 6.) 


(Bring down 1.) 


The steps correspond to 861—700 = 161, 


then 161 — 140 = 21, 
and finally 21-21 =0. 


The answer, 123, is recorded on the top line. 
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Long division by larger numbers is more difficult because we do not know the multiples of 
large numbers in our heads. One of many possible methods is illustrated below. A table of the 
9 multiples of the divisor is written on the right and then the appropriate multiple can easily be 
found. 


Example 26 


Find 8618 + 27, using the long division algorithm. 


Sil GS es 7) 
2786 18 DT 4 
-8 1 2a oll 

5 1 (Bring down 1.) 21 x<4= 108 

-2 7 ipa — al 
2 4 8 (Bring down 8.) DSO = NX 
-2 4 3 YX 7 = Ss 
5 2 X< B= 216 

DY xO S43} 


8618 + 27 = 319 remainder 5 


Note: Once the table is written down, the only arithmetic to be done is subtraction. 


ees 


1 Use the long division algorithm to calculate: 
a 728 + 13 b 1050 + 14 c 1344 + 16 d 4047 + 19 


2 Use the long division algorithm to calculate: 

a 2982 + 71 b 5244 +57 c 3268 + 43 d 1743 + 102 
3 If $4260 is divided equally among 15 people, how much will each person receive? 
4 If $11572 is divided equally among 22 people, how much will each person receive? 


5 A piece of string that is 1170cm long is to be cut into 26 equal lengths. How long is each 
piece? 
6 There are 5420 golf balls to be packed into boxes of 25. How many boxes will be filled and 


how many golf balls will be left over? 


7 If 1598 school children are to be transported on 34 buses, how many children will there be 
on each bus, if each bus contains the same number of children? 


8 There are 27 buses available to transport 1107 fans to a football match. How many people 
will there be on each bus, if each bus contains the same number of people? 


9 Acomputer program runs for 7568 seconds. Convert this to hours, minutes and seconds. 
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Order of operations 


There are important conventions for the order in which we carry out the arithmetic operations. 


> Order of operations 


e Evaluate expressions inside brackets first. 
e In the absence of brackets, carry out the operations in the following order: 


— powers 


— multiplication and division from left to right 


— addition and subtraction from left to right. 


Example 27 


a 3x (5-1) b 7x 102 eax 102 
d 6+3x4 e 44+6-5411 f 7+84+7 


P: le > al (ones Dc I ar (brackets first) 
= 2 
b 7 x 102—7 < 100 (powers first) 
= 700 
c4x10+2=40+2 (multiplications and divisions from left to right) 
=) 
d64+3x4=6+412 (multiplication before addition) 
= is 
e4+6-5+11=10—5+11 (addition and subtraction from left to right) 
=5+11 
= lls 
f 7+84+7=7+12 (division before addition) 


= 19 


D)eerciseth 


1 Evaluate: 


aobt7eii+3 boO+7+5=9 c4—-3+6-2 
d 12—4-3+2 e 7H l=2+6 f 26-14-4412 
# 56=28=20+2 h 30 + 50 — 20 — 60 i 32+8-40 
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a 34+5x3 b 60-4x 10 ¢ 52+45+9 

d 45-45+9 e 66+ 23 x2 f 24-144+12 
3 Evaluate: 

a 4+ 10° b5+7-4+4 13 ¢5x6+3+7 

d (11-7) x (12-5) e4+28+4 f 64+8+42+7 

g7+11x (5+7) h (14+11) +5 i 10*x (2411) 


j (24+ 56) + (7 +3) 


a (4-3)x5 b 24-15+3 

¢3x(6-3)-6 d (32 — 16) + 64-12) +6 

e 25 +35x5+25 f4xi11+2x(12+8) 

g (75-45) x3+ (11 +9) x5 h (7-4) +9+3 

i d14+7)+34+8xd1+4+19) j d14+7+34+8x114+19 
5 Insert brackets in each expression to make the resulting statement true. 

a3x6+4=30 b3x7-6+3=1 ec 8x7+30+5=104 

d7x3x2+8=210 e5-2x1+23+6=12 P6227 x1141=156 
6 Evaluate: 

a (4-3) x 107 b (340 — 140) — 107 e¢3x5- (13-6) 

d 10°+5x5+25 e 4x 107+2x (13 +7) 


7 Perform these calculations. 
a Divide 36 by 3 and then add 6. b Add 6 to 36 and then divide by 3. 
c Subtract 12 from 64 and then divide by 4. d Add 15 to 210 and then divide by 5. 


8 Crates of bananas have 60 bananas in each. A market store owner buys 12 crates and 
23 loose bananas. How many bananas does he buy? 


9 Taj has 568 chocolates to give out at a party. He first divides the chocolates into 8 equal 
parcels. He then takes 3 of these parcels of chocolates and gives them to his friend Jane. 
How many chocolates does Jane receive? 


10 Large crates of soft drinks each contain 56 bottles. It is decided that these are too heavy, 
so 8 bottles are removed from each crate. How many bottles are there in 15 of the lighter 
crates? 


11 David divides $4250 equally between 5 bank accounts. He then adds another $32 to each of 
these accounts. How much money has he put into each account? 
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Review exercise 


10 


: 
ICE-EM 


Calculate: 

a 226 + 601 + 478 b 72+3 

¢ 163 — 136 d 20+ (9-4) +6 
8 x 5216 f 68 -424+12x2 
@ 382-792 +3 h 268 x (3 +7) 


t (OG 3). (258 273) 


The contents of a tin of chocolates weigh 6500 grams. The chocolates are divided into 
packets of 250 grams. How many packets are there? 


There are 4000 apples to be divided into boxes so that each box holds 75 apples. How 
many boxes are required? 


A club started the year with 125 members. During the year, 23 people left and 68 people 
joined. How many people belonged to the club at the end of the year? 


If a bus can carry 45 passengers, how many buses are needed to transport 670 school 
students to a hockey game? 


A supermarket takes delivery of 54 cartons of soft drink cans. Each carton contains 
48 cans. How many cans are delivered? 


On a school excursion, 17 buses each carry 42 students. How many students are 
transported? 


A school day is 6 hours long. How many minutes are there in a school day? 
Find the sum of eighty-six and fifty-four and then subtract sixty-eight. 


The manager of the school canteen orders 1000 hot dogs for the week. On Monday 384 
are sold and on Tuesday 239 are sold. How many hot dogs does the school have left for 
the rest of the week? 
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Challenge exercise 


1 Place the numbers 1, 2, 3, 4 and 5 in the circles of the following figure so that no two 
adjacent numbers (that is, numbers with a difference that is 1) are connected by a line. 


e.6—C— 


2 A palindromic number is a whole number that is unchanged when the order of the digits 
is reversed, for example, 131 and 34543. The number 39 793 is palindromic. Find the 
next 5 palindromic numbers. 


3 Complete the following magic square, in which each row, column and diagonal must 
add up to the same sum. 


22 11 


4 Place the numbers 1, 2, 3, 4, 5 and 6 in the circles of the following figure so that no two 
adjacent numbers are connected by a line. 


5 Use five 6s and a selection of the symbols 
(Go) en and + 
to write a statement with 66 as the result. 


6 Using two straight lines, divide the clock face into three parts so that the sums of the 
numbers in each part are equal. 
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CHALLENGE EXERCISE 


7 Place the numbers | to 9 in each of the circles in the following figure so that the sums of 
the numbers on each straight line are equal. 


8 Find a two-digit number that is twice the product of its digits. 


9 Use all of the numbers 1, 2, 3, 4, 5, 6 and 7 once and the symbols +,—,x and + to 
make a number sentence that results in 100. 


10 Place the numbers | to 9 in the circles to make each of the equations true. 
6@e@3e 
0-0-0 
ll 
©e@8e 


11 Place the numbers | to 9 in each of the circles in the following figure so that the sums of 
the numbers on each straight line are equal. 


@ 6 
ww 
12 To protect his money from pickpockets, a merchant keeps his coins in several pouches so 
that he can pay any amount without revealing how much money he has, just by handing 
over the correct pouches. On the first day of trading he has six coins, so he places one 
coin in the first pouch, two coins in the second, and three coins in the third. This allows 
him to pay any value from one to six coins without having to open a pouch. The next day 


of trading he has 23 coins and five pouches. How should he distribute the coins to ensure 
that he can pay any amount from | to 23 coins? 


13 Find the missing digits in the following multiplication. 


kkk 

Kak 

. kkk 
kk KK O 
*8x0 0 
KKIOKI* 


36 
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CHALLENGE EXERCISE 


14 In each box below, place any number between 0 and 9 so that the number in the first box 
is the number of Os in all the boxes, the number in the second box is the number of 1s in 
all the boxes, and so on. 


QO ft 2 & 4 3 © YY & © 


15 Place the numbers | to 13 in the circles in the following figure so that the sums of the 
numbers on each straight line are equal. 


16 It is possible to choose four numbers such that any value between | and 40 can be made 
by taking one or more of these numbers and adding or subtracting them from each other. 
Find the four numbers, and show how the values from | to 40 can be made. 


17 Using all the digits 0, 1, 2,3, 4,5, 6, 7, 8 and 9, form two 5-digit numbers so that their 
sum is: 


a the greatest possible 
b the smallest possible 
18 A fast food store sells nuggets in boxes of 5 and 8. You can buy 31 nuggets at a time 


since 3 X 5 +2 X 8 = 31. What is the largest whole number of nuggets that cannot be 
purchased? 


19 Find the sum of whole numbers from 1 to 100. 
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Number and Algebra 


There are many interesting connections and patterns to be found among 
numbers. This chapter looks at some of them, especially those that involve 
multiplication and division. These ideas are useful for arithmetic and calculating 
mentally, and can be applied in many areas of mathematics. 


We all know that 6 = 3 x 2. Here, 3 and 2 are primes and 6 is a composite. 
Class discussion 
Six stars can be arranged in rectangular arrays in two different ways. 


For this topic, 3 rows of 2 stars will be considered to be the same as 2 rows of 3 stars. 


Draw rectangular arrays for each of the numbers from 1 to 20. Some numbers 
will have more than one possible arrangement. Use coins or counters to help you 
find the possibilities. What conclusions can you make about your arrangements? 
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Factors and multiples 


As the example in the class discussion shows, it is possible to arrange 6 items into 2 rows of 3 
(or 3 rows of 2), but they can also be arranged into 6 rows of | (or | row of 6). 


We can illustrate this by writing: 


6=23 OF 6=3*%2 
6=6x1 or 6=1x6 


We call 1, 2, 3 and 6 the factors of 6 because each divides into 6 exactly. There is no remainder. 


Look at your arrays for the number 12. In how many ways can you arrange 12 items in rectangular 
arrays? What are the factors of 12? 


Arrays and factors 


Find the factors of 18 by looking at the possible rectangular arrays that can be formed: 


HIE 33636469636 3646-4 
HIE HIEIEIEIE IE IEE IH 


soBeGot Pax 
HHH 12.0.8 .8.0.0.0,8,0.0.0,0,.0.0.8.8.805 


18=18x1 
18 =6x3 =1x18 


From these rectangular arrays, we can make the following statements about 18. 
e The factors of 18 are 1, 2, 3, 6,9 and 18. 


¢ The numbers 1, 2, 3, 6, 9 and 18 divide into 18 exactly, with no remainder. 


Multiples 
A multiple of a whole number is a product of that whole number with any other whole number. 
The multiples of 4 can be found by counting in fours. 
0, 4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44, 48, 52, 56, 60, ... 
The multiples of 7 can be found by counting in sevens. 
0, 7, 14, 21, 28, 35, 42, 49, 56, 63, 70, ... 


Common multiples 


If we want to know which numbers are multiples of 4 and 7, we need to look at both counting 
patterns. We see that 0, 28 and 56 are the first three numbers that are multiples of both 4 and 7. 
These are called common multiples of 4 and 7. 
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N 2A FACTORS AND MULTIPLES 
NST 0D mT 


ic) Factors and multiples 


e The factors of a number are the numbers that divide into it exactly. 
e Every whole number is a factor of itself, and 1 is a factor of every whole number. 


¢ A multiple of a number is a product of that whole number with any other whole number. 


¢ Acommon multiple of two or more numbers is a number that is a multiple of those 
numbers. 


Example 1 


Represent 16 using as many different rectangular arrays as possible. 


MH HE IE HE IE HE HE IE HE IE IE HE IE HE IE I 


16x 1 


be MeMeMeMeMeMel 
MH HH TH HE IH HE HE IH 


3 <2 


Find the factors of 128. 


We can pair factors to make sure we have them all. 


Start with 128 = 1 x 128 
= 2x64 
= al s¢ 3) 
= & x Ile 


The factors of 128 are 1, 2, 4, 8, 16, 32, 64 and 128. 
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2A FACTORS AND MULTIPLES 


Example 3 


List the first 11 multiples of: 
a 3 b 17 


a 0, 3, 6, 9, 12, 13, 18, 21, 24, 27, 30 
broly. 34) sl os.85, 102 119s, 152,170 


ei 


1 Represent these numbers using as many different rectangular arrays as possible for each. 
What are the factors of these numbers? 


a 6 b 12 c 14 d 15 e ll 

2 Use pairing of factors to find all the factors of: 
a 8 b 14 ce ll d 32 e 25 f 12 
g 26 h 13 i 33 j 81 k 30 1 42 


3. Which of the following numbers have 3 as a factor? 


6,9, 10, 22, 27, 37,43, 31, 32 
4 Which of the following numbers have 12 as a factor? 
32, 144, 158, 192, 210, 222, 228 


5 List the first 11 multiples of: 


a6 b 8 et d.13 e 15 f 19 
6 Which of the following numbers are multiples of 17? 

37, 66, 85, 135, 152, 170 
7 Which of these numbers have 72 as a multiple? 

3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 21, 24, 28, 32, 36 


8 Express each of the following numbers as the product of two numbers, both of which are 
greater than 10. 


a 312 b 392 ce 143 d 540 e 221 f 408 
9 List the factors of 12 and 18. Which factors are common to both numbers? 


10 List the first 11 multiples of 6 and 8. Which numbers are common to both lists? 
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N 2A FACTORS AND MULTIPLES 
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11 


12 


13 


14 


15 


16 


17 


Find the multiple of 7 that is closest to: 
a 50 b 100 c 200 d 300 


Find the number that is divisible by 11 and closest to: 
a 100 b 200 ¢ 125 d 50 e 500 f 1000 


a Find the quotient and remainder when each of the following numbers is divided into 30. 
1, 2, 3, 4,5 


b Write down all the factors of 30. 


a Find the quotient and remainder when each of the following numbers is divided into 35. 
1, 2,.3, 4, 5,6 


b Write down all the factors of 35. 


a ‘The number | is a factor of every number.’ Explain why this statement is true. 
b ‘Every number is a factor of zero.’ Explain why this statement is true. 
c List all the factors of 1. 


d ‘Zero is a multiple of every number.’ Explain why this statement is true. 


Write down the factors of 6, excluding 6 itself, and then add them up. Do the same for 28. 
A number that is the sum of its own factors (excluding the number itself) is called a perfect 
number. 


The next perfect number is 496. Find and add the factors of 496 to show that it is a perfect 
number. 


a Explain why 25 has an odd number of factors. 
b What is the next whole number to have an odd number of factors? 


c What is the largest two-digit number with an odd number of factors? 


Did you know? 


Pairs of numbers are called amicable if each is equal to the sum of the factors of the other, 
excluding the number itself. The numbers 220 and 284 are the first amicable pair. 


The sum of the factors of 220 is: 


1+2+4+71+4 142 = 220 


The sum of the factors of 284 is: 


1424+4454104+114+204+22+44+55+110 =284 
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Qdd and even numbers 


You will have met odd and even numbers previously. A whole number is even if it is a multiple of 2. 
The even numbers are 0, 2, 4, 6, 8, ... 


The odd numbers are the whole numbers that are not even. An odd number is one greater than or one 
less than an even number. The odd numbers are 1, 3, 5, 7, ... 


Every whole number is either odd or even. 


From your rectangular arrays for the numbers | to 20, you can see that even numbers can always be 
represented by arrays with two rows or two columns. 


For example: 


@e@eee8e@ @9@e@eee0008080 
@eeee®e@ @9@e@e@e0e0008080 
12=2x6 20 = 2 x 10 


Odd numbers cannot be represented by rectangular arrays with 2 rows or columns. 


For example: 


@o@e@eee ®@ @o@e@e@e0e0808080 80 
@9@e@eeee ®@ @o@e@e@eeeeeee@ @ 
13=2x6+1 21=2x10+1 


There is always one lone dot. 


>) Odd and even numbers 


e Every whole number is either odd or even. 
¢ Odd numbers end in the digits 1, 3, 5, 7 or 9. 


e Even numbers are multiples of 2 and end in the digits 0, 2, 4, 6 or 8. 


Example 4 


List the odd numbers that are factors of 12. 


The factors of 12 are 1, 2, 3, 4, 6 and 12. 
The odd factors of 12 are 1 and 3. 
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N 2B ODD AND EVEN NUMBERS 
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Write two consecutive odd numbers that add to 568. 


We split 568 in halves: 568 + 2 = 284. 
284 + 284 = 568 (Both the numbers are even.) 
Hence, 283 + 285 = 568 (Subtract 1 from one of the numbers and add | to the other.) 


csc 


1 a List the odd numbers that are factors of 30. 
b List the even numbers that are factors of 30. 


c List the even multiples of 3 that are less than 60. 


2 a Write down all the odd numbers between 20 and 34. 
b Write down all the even numbers between 375 and 393. 
c How many odd whole numbers are less than 100? 


d How many even whole numbers are less than 21? 


=> 3. Write two consecutive odd numbers that add to: 
a 432 b 984 c 1028 


4 Write two different even numbers, greater than 1, and one odd number that add to: 
a 633 b 1001 ce 2397 


5 Complete each sentence by inserting ‘odd’ or ‘even’ to make a true statement. 


a The sum of two even numbers is an number. 
b The sum of two odd numbers is an number. 
c The sum of an odd number and an even number is an number. 


6 a Write down these products: 


i 6x8=__ li 6x5=__ iii 7X¥5=_ 
b Make each statement true by adding the word ‘odd’ or ‘even’. 

i The product of two even numbers is an____—s number. 

ii The product of two odd numbers is an number. 

iii The product of an odd number and an even number is an______s number. 
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ee 


7 Olivia notices that writing reflected in one mirror is unreadable, but that writing reflected in 
two mirrors is readable again. State whether it would be readable or unreadable after: 


a 5 reflections b 8 reflections c 15 reflections d 2224 reflections 


8 Hosni has lined up all his toy soldiers on a table in front of a mirror. He counts all the 
soldiers he can see, including those in the mirror. Will the number of soldiers be an odd or 
an even number? 


Prime and composite numbers 


A prime number is a whole number greater than | that has no factors other than 1 and itself. For 
example: 


¢ The number 2 is a prime number as the only factors of 2 are 2 and 1. 

¢ The number 5 is a prime number as the only factors of 5 are 5 and 1. 

¢ The number 6 is not a prime number. It has factors 1, 2, 3 and 6. 
The first few prime numbers are 2, 3, 5, 7 and 11. 


The rectangular arrays of prime numbers must be single rows or single columns. The only prime 
number that is even is 2. 


Two: @ @ Three: @ @ @ 


A whole number greater than | that has more than two factors is called a composite number. The 
numbers | and 0 are special numbers because they are neither prime nor composite. 


ic) Prime and composite numbers 


e¢ Awhole number greater than 1 that has only two factors, 1 and itself, is called a 
prime number. 


e¢ Awhole number greater than 1 that has more than two factors is known as a 
composite number. 


¢ The numbers 1 and O are special numbers because they are neither prime nor composite. 


Example 6 


List the prime numbers that are factors of: 
a 30 b 27 


a_ The factors of 30 are 1, 2, 3, 5, 6, 10, 15 and 30. The prime factors of 30 are 2, 3 and 5. 
b The factors of 27 are 1, 3, 9 and 27. The only prime factor of 27 is 3. 
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N 2C PRIME AND COMPOSITE NUMBERS 
Eg UE Sa cetera mam 


Eratosthenes (278-195 BC) is known as the scholar who 
found a way to estimate the circumference of the Earth. He is 
credited with inventing the prime number ‘sieve’ developed in 
Exercise 2C. 


ewes 


Primes less than 100 — the prime number ‘sieve’ 


=D 


Draw a 100-square chart like the one below. 

Colour the squares that contain even numbers greater than 2. 

Colour the squares that contain numbers greater than 3 that are divisible by 3. 
Colour the squares that contain numbers greater than 5 that are divisible by 5. 
Colour the squares that contain numbers greater than 7 that are divisible by 7. 


The 25 numbers that are left are the prime numbers less than 100. 


1 2 3 4 5 6 7 8 D0 
11: | 12 | 13° | 44) 1S.) 16 | 17+) 18.) 19: | 20 
21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30 
31 | 32 | 33 | 34 | 35 | 36 |) 37 | 38 | 39 | 40 
41 | 42 | 43 | 44 | 45 | 46 | 47 | 48 | 49 | 50 
a1 | 52 | 53 | 54 | 55 | 56] 57 | 58 |-59 | 60 
61 | 62 | 63 | 64 | 65 | 66 | 67 | 68 | 69 | 70 
71 | 72 | 73 | 74 | 75 | 76 | 77 | 78 | 79 | 80 
81 | 82 | 83 | 84 | 85 | 86 | 87 | 88 | 89 | 90 
91 | 92 | 93 | 94 | 95 | 96 | 97 | 98 | 99 | 100 


List the prime numbers that are factors of: 

a 12 b 15 c 21 d 32 e 35 
What is the first pair of primes that differs by: 

a 1? b 2? c 4? d 6? 

What is the largest prime number less than: 

a 50? b 70? c 100? 
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4 Find two prime numbers whose sum is an odd number. 


5 Goldbach’s conjecture states that “every even number greater than 2 is the sum of two 
primes’. Show that this is the case for even numbers from 32 to 62. (A conjecture is a 
mathematical statement that is thought to be true but for which no proof is known.) 


6 Find the smallest odd number greater than 3 that is not the sum of two primes. 


Powers of numbers 


In Chapter 1 we looked at powers of 10. The notation for powers is useful when we are considering 
factors of a number. For example, we can write 16 as a product of 2s: 16 =2 x 2 x 2 x2. 


Written in index notation, 16 = 2+, the 4 is the index. (The plural of index is indices.) 


Index *=16 Base 


The whole expression 2? is called a power. It is the fourth power of 2, and we say ‘two to the fourth’. 
The 2 here is called the base. 


First we will look at powers of the number 3. 


=o We read this as ‘three to the power of one’. 

e e ° This can be represented using a single row of 3 dots. 

s-=3 43 We read 3” as ‘three to the power of two’ or ‘three squared’. 

° ° A square number can be illustrated by a square array of rows of dots. 
The 9 dots shown here form a square. This is an array with 3 rows of 
3 dots. 

@ @ 

e @ 

ls - 3x3 We read 3° as ‘three to the power of three’ or ‘three cubed’. 
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N 2D POWERS OF NUMBERS 
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Cube numbers can be shown by layers and rows of dots. 


These 27 dots form a cube. This is a three-dimensional array with 
3 layers of 3 rows of 3 dots. 


we - 3x3x3 We read 34 as ‘three to the power of four’ or ‘three to the fourth’. 
3° = =e 3x3x3x3 We read 3° as ‘three to the power of five’ or ‘three to the fifth’. 


A rule for multiplying powers of a given number 
There is a simple rule for multiplying two powers with the same base: 


32 x 33 = (3 x3) x (3x3 x 3) 6° 5 = (5 85) <5 
= 35 - 53 


10° « 10° = (10 « 10 x 10) x (10 x 10 x 10 x 10 x 10) 
= 10° 
When we multiply two powers with the same base, we add the indices. Here is another example: 
Ty 76 = 717 


Order of operations 
Order of operations was considered in Chapter 1. An important rule is that if there are no brackets, 
calculate the index first. For example: 
aa = 3x25 
= 75 
If there are brackets, work out the calculation inside the brackets first. For example: 


(3 x 5)? = 15? 
= 225 


¢ The powers of 3 are: 
3'=3 
7 =3%3 
27=3x3%3 
37°=3%3%3x3 


and so on. 


¢ When multiplying two powers of the same number, we add the indices. For example: 
35x38 = 313 
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2D POWERS OF NUMBERS a 
Example 7 


Write down and evaluate all the powers of 4 up to 4+. 


A= 

=4x4=16 
B=4x4x4=64 
AAA A 2G 


Example 8 


Copy and complete each statement by filling in the index in the box. Use the rule 
“To multiply powers of the same number, add the indices’. 


a 5 5 Db ox 7 
a 52x 53 = 95243 b Tx Bx 7 = 711344 
=5 = 7 


Example 9 


Write 6° x 64 as a power of 6 using the rule. 


63 x 6+ = 63+4 
= 6/ 


f ) Exercise 2D 


1 Write down and evaluate all the powers of 2 up to 2!° = 1024. 
2 Evaluate all the powers of 3 up to 3°. 


3 Evaluate all the powers of 5 up to 5°. 
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N 2D POWERS OF NUMBERS 
eg ep pettus 


4 Rewrite each expression in index notation. 
a4x4x4x4x4 
biI2xP*x* 2x i2xk xt xi2x12x12 
e5x5x6x6x6 
d7x7x7x11x11lxl11lx1l 


5 Copy and complete each statement by filling in the index in the box. Use the rule “To 
multiply powers of the same number, add the indices’. 


a 2? x2? =2 b © x6°=6 ec 47x43=4 
d3?x3*=3 e 7x7=7 f ii ¥1t=ii 
oa 5 Ss h 9x9x94=9 i 12% 129s 12 «1% = 12 


6 Copy and complete each statement. 


a 23x 20 =238 b 3 x 30 = 310 
c¢ 7x 7=78 d 8U x 85 = 8° 
e 20x 2? x 2? = 26 f 6x6x60=6 


7 Rewrite each expression in index notation. 


a3x3x5x5 b 62x6x7°x7 
c2x2x2x2?x3x3-x 33 d2x3x2x3x2x3 
e2xsx7xsx7x7 f 32?x7?x3x7 

8 Evaluate: 
a 6°x6 b 4x4 ¢ 222 
d 52x 53 e 5x5? f 7x7 

9 Evaluate: 

a 3?x2 b (3x2)? ec axes 
d (4x5)? & 222° f (2x2) 


g (33x 10°) x (2x 107) ~h (4x10?) x (7x 10°) 


10 a How many zeros are there in the number 10!° x 107° x 10°92 


b How many zeros are there in the number (2 x 10°) x (3 x 10°) x (7 x 10”)? 


11 In question 1, you showed that 2!° = 1024. Use long multiplication to find 27°. 


ICE-EM MATHEMATICS YE 
ICE-EM Mathematics 73ed = ISBN 978- ey F 08-40124- 1 ©The University of Melbourne /AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


Using mental strategies 
to multiply and divide 


What we know about multiplication and powers can help us perform mental calculations more 
efficiently. It is easy to double a number or multiply it by 10. Hence, some of these mental strategies 
are based on the fact that 2 and 5 are factors of many numbers. 


Multiplying by 4 and 8 using powers of 2 
Since 4 = 2 x 2 = 27, you can multiply by 4 by multiplying by 2 twice. 
That is, you can double and double again. For example: 


34x4=34x2x2 
= 68 x 2 
= 156 
Since 8 = 2 x 2 x 2 = 23, you can multiply by 8 by multiplying by 2 three times. That is, you can 
double, then double again and then double again. For example: 


13:°% 8 = 13 X22 x2 
=26x2x2 
= 522 
= 104 


Multiplying by 5 
Since 5 = 10 + 2, first multiply by 10 and then divide by 2. For example: 


36x5 = 36x 10+2 
= 360+ 2 
= 180 


Mentally grouping powers of 5 and 2 


You can pair powers of 5 and 2 to simplify mental multiplication. For example: 


25 4 14] 25 <2 x 7 1DX%6=75 X2*3 
=50%:7 = 150 x3 
= 350 = 450 


Mentally dividing by 5 
To divide an even number by 5, first divide by 10 and then multiply by 2. For example: 


470 + 5 = (470 + 10) x 2 (First divide by 10, then multiply by 2.) 
= 94 
If you prefer, multiply by 2 and then divide by 10. For example: 
470 + 5 = (470 x 2) + 10 (First multiply by 2, then divide by 10.) 
= 94 
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N 2E USING MENTAL STRATEGIES TO MULTIPLY AND DIVIDE 


Mentally dividing by 4 
To divide by 4, halve the result and halve it again. For example: 


428 +4=214+2 
= 107 


Doing several divisions mentally 
Sometimes you can make divisions simpler by performing a chain of divisions. For example: 
288 + 6 = (288 + 2) +3 
= 144+3 
= 48 
You do not have to use brackets, but it makes the process clearer. You can often use this strategy in 
mental calculations. 


Using doubling and halving 


Sometimes it is possible to multiply two numbers by doubling one number and halving the other. 
Keep doubling and halving until the numbers are manageable. For example: 


34x5=17~x 10 44x3=22x6 
= 170 211x112 
= 132 


Multiplying by 9 mentally 
To multiply a number by 9, multiply the number by 10 and then take away the original number from 


the result. For example: 


128 x 9 = 128 x (10-1) 
= 128 x 10-128 
= 1280-128 
= 1152 


Multiplying two-digit numbers by 11 mentally 
To multiply a number by 11, multiply the number by 10 and add the number. For example: 
128 x 11 = 128 x 104+ 128 


= 1280+ 128 
= 1408 
Example 10 
Calculate: 
a 15x26 It) S36 we © VIX 
A 153 26 = 30s 113} lt) IS 3 DS = IS Kab se 7 e 2X8 =as4 x4 
= 390 = (G0) <7 = 1108 s< 2 


= 420 = 216 
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2E USING MENTAL STRATEGIES TO MULTIPLY AND DIVIDE 


Example 11 
Calculate: 
m S2X iil b 68 x9 


a 52x 11=52x (10+ 1) b 68 x 9 = 68 x (10 — 1) 
= 520+ 52 = 68 x 10 — 68 
= 572 = 680 — 68 
= 612 


Example 12 
Calculate: 
a 864+ 16 b 1250 +50 


a 864+ 16 = 432+8 


= 216+4 
= 108 +2 
= oil 


This shows that dividing by 16 can be done by dividing by 2 four times, because 
16=2x%2xK 2x2. 


b 1250+50=125+5 or 1250+50= 2500 + 100 
= 25 = 25 


| @ Exercise 2E 


1 Show your working to make clear the steps you would take to do these calculations 


mentally. 
a 15x14 b 5x 16 c 5x 18 
d 5 x 24 e 15 x 24 f 15 x 36 
= )<0) 2 Show your working to make clear the steps you would take to do these calculations mentally. 
a 24x4 b 112x4 ce 532 x4 
d 42x8 e 131 x8 f 504 x8 
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Example 11 


Example 12 


3 Show your working to make clear the steps you would take to do these calculations 


mentally. 
a 1256 b 19x 6 c 24 x 37 d 25 x 24 
e 24 x 28 f 32 x 32 g 18x6 h 37 x 8 


4 Show your working to make clear the steps you would take to do these calculations 
mentally. 


a 62x 11 b 48 x 11 ooo < 11 d 87x9 e 421 x9 


5 Show your working to make clear the steps you would take to do these calculations 


mentally. 

a 430+5 b 870 +5 ¢ 635 +5 d 136+4 
e 108 +4 f 408 +8 g 264+8 h 126+6 
i 186+6 j 762+6 k 168 +4 1] 1512 + 27 


6 Show your working to make clear the steps you would take to do these calculations 


mentally. 
a 125 x 32 b 135 x 22 ¢ 2750 + 50 
d 1344 + 16 e 367 x9 f 48x5 


Using powers in factorisation 


Prime numbers are the building blocks from which all whole numbers are made. The building is 
done by multiplication. 


Any number can be expressed as a product of powers of prime numbers. For example: 


12=3x4 72=8x9 100 = 10 x 10 

=3 27° = 23 x 32 =5x2x5x2 
= 2? 3 =5°x 2 
= 2? x 52 


We say that 2? x 5? is the prime factorisation of 100 since the primes are in increasing order. 


In fact, every whole number greater than | is either prime or can be written as a product of prime 
numbers. Also, the factorisation for each number is unique, apart from the order in which the factors 
are written. Taken together, these results form an important fact known as the fundamental theorem 
of arithmetic. 
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2F USING POWERS IN FACTORISATION a 


Finding prime factors 


Three different methods for finding the prime factors of numbers are shown below. 


Method 1: Repeated factorisation 


420 = 42 x 10 
=27x60x% 5x2 
=2?x3x5x7 


Method 2: Repeated division 


To find the prime factorisation of 420, we divide by the lowest prime factor as many times as we can 
first, then divide by the next lowest and so on until the quotient is 1. 


420 
210 
105 
35 
ri 

1 


So the prime factorisation of 420 = 27 x3 x5 x7. 


N OF WN N 


Method 3: Factor trees 


To find the prime factorisation of 24, we can use a factor tree diagram. In the first example below, 
24 is split into its largest and smallest factors (besides 24 and 1), 12 and 2. Then each of these is split 
into factors until no further splitting is possible. 


24 24 24 
aa: oN i 
a a FO, gO a ia 
2 3 4 2 32 2 3 2 4 
aa aa _ a ‘al —_ 


It is not necessary to start with the smallest and largest factors other than the number itself and 1. 
It is helpful to start with a factor you know. Although a number can have more than one factor tree, 
each factor tree will have the same prime factors in the last row. 


From the diagrams above, the prime factorisation of 24 is: 


24-22 %2%2.%3 
=23?x3 


> Fundamental theorem of arithmetic 


e Every whole number greater than 1 is either prime or can be written as a product of 
prime numbers. 


e The prime factorisation for each number is unique, apart from the order in which the 
factors are written. 
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N 2F USING POWERS IN FACTORISATION 
= er pI eee arene 


Example 13 


Express 72 as a product of prime factors and give your answer in index notation. 


Divide by the lowest prime number, then continue dividing by primes until the 


result is 1. 
2 || 72 
2 || BE 
2 | 18 
3 || S 
Sales 
1 


(22 x 32 
A second method uses a factor tree to find the prime factors of 72. 
72 
ve 
36 
ee Loe 
18 
yes 
2 9 
aes 
3) 


3 T2= 23? 


ees 


1 Express each number as a product of prime factors. 
a 6 b 8 c 9 d 12 e 18 f 24 


~ Ns 


2 Express each number as a product of prime factors. 
a 15 b 75 c 36 d 96 e 256 f 841 


3 What is the number given by each of these prime factorisations? 


a 2? x 32x 52 b 52x 33 x 24 c 28 x 32 x 52 


4 a Write 105 and 154 as a product of prime factors. 
b What is the largest factor of both of these numbers? 


5 Find all two-digit numbers that are the product of three different prime numbers. 
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Squares and square roots 


The square of a number is the number multiplied by itself. For example, 6 squared (67) is the 
number 6 X 6 = 36. 


This can also be shown as a diagram. A square of side length 6 cm has an area of: 


6 cmx6 cm = 62cm? 
= 36cm? 


6cm 
The square root of a number is the number that when multiplied by itself gives the original number. 
In this chapter we will only find the square roots of square numbers. For example: 
° 36 =6 x 6 =6°, so 6 is the square root of 36. We write 36 = 6. 
° 25=5x5=57,805 is the square root of 25. We write V25 =5. 


Geometrically, the square root of a number is the side length of a square whose area is that number. 


Products of squares and square roots 


The product of two or more square numbers is equal to the square of the product of the original 
numbers. For example: 


32x 227=3x3x2x2 82x 727=8x8x7x7 
= (3 x 2) x (3 X 2) = (8 x 7) X (8 X 7) 
=6x 6 = 56 x 56 
= 6? = 56 


The square root of a product is the product of the square roots of the original numbers. For example: 


V100 = V25x4 V484 = V4 x V121 
= V¥25 x V4 =2x1l 
=5x2 =o 
= 10 
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N 2G SQUARES AND SQUARE ROOTS 
=e UE SRS ep settee 


Prime factorisation and square roots 


Finding the prime factors of a number can help us to determine whether the number is a square 
number and, if it is, to find its square root. 


Example 14 


Find the square root of 2025 by first finding the prime factors of 2025. 


5) 2025 We can write 

5 |405 2025 = 5x5x3xX3x3x3 

3 eq = (0X33) KOxXax< 3) 
ae = 3038 

Sel a7 so 2025 is a square number and 

3 |9 "2005 = 32x5 

3 °#/3 = 45 
1 


Y ) Squares and square roots 


¢ Anumber multiplied by itself is called the square of the original number. 


e The square root of a square number is the number that when multiplied by itself gives 
the original number. For example, V25 = 5, as 52 = 25. 


e The product of the squares is equal to the square of the product. For example: 
52x 22 = (5x2)* = 100 


e The square root of a product of square numbers is the product of the square roots of the 
original numbers. For example: 


V49x25=7x5=35 


se 2 


1 Evaluate: 
a 4 b 12? c 16 d 17° e 22? f 337 
2 Find the square root of: 
a 49 b 144 c 400 d 169 e 225 f 361 
g 625 h 961 i 1444 j 5625 
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3 Complete each sentence by filling in the blanks with ‘odd’ or ‘even’ to make a true 


statement. 
a The square of an even number is an number. 
b The square of an odd number is an number. 


4 Jam thinking of a number that is the sum of two square numbers, each of which is odd. 
Is my number odd or even? 


5 I am thinking of a number that is the sum of two square numbers. One square number is 
odd and the other is even. Is my number odd or even? 


6 Write each number as the sum of three, not necessarily different, square numbers. 
a 14 b 38 c 45 d 59 e 70 f 230 
7 Write 51 as the difference of two squares. 


8 Show that 85 can be written both as the sum of two squares and the difference of two 
squares. 


> Did you know? 


The number 81 is the only number greater than 1 whose square root equals the sum of its 
digits. 


Lowest common multiple and 
highest common factor 


Lowest common multiple 


Look at the lists of positive multiples of 24 and 18. 
Common multiples of 24 and 18 are highlighted 
by arrows. 


The smallest or lowest of the non-zero common 
multiples of 24 and 18 is 72. We say that 72 is the 
lowest common multiple (LCM) of 24 and 18. 
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N 2H LOWEST COMMON MULTIPLE AND HIGHEST COMMON FACTOR 
Example 15 


What is the LCM of 180 and 144? 


Multiples of 180 are 180, 360, 540, [720], 900, .... 
Multiples of 144 are 144, 288, 432, 576, [720], 864, ... 
So the LCM of 180 and 144 is 720. 


Highest common factor 


Look at the list of factors of 24 and 18. The factors 
common to both 24 and 18 are highlighted with arrows. 
The largest or highest factor common to both numbers 
is 6. We say that 6 is the highest common factor (HCF) 
of 24 and 18. 


Example 16 


What is the HCF of 180 and 144? 


The factors of 180 are 1, 2, 3, 4, 5, 6, 9, 10, 12, 15, 18, 20, 30, B6], 45, 60, 90 and 180. 
The factors of 144 are 1, 2, 3, 4, 6, 8, 9, 12, 16, 18, 24, B6], 48, 72 and 144. 
So 36 is the highest common factor of 180 and 144. 


¢ The lowest common multiple (LCM) of two or more numbers is the smallest non-zero 
whole number that is a multiple of each number. 


e The highest common factor (HCF) of two or more numbers is the largest number that is 
a factor of each number. 
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1 Find the LCM of: 


a 8 and 12 b 8 and9 ec 17 and 1 

d 12 and 15 e 7 and 49 f 20 and 90 

g 3, 4and6 h 8, 9 and 12 i 12, 8, 10 and 30 
2 Find the HCF of: 

a 30 and 24 b 15 and 21 ce 12 and 72 

d 25 and 16 e 36 and 16 f 26 and 65 

g 12, 18 and 30 h 15, 6 and 14 i 60, 20 and 10 

3 Find the HCF and LCM of: 
a 224 and 336 b 18 and 42 c 45 and 150 


4 A bell rings every 15 minutes and a whistle is blown every 18 minutes. The bell is rung and 
the whistle is blown at 8 a.m. How long will it be before the bell is rung and the whistle 
blown at the same time again? 


5 Three patients visit the doctor at intervals of 8 days, 15 days and 24 days, respectively. 
If they all go to the doctor on 1 March, what will be the date when they next all go to the 
doctor on the same day? 


6 Three swimmers take 28 seconds, 44 seconds and 68 seconds to complete a lap of the pool. If 
they start together, how long will it be before they are side by side at one end of the pool again? 


7 A rectangular region of dimensions 30 m by 28 m is covered by square tiles. What is the 
smallest number of tiles required? 


2 Divisibility tests 


A number is divisible by a second number if the second number divides into the first with no 
remainder. This is easy to see with small numbers. For example, 12 is divisible by 2, since 
12+2=6. 

What about large numbers? It is helpful to know how to test for divisibility without actually having 
to divide. 

You will already know some of these tests. 


¢ A number is divisible by 10 if it ends in 0. For example, 20, 450 and 23 890 are all 
divisible by 10. 


¢ A number that ends in 0, 2, 4, 6 or 8 is divisible by 2. 


¢ If the last digit of a number is 5 or 0, then the number is divisible by 5. For example, 
15, 255 and 439 780 are all divisible by 5. 
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N 21 DIVISIBILITY TESTS 
eg eign ae 


There is no simple test for divisibility by 7, but there are simple tests of divisibility by 3 and 9, 4 and 8, 
and 6. 


Divisibility tests for 3 and 9 

A number is: 

* divisible by 3 if the sum of its digits is divisible by 3 

¢ divisible by 9 if the sum of its digits is divisible by 9. 

For example, 27 is divisible by 3 and 9 as the sum of the digits is 9. 


This is because 10 = 9 + 1, 100 = 99 + 1, 1000 = 999 + 1 and so on, and 9, 99, 999 and so on are 
all divisible by both 3 and 9. For example: 


21=2x10+1 
=2x(9+1)+1 
=2x9+(24+1) 


The sum of 2 + 1 = 3 is divisible by 3, and 2 x 9 = 18 is also divisible by 3. 
Another example: 

378 = 3x (999 +1)+7x 941) +8 

=3x99+7xX9+3+7+8 

The sum of 3 + 7 + 8 = 18 is divisible by 9, and 3 x 99 and 7 x 9 are divisible by 9. 
37 is a number that is divisible by neither 3 nor 9, as the sum of the digits is 10. 
Divisibility tests for 4 and 8 
A number is: 
¢ divisible by 4 if its last two digits are a number that is divisible by 4 
¢ divisible by 8 if its last three digits are a number that is divisible by 8. 


Divisibility test for 6 
We know that 2 x 3 = 6. 
Hence, if a number is both divisible by 3 and 2, then it is divisible by 6. 


t _) Divisibility tests 
e¢ Anumber is divisible by 2 if it ends in 0, 2, 4, 6 or 8. 
A number is divisible by 3 if the sum of its digits is divisible by 3. 


A number is divisible by 4 if its last two digits form a number that is divisible by 4. 
A number is divisible by 5 if it ends in O or 5. 


A number is divisible by 6 if it is both even and divisible by 3. 


A number is divisible by 8 if its last three digits form a number that is divisible by 8. 
A number is divisible by 9 if the sum of its digits is divisible by 9. 
A number is divisible by 10 if its last digit is 0. 
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21 DIVISIBILITY TESTS Ve 
Example 17 


Is the number 493 756 divisible by 2, 3, 4, 5, 6, 8, 9 and 10? 


Number Test Divisible? 
2 493 756 ends in 6, so it is divisible by 2. Yes 
3 The sum of the digits of 493 7561s 4+9+3+7+5+6= 34, No 
which is not divisible by 3, so 493 756 is not divisible by 3. 

4 The last two digits of 493 756 form the number 56, which is Yes 
divisible by 4, so 493 756 is divisible by 4. 

5 493 756 does not end in 5 or 0, so it is not divisible by 5. No 
Although 493 756 is even, it is not divisible by 3. Therefore, it is No 
not divisible by 6. 

8 The last three digits of 493 756 form the number 756, which is No 
not divisible by 8. Therefore, 493 756 is not divisible by 8. 

9 The sum of the digits of 493 756 is4+9+3+7+4+5+4+6= 34, No 
which is not divisible by 9. Therefore, 493 756 is not divisible by 9. 

10 493 756 does not end in 0, so it is not divisible by 10. No 


@ Exercise 21 


1 Test each number for divisibility by 2. 

a 536 b 22253 © 1782 d 188 
2 Test each number for divisibility by 4. 

a 72 b 236 c 682 d 36 338 e 387232 
3 Test each number for divisibility by 8. 

a 96 b 1128 c 387480 d 22500 
4 Test each number for divisibility by 3. 

a 48 b 543 c 8987 d 864 468 e 1001001 
5 Test each number for divisibility by 9. 

a 108 b 33543 c 5652 d 3000015 e 1357 911 


6 Which of the five numbers below is divisible by: 
a 3? b 9? 
179 792 5838 45 891 19 283 746 556 000 000 001 
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7 Which of the numbers below divide the number 584 760? 
2, 3,4, 5, 6, 8, 9, 10 
8 Which of the numbers below divide the number 38 190 306? 
2,3; Ay Bp 8,9, 10 


9 Find the smallest number that is greater than 1000 and divisible by: 


a 3 b 8 c 4 d 6 e 3 and4 f 3, 4and5 
10 Fill in the gaps in the five-digit number 7[]42(] to make a number that is divisible by: 

a 3 b 4 e 5 

d 6 e9 f 4and5 

g 3 and4 h 4 and 9 i 9 and 10 

j 3 and 5, but not 2 k 2, 3, 4 and 5, but not 9 1 3 and 5, but not 6 


11 Use the various divisibility tests and short division to help you find all the factors of: 

a 147 b 345 c 2688 
12 What are the smallest and largest three-digit numbers that are: 

a multiples of 9? b multiples of 23? c multiples of both 9 and 23? 
13. a Find the number of whole numbers less than 100 that are divisible by 2 or 3, or both. 

b Find the number of whole numbers less than 100 that are not divisible by 2 or 3. 

c Find the number of whole numbers less than 500 that are not divisible by 2 or 3. 


14 Find the least whole number divisible by 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10. 


Review exercise 


1 List all the factors of the following numbers in order from smallest to largest. 

a 18 b 24 ce) d 48 e 50 f 96 
2 List the multiples of the following numbers that are less than 100. 

a9 b 17 C235 d 18 als ite Pil 
3 Write one number that: 

a is odd, greater than 50 and a multiple of 7 

b is even, divisible by 5 and between 106 and 150 

c has 96 and 72 as multiples, is odd and prime. 
4 Write three different three-digit numbers that are odd and sum to: 

a 871 b 903 c 479 d 347 e 1835 f 2851 
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REVIEW EXERCISE 


5 Write down and evaluate all the powers of 6 up to 6°. 
6 Write down and evaluate all the powers of 9 up to 9°. 


7 Write each of the following using index notation. 


asa 3 4 et b8&8x8x8x 8? 
c 100 x 100 x 100 dUx7T xT x3x3x3 
8 Evaluate: 
a3 x 3x2? b Gx3 x2) e346 <2)7 
ae <3) <2 ene <2)? f 6x2) 
9 Doeach of these calculations mentally. 
a 17x4 b17x8 Cli x 
d17 x12 e 17 x 20 fol x 25 
g 436+4 h 620+5 i 312+6 
10 Evaluate: 
aos b 107 ron ee di 15? e 21? f 437 
11 Find the square root of: 
a 400 b 1600 c 900 d 225 e 484 f 361 
12 Write the number that is divisible by 9 and is closest to: 
a 50 b 100 c 150 
d 200 € 250 f 300 
13. What are the smallest and largest four-digit numbers that are: 
a multiples of 9? 
b multiples of 29? 
c multiples of both 9 and 29? 
14 a How many zeros are there in the number 2” x 57? 
b How many zeros are there in the number 2° x 53? 
c How many zeros are there in the number 2+ x 53? 
d How many zeros are there in the number 2° x 54? 
e How many zeros are there in the number 27° x 57°? 
f How many zeros are there in the number 27! x 57°? 
g How many zeros are there in the number 2”? x 57°? 
15 Express each of the following as a product of prime factors. 
Use index notation where appropriate. 
a 512 b 1024 € 125 d 500 e 1001 f 17On7 
g 19019 h 4000 P5120 j 243 k 1225 1 2666 
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16 What is the number given by these prime factorisations? 


a 2?x 53 by it <3 © 7x iil 13 329 
d 23 x 3? x 5 e 24x7x 53 f 23x 72x 52 
ES Se Te hese 7 foo Xoo e 


17 Find all whole numbers less than 50 that are the product of two different prime numbers. 


Strengthening multiplication tables skills 


You need to know the multiplication tables up to 12 to work efficiently with numbers. Think 


carefully about how well you know each fact. Can you recall it very, very quickly off the top 
of your head? If not, then you need to work on that fact. 


Draw up a chart like the one below and colour in: 


the multiples of 1 

each multiplication fact that is a duplicate of another in the table (For example, 

4x 3=3 x4= 12, s0 you have just halved the number of facts that you need to remember.) 
the multiples of 2, because you know your doubles 

the multiples of 10, because they end in 0 

the multiples of 5, because they end in 5 or 0 

the square numbers, for example, | x 1, 2 x 2,3 x3 

the multiples of 11 up to 10 x 11 

the multiples of 3. (Just double the number and add the number again. So for 7: double 7 
is 14, plus 7 is 21. For 12: double 12 is 24, plus 12 is 36.) 


Zl se 4a oe er EZ NLS soto ee ae 
eel ee eb | all ee |e eal | ade 
A268: || 10) 12. || 14 | 16 "| 18> 20) 22) 24 
Gale Se 2a 15: || tea 21) | 247 27 303336 
8 | 12 | 16 | 20 | 24 | 28 | 32 | 36 | 40 | 44 | 48 
50) || 55 | 60 
12 | 18 | 24 | 30 | 36 | 42 | 48 | 54 | 60 | 66 | 72 
4210.28 35 A249 | 56 63470) |. 77 84 
16 | 24 | 32 | 40 | 48 | 56 | 64 | 72 | 80 | 88 | 96 
1827) 36 45 || 5463 |. 72 | 81 90.99 10s 
10 || 20730) 40 1-50 60") 70) | 80.90 11100) 110) 120 
A 225) 3394455 66577) | 68 99s tO 24) 132 
12 | 24 | 36 | 48 | 60 | 72 | 84 | 96 (108/120 |132| 144 


W}/CIN | O/T) B)/W)hN| Aa) a 
— 
(| 
— 
oO 
N 
SS 
N 
uO 
Ww 
SS 
Ww 
oO 
aN 
oO 
aS 
oO 


Mla lo|W/O|N| aj) aAjwirny}a)x 


Colour in the other facts as you learn them. 


The facts that are not coloured in are the ones that you need to work on. There aren’t so 
many of them now, are there? 
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Challenge exercise 


1 The prime numbers 73 and 37 have reversed digits. What are the other pairs of prime 
numbers less than 100 with the same property? 


2 The 7 button on my calculator does not work. Show how I might use my calculator to 
work out: 
a 7 x 20 b 7 x 25 c 72x7 d 78 x 11 

3 Any number that is divisible by 18 is also divisible by 3 and 6. The opposite is not 


always true. Write down a number larger than 100 that is divisible by 3 and 6, but not 
divisible by 18. 


4 a A number is called abundant if the sum of all of its factors (not including the number 
itself) is greater than itself. The first abundant number is 12. The sum of its factors, 
not including 12 itself, is 1 + 2 +3 +4+ 6 = 16. Find five more abundant numbers 
less than 40. 


b Show that 945 is abundant. It is the smallest odd abundant number. 
5 The smallest number that can be written as the sum of two non-zero squares in two 


different ways is 50: 5? + 5? = 50 and 7? + 1* = 50. Find the other two numbers less than 
100 that can be written as the sum of two non-zero squares in two different ways. 


6 The number 36 can be written as the sum of three cubes: 1° + 23 + 33 = 36. Find the 
three cubes that sum to: 


a 73 b 92 c 99 


7 Ineach part, continue the pattern, filling in the gaps. 
ab+2=(1+[ }? 
bb+[ P+33= +243) 
c B+2+34+4=( ]+[ ]+[ ]+[ )? 
d [ P+2+[ P+e+s=a+[ ]+34+[ ] +5” 


8 Write each number as a sum of no more than 4 cubes. 


a 10 b 1729 c 36 
d 37 oul f 99 
g 100 h 152 1 270 
9 Fill in the gaps in the six-digit number 12 [| 94 [| to make a number that is 
divisible by: 
a 4 and 10 b 3, but not 9 e 2and5 
d 5 and 3, but not 4 or 9 e 3 and 5, but not 6 
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CHALLENGE EXERCISE 


HOU aie nve die mumber ll 7259/7. is dussiblety 72 rinduie yalneeor lll andi 


11. a How many factors does 1 048 576 = 2° have? 
b How many factors does 729 = 3° have? 


c How many factors does 27° x 3° have? 


12 a List the primes less than 100. (Hint: There are 25 of them.) 


b Extend the list to primes less than 200, using the sieve method but including multiples 
of 11 and 13, of course. (Hint: There should be 21 new primes.) 


c What is the largest gap between adjacent primes less than 200? 


d A prime pair is a pair of prime numbers that differ by 2. List the 15 prime pairs less 
than 200. 


e Show that, with one exception, the sum of a prime pair is divisible by 12, and that the 
product of a prime pair is one less than a multiple of 36. 


f Prove that there are no ‘prime triples’; that is, that n, n + 2 and n + 4 are never all 
prime, except for the one case 3, 5, 7. 
13. a How many zeros are there in the number obtained from 
WOxXOxX 3X7 xO Ko xX 4x3 x2 17 
b How many zeros are there in the number obtained by multiplying the numbers from 
1 to 100 together? 
14 Write each number as the sum of 4 squares. 
a 30 b 71 ec 130 
d 216 e 630 f 654 


15 Write 170 as the sum of the smallest possible number of square numbers without using 
i=l 


16 A whole number is called a palindrome if it reads the same backwards as forwards. For 
example, 12 321 is a palindrome, 12 345 is not. Find the smallest five-digit palindrome 


divisible by: 
a 2 b 3 c 4 d 5 
e 6 f7 g 8 h9 
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Number and Algebra 


Algebra is an important part of mathematical language. It helps us to state ideas 
more simply and to make general statements about mathematics in a concise 
way. It enables us to solve problems that are difficult to do otherwise. 


Algebra was developed by Abu Abdullah Muhammad ibn Musa al-Khwarizmi 
(or simply Al-Khwarizmi) in about 830 CE. His work was also influential in the 
introduction of algebra into Europe in the early thirteenth century. 


Al-Khwarizmi was a scholar at the House of Wisdom in Baghdad. 
There scholars translated Greek scientific manuscripts and wrote 
about algebra, geometry and astronomy. Al-Khwarizmi worked under 
the patronage of the Caliph, to whom he dedicated two of his texts — 
one on algebra and one on astronomy. The algebra text, Hisab al- 
jabr w'al-mugabala, is the most famous and most important of all of 
his works. It is the title of this text that gives us the word algebra. 
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Using algebra 


In algebra, letters are often used to stand for numbers. For example, if a box contains x stones and 
you put in 5 more stones, then there are x + 5 stones in the box. You may or may not know the value 
of x. In algebra, we call such a letter a pronumeral. 


Example 1 


Joe has a pencil case that contains a number of pencils. He has 3 other pencils. How many 
pencils does Joe have in total? 


We do not know how many pencils there are in the pencil case, so let x be the number of 
pencils in the pencil case. 


Joe has a total of x + 3 pencils. 


Example 2 


Write an algebraic expression for each of the following. 


Adding 7 to the number a 
The sum of d and 7 
Subtracting 6 from m 

7 less than x 

The sum of m and 3 and n 


= oc 8 6 oo 2 


The difference of x and 6 (x is greater than 6) 


aa+7 b d+7 c 
d x-7 e m+34+n=m4+nt+3 f 
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3 A USING ALGEBRA 


Write an algebraic expression for each of the following. 


a_ The product of 3 and b b n multiplied by 5 
c The quotient when a is divided by 6 


aD bnx5 c a+6 


Example 4 


Write an algebraic expression for each of the following. 


a 2 times a number, n, plus 6 b 6 minus 2 times a number, n 

a 2xXn+6 Db 6—-2xn 

Note: The conventions for the order of operations discussed in Chapter 1 also apply in 
algebra. 


Theresa takes 5 chocolates from a box with a large number of chocolates in it. How many 
chocolates are left in the box? 


Let z be the original number of chocolates in the box. 


Theresa removes 5 chocolates, so there are z — 5 chocolates left in the box. 


Example 6 


There are three boxes, each with the same number of marbles in them. If there are x marbles 
in each box, how many marbles are there in total? 


x marbles x marbles x marbles 
There are 3 X x marbles. 
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» 3 A USING ALGEBRA 
NES A usin ACER eee 
Example 7 


There are n oranges to be divided equally among 5 people. 


How many oranges does each person receive? 


Each person receives n + 5 oranges. 


The following table gives us the meanings of some commonly occurring algebraic expressions. 


The sum of x and 3 
3 added to x, or x added to 3 
3 more than x, or x more than 3 


The difference of x and 3 
3 subtracted from x 

3 less than x 

x minus 3 


The product of 3 and x 

x multiplied by 3, or 3 multiplied by x 
x divided by 3 

The quotient when x is divided by 3 


x is first multiplied by 2 and then 3 is subtracted 
x is first divided by 3 and then 2 is added 


Expressions with zeros and ones 


Zeros and ones can often be eliminated entirely. For example: 


x+0=x (Adding zero does not change the number.) 
xx =x (Multiplying by one does not change the number.) 


Exercise 3A 


1 Joan has a pencil case that contains x pencils. She has 3 other pencils. How many pencils 
does Joan have in total? 


=> 2 Write an algebraic expression for each of the following. 


a Adding 6 to the number a b The sum of p and 4 

ce Subtracting 2 from p d Subtracting 3 from y 
e The difference of x and 4 (where x is greater than 4) 

f 8 less than x g The sum of p and g 
h The sum of x and 2 and y i The sum of a, b andc 
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3 A USING ALGEBRA ye 


3 Write an algebraic expression for each of the following. 
a The product of 5 and x 


b The product of x and y 
c xis multiplied by 3 
d The quotient when p is divided by q 


4 Write an algebraic expression for each of the following. 
a The product of 7 and x 
b The product of a and b 
c The difference of y and 6 (where y is greater than 6) 


d x is multiplied by 4, and 3 is added to the result 
e mis multiplied by 5, and 3 is subtracted from the result 


f 3 is multiplied by a, and 2 is added to the result 


5 Write an algebraic expression for each of the following. 
a x is divided by 3, and 2 is added to it 
b x is divided by 3, and 2 is subtracted from it 
c p,q and r are added together 
d The product of x, y and z 


6 An apricot tree has n apricots on it. How many are left on the tree if 20 apricots drop off? 
7 There are 5 boxes, each containing x chocolates. What is the total number of chocolates? 


8 There are n bananas to be divided equally among 3 people. How many bananas does each 
person receive? 


9 John has $w dollars in the bank. He deposits $1000 in the bank. How much does he have in 
the bank now? 


10 Xiu is 5 years older than Harry, who is x years old. How old is Xiu? 

11 The perimeter of a square is x cm. How long is each side? 

12 Ifm boxes each contain 8 toffees, how many toffees are there in total? 

13. The sum of two whole numbers is 10. If one of the numbers is n, what is the other number? 
14 Karla has n cards and collects 20 more. How many cards does Karla have? 


15. A triangle has 3 sides of equal length. The sum of the lengths of the sides of the triangle is 
s cm. What is the length of each side? 
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Algebraic notation 


In algebra, there are concise ways of expressing multiplication, division and powers. 


Notation for multiplication 
In algebra, the x sign is usually omitted. For example: 
the product 3 x x is written as 3x instead of 3 x x 


If a and b are numbers, then their product is a x b. This is written as ab. Similarly, we write 
3 X a=3a. 


This is done because it looks simpler and because the multiplication sign could be confused with 
a letter. 


Note that the number is written first. In the example above: 
3 X ais written as 3a and not a3 
Similarly: 


x X y X zis written as xyz and 7 X x X y X zis written as 7xyz 


Notation for division 


The division sign, +, is rarely used in algebra. We use the alternative notation for division, which 
was introduced in Chapter 1. 


Recall that 24 + 6 can also be written as o In a similar way, we use the notation - for ‘x divided 
by 5’. So: 


x +5 is written as : 


Notation for powers 


The expressions for powers are written as follows: 


x X xis written as x? 


y X y X y is written as y? 
zXzxXzX zis written as z+ 


and so on. 


Example 8 


Write these expressions without multiplication signs. 


Fea) DoS xnxx xy xy 

@ Ax O Ma Gl €XDxXaxXxs 

aes <b — 35 D Sixx xy xy 8 
c 4xxx6xx = 24x? d cxbxax5=Sabc 
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3B ALGEBRAIC NOTATION 


Example 9 


Write each expression using the algebraic way of representing division. 


aa+5 bmn 


a 
BY G5) = 


m 
b m+n=— 
n 


Example 10 


Write each statement below in the notation just introduced. 


a A number, x, is multiplied by itself and then doubled. 
b A number, x, is squared and then multiplied by the square of a second number, y. 


aN Oe KO = SK box x y= a> 


Notation for products, quotients and powers 


e 2 xx is written as 2x. 
x x y is written as xy. 
xX y xX zis written as xyz. 
x x x is written as x and is called ‘x squared’. 
x X x X x is written as x? and is called ‘x cubed’. 
x X x X x Xx is written as x* and is called ‘x to the fourth’. 


x +3 is written as = 


. 7 XxX 
e x+zis written as z 


Note that x? = x (the first power of x is x), 1x =x and Ox =0. 


sie 


1 Write each expression without multiplication signs. 


a5xx b2xa cmxXn 
d6oxxxy e3xxxx f 7X5 xx 
g6xax3xc hoxxxxxyxy i5xxx7x3 
j7xXxx3xx k2xxxxxyxyxXy 13xx+9xy 
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N 3B ALGEBRAIC NOTATION 
= Sbaueepmiememmety 


2 Write each expression in simplest form. 


axxy baxb 
c 6xpxp d3x4xx 
e5sxax3 f 6GxXpxpexrxx 


3 Rewrite each expression using the algebraic way of representing division. 


ax+4 bx+5 
cx+7 d z+ 10 
ewr+zZ f q+p 
Sw+x hxe+y 


4 Rewrite these expressions using the multiplication sign, x. 


a 5a ba c abc d 7a? e 7x’y 


5 Rewrite these expressions using the division sign, +. 
% f x 
a= b= c_ 

3 3 y Pp 


6 Write an algebraic expression for each of the following. Use the notation for products, 
quotients and powers introduced in this section. 


a The product of 7 and x b The product of x with itself 
c The product of 6a and b d The product of 7a and 3a 
e The quotient of x divided by 3 f The quotient of p divided by g 


g xis multiplied by 7, and 5 is added to the result 
h mis multiplied by 7, and 2 is subtracted from the result 


7 There are x apples to be divided equally among 7 people. How many apples will each 
person get? 


8 A jar of jelly beans contains x jelly beans. How many jelly beans are there in 5 jars? 
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Ss 


9 Asmall minibus carries 11 passengers and a large minibus carries 18 passengers. If there 
are x small minibuses and y large minibuses, how many passengers can be carried in total? 


10 Tomatoes are $5 a kilogram and potatoes are $6 a kilogram. What is the total cost of 
x kilograms of tomatoes and z kilograms of potatoes? 


11 Write each of these statements in algebraic notation. 
a The number x is multiplied by itself. 
b The number x is multiplied by itself, and 3 is added to the result. 
c The cube of a is taken. 
d The cube of a is taken and added to 3. 


Substitution 


If we take the algebraic expression 3a? and replace a by the particular value 4, then we get the result: 


3x =3 x 16 
= 48 


The process in which we replace a pronumeral in an expression with a particular value is called 
substitution. In the example above, we substituted the value 4 for a in the expression 3a? and got 48. 


Example 11 


Find the value of each expression if x is given the value 4. 


ax+3 b 5x oS 
de @ De=5 f qe 
a x+3=44+3 boon Coe 
=7/ = 20 2 
=) 
da —4 e 2x-5=2x4-5 fe 
= 16 =3 & : 
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3C SUBSTITUTION 


Example 12 


If a= 6 and b =5, evaluate: 


aa-b b 4a —- 3b 
aa) — 65 b 4a-3b=4x6-3x5 
=| =24-15 
=9 
Example 13 
Evaluate each expression for x = 3. 
a x7+4 b 2x?-4 
a x+4=374+4 b 2x*-4=2x3?-4 
= 13 =2x9-4 
=18-4 
= 14 


f ) Exercise 3C 


1 Find the value of each expression if 3 is substituted for a. 
aat+4 ba+6 oy ta da+20 
e a+ 100 f 1000+ a g a+ 200 h a+ 10000 


2 Find the value of each expression if 9 is substituted for m. 
am-—3 bm-6 cm-2 dm-9 
3 Find the value of each expression if 4 is substituted for x. 
a 5x b 2x ec 10x d 87x 


4 Find the value of each expression if 24 is substituted for x. 


x x x x 
5 Da v6 ae) 

5 Find the value of x? for these values of x. 
a2 b 3 c 9 d 10 
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a 


6 Find the value of each expression if 12 is substituted for x. 


a 2x+7 b 3x+4 e 2x-1 d 23 + 2x 
- oe ee) h + 
e 37 -— 3x 4 3 85 D 5 
7 Ifn=2andm = 6, evaluate: 
am+3 b 3m cmt+n dm-n e mn f 2m+4 
g10-—m h 20 — 2n i 3m—-2n j 3n+6 k 6m + 2n 
8 Find the value of each expression if 2 is substituted for x. 
ax?+2 b x°+3 c 3x7 +2 d 3x? - 2 


9 Ifv= 12 and t= 3, find the value of: 


Vv Vv Vv Vv Vv 
os be > te e 7, +6 


10 The cost of n pencils is 2 dollars. Find the cost of 20 pencils. 


11 The profit from selling n crates of bananas is 3n dollars. What is the profit if 100 crates of 
bananas are sold? 


12 The cost of hiring an electric saw for n hours is (3n + 20) dollars. How much does it cost to 
hire the saw for 5 hours? 


13. The number of seats in a small theatre of x rows of 16 seats is 16x. If there are 8 rows, how 
many seats are there? 


Addition and subtraction of 


like terms 


If Tim has 3 pencil cases with the same number, x, of pencils in each, he has 3x pencils in total. 


x pencils x pencils x pencils 


If Yuko gives Tim 2 more pencil cases with x pencils in each, then he has 3x + 2x = 5x pencils in 
total. This is because the number of pencils in each case is the same. 
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N 3D ADDITION AND SUBTRACTION OF LIKE TERMS 


Like terms 
The terms 3x and 2x are said to be like terms and they have been collected together. 
Consider another example: 


If Jane has x packets of chocolates, each containing y chocolates, then she has x x y = xy 
chocolates. If David has twice as many chocolates as Jane, he has 2 x xy = 2xy chocolates. 
Together they have 2xy + xy = 3xy chocolates. 


The terms 2xy and xy above are like terms. The pronumerals are the same and have the same index. 
(Remember that x = x!, y = y! and so on.) 


The distributive law can be used to explain the addition and subtraction of like terms. 
2xy+xy=2xXxy+1 xX xy 
= (2+ Ixy 
= 3xy 
The terms 2x and 3y are not like terms because the pronumerals are different. The terms 3x and 3x” 
are not like terms because the indices are different. For the sum 6x + 2y + 3x, the terms 6x and 3x 
are like terms and can be added. There are no like terms for 2y, so the sum is: 


6x + 2y + 3x = 6x + 3x + 2y 
= 9x + 2y 


Example 14 


Which of the following pairs are like terms? 


2 73K, 9% b 4x”, 8x c 4xy, 12xy 
d ab, 2ba e 3mn, 5mx 


5x and 3x are like terms. 

These are not like terms. The powers of x are different. 

These are like terms because each is a number times x times y. 
These are like terms because ab = ba. 


coeaon#we, 


These are not like terms because one is a number multiplied by m and then by n, and the 
other is a number multiplied by m and then by x. 


Addition and subtraction of like terms 


Like terms can be added and subtracted as shown in the following examples. 


Example 15 


Simplify each expression by adding or subtracting like terms. 


a 3m+5m b 8m—-2m 
ec 7n+4n+6n d 8"+5m-—2m 
e 4m+6m+3n+4n f 7m-—2m+5n—-n 
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3D ADDITION AND SUBTRACTION OF LIKE TERMS a 


a 3m+5m=8m b 8m-2m=6m 
ec 7n+4n+6n=17n d 8m™+5m—-2m=11m 
e 4m+6m+3n+4n=10m+7n f 7Im—-2m+5n-—n=5m+4n 


Example 16 


Simplify each expression by adding or subtracting like terms. 


a 2x+3x+5x b 3xy + 2xy c 4x? — 3x? 
d 2x7 + 3x+4x e Axy — 3xy + 5xy 
a 2x+3x+5x= 10x b 3xy + 2xy = 5xy ec 47 - 3x2 = 1x? = 2? 


Go 2x? + 3x + 4x = 2x? + Tx e Axy — 3xy + Sxy = xy + Sxy 
= 6xy 


1 State whether each of the following pairs contains like or unlike terms. 


a 6z, 11z b 5y, 6y c 12xy, 16yx d 6x, lly 

e 7yx, llyx f 6m, 6m g 6a, lla’ h 6ab, 11ba 
2 Simplify each expression by adding or subtracting like terms. 

a 2x + 7x b 11x — 2x ce 5x+4x + 7x 

d 9x + 4x — 2x e 5x + 6x +7y + 4y f 6x-2x+Ty-y 

g 5x+yt+5x4+3y h 7x + 6y + 2x — 3y i Sy + 8x — 2y — 5x 

3 Write down the sum of the terms in each case and simplify by collecting like terms. 

a 5x and 6x b 6b and 9b c 9ab and 6ab d llac and 12ac 

e 3xy and 5xz f 3abc and S5abc g 5x? and 2x? h 7x? and 2y? 
4 Simplify each expression by adding or subtracting like terms. 

a 2x+ 5x -— 2x b 2xy — xy + 6xy 

c 3xy + 2xy — xy d 2a+ 3a-a 

e 2x + 3x + S5y + 6y f 3x+5y+7x + 2y 

g 2xy + 3xy + 3xy + Sxy h 5x? + 3x? 

i 5x? + 3x2 + 2x + 3x j 7x? + 11x — 4x? — 7x 
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5 Write down the sum of the terms in each case and simplify by collecting like terms. 


a 3y and 7y b 6xy and 7xy ce 7xz and Ilxy 

d 5yx and 6xy e 7xy and 23xy f 6ab and |1ba 
6 Simplify each expression by adding or subtracting like terms. 

a 2x + 3a + Sy + 6y b 5x — 2x + 6y + 2y 

ec 20x — 18x+ lly+4y d 60x + 20y + 30x + 5x 

e 40a + 20b + 30a + 10b f 100w — 80w + 60w 

g 3wv + 4vw — wv h 6xy — 2xy — yx 


7 Show that the sum of five consecutive whole numbers is always a multiple of 5. 


Brackets 


Brackets have the same role in algebra as they do in arithmetic. The order of operations discussed in 
Chapter | also applies in algebra. 


Here is an example showing how brackets are used in algebra. 


Example 17 


“Six is added to a number and the result is multiplied by 3.’ 


Write the answer using brackets and a pronumeral. 


Let x be the number. We write (x + 6) x 3, because it is clear that we are meant to multiply 
the result of the first step (x + 6) by the factor 3. 


We then write (x + 6) x 3 as 3(x + 6). This uses the convention that the factor 3 is moved to 
the front of the expression (x + 6) without a multiplication sign. 


So the result is 3(x + 6). 


The multiplication sign is dropped when using algebra. For example: 
6 X (n + 2) is written as 6(n + 2) 
5 X (x — 2) is written as 5(x — 2) 
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3 E BRACKETS a 


Example 18 


“Ten is subtracted from a number and the result is multiplied by 5.’ 


Write the answer using brackets and a pronumeral. 


Let n be the number. We write (n — 10) x 5. 


Following the convention that 5 is moved to the front of the expression, we write 5(n — 10). 


Example 19 


Evaluate each expression by substituting x = 8. 


a 5(x+2) b 5x+2 
ec 104+ 4-3) d 2(3x+4)+6 
a 5(¢+2) =5(8 + 2) b 5x+2=5x8+2 
= 5 << IC = ay 
=50) 
e 10+4@-3)=104+4x5 d 28x+4)+6=28x8+4)+6 
= 10+ 20 =2x28+6 
0) —102 


Use of brackets and powers 


The following example shows how important it is to follow the order of operations when working 
with powers and brackets. Notice how different the two answers are. 


Example 20 


Write each statement using algebra. 


a_ A number, a, is squared and the result is multiplied by 3. 
b A number, a, is multiplied by 3 and the result is squared. 


a 3a" 
b Gay = 3a 33a =9a" 
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3 E BRACKETS 
ee 
Example 21 


Evaluate each expression for x = 3. 
a 2 lv (ne ee d (2x)3 


Gl Dy 3) SS Fe SK Se 
=2 <3 <3 
= 113 

bz)" =O xa)- 
=i(2 3)" 
= 36 

C2 =2 xyxu xx 
=2%3%3 «3 
= 54 

d (2x)? = (2x x) 
= (6 ye 
=DiI6 


For a party, the host has prepared 6 baskets of chocolates, each containing n chocolates. Two 
more chocolates are placed in each basket. 


a How many chocolates are there in total? 


b If = 12 (that is, there were initially 12 chocolates in each basket), how many chocolates 
are there in total? 


a The number of chocolates in each basket is n + 2. There are 6 baskets and therefore there 
are 6 X (n + 2) = 6(n + 2) chocolates in total. 


b Ifn= 12, the total number of chocolates is 
6x (n+ 2) =6x (12+ 2) 
=6x 14 
= 84 
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3 E BRACKETS a 


@ Exercise 3E 
1 Write each statement using brackets and algebra. 


a 6 is added to x and the result is multiplied by 3. 

b 7 is subtracted from x and the result is multiplied by 5. 
c 10 is added to x and the result is multiplied by 4. 

d 11 is subtracted from x and the result is multiplied by 7. 


2 Write each statement using algebra, including brackets where appropriate. 
a A number, x, is multiplied by 3 and 2 is added to the result. 
b 2 is added to x and the result is multiplied by 3. 
c A number, x, is multiplied by 5 and 3 is subtracted from the result. 


d 3 is subtracted from a number, x, and the result is multiplied by 5. 


3 Evaluate each expression by substituting x = 5. 
a 2(x + 3) b 2x+3 c 2(x-2) 
d 3424-2) e 34+ 2(x+2) f (4+5x)-1 


4 Evaluate each expression by substituting x = 3. 
a 2(x+ 1) b 5(2x + 1) c 4+2(x+ 6) 
d 6+ 2(x- 1) e54+2(x-1) f 84+ 3-1) 


5 Evaluate each expression for a = 6 and b = 3. 
a a(3 + 2) b 4(a — b) ¢ 3+ 2(a—b) 
d 3(a—b) +4 e b(a-3)+1 f 2(5a — 4b) + 3b 


6 Write each statement using algebra. 


a A number, m, is squared and the result is multiplied by 5. 
b A number, x, is multiplied by 5 and the result is squared. 
c A number, z, is multiplied by 2 and the result is cubed. 


d A number, a, is cubed and then multiplied by 3. 


7 Evaluate each expression for x = 4. 
a, 


a 5x? b (5x)? 
8 Evaluate each expression for x = 2. 
a ox b (3x)? 


9 Evaluate each expression for x = 3. 
a (3x)? b (2x)? +2 c 6x7 +1 
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10 Each crate of bananas contains n bananas. Two extra bananas are placed in each crate. 
a How many bananas are now in each crate? 


b If there are 5 crates, how many bananas are there in total? 


11 Four extra seats are added to each row of seats in a theatre. There were originally x seats in 
each row and there are 20 rows of seats. How many seats are there now, in total? 


Multiplying terms 


Multiplying algebraic terms involves the any-order property of multiplication discussed in 
Chapter 1. 


In this section you will use the standard way of writing powers: 


KX R= x? 
yxyxysy 

Remember that you can use other letters besides x and y. 

The following example shows how the any-order property of multiplication can be used. 


3x xX 2yX 2xy=3xXxxxX2XyX2XxXy 
=3x2K2XxxXxxXyXYy 
= 129 


Example 23 


Simplify each of the following. 


a Sx 24 b 3a x 2a © Say © 2x 
d (2x)? e (4x)3 f (Cx x 3x 
a 5 x 2a — 10a b 34% 2a=3x%a@x2xa 
= Oa" 
CQ Sep x 2Qy=5 KAZ xe KE KY Ky dl (2x)7 = 25 x 2x 
= Oxy — XO XO 
= 4x2 

e (4x)? = 4x x 4x x 4x ty) 

Set ed eA = lee 

=O4x° 


Note: Intermediate steps are not required. 
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cee 


=a) 1 Simplify: 


23a, b, c 


a 3x 2a b 6 x 2x c 4x 3m d 2x x 4x 

© 7x x 3x f 3x x 2y g 2xy x 3x h 4xy x 2xy 
2 Rewrite each expression without brackets. 

a (5n)* b (4z)? ¢ (16z)? d (13z)? 


3 Find the product of each pair of terms in simplified form. 


a 2a and 6b b 3x and 4x c 7ab and 11 d 6c and Il1c 

e 4m and 6n f 7mnand 11mn g 4n* and 3 h 7m? and 6m 
4 Simplify: 

a (2x)? x x3 b 3x X (4x)? c 6x? x 3x 

d 2xy x 3xy e (2x)? x 2xy f 5z*y x 6zy 
5 Simplify: 

a Gx)? «2x Xx b 2xyXyXx c (5a)? x (2a)? 

d 4xy? x (5x)? e 3x? x 6y x 2x f 5w? x (2w)? x w 


Describing arrays, areas 


and number patterns 


In Chapter 2 we used arrays of dots to represent products of numbers. For example: 


ecoeo50e5e represents 2 X 6 = 12 


Note that 12 is the sixth non-zero even number. It can be represented by 2 rows of 6 dots. 


Any non-zero even number can be represented by an array of 2 rows, each with the same number of 
dots. 


The tenth non-zero even number can be represented by 2 rows of 10 dots. The tenth non-zero even 
number is 2 x 10 = 20. 


For the nth non-zero even number, there are two rows each containing n dots. The nth non-zero even 
number is 2n. 
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Example 24 


The diagram shows squares formed by dots. The pattern goes on forever. How many dots are 
there in the nth square? 

ee 

me Cm 

6 ee ee 


In the Ist diagram, there is 1 x 1 = 1? dot. 
In the 2nd diagram, there are 2 x 2 = 2? dots. 
In the 3rd diagram, there are 3 x 3 = 3? dots. 


In the nth diagram, there are n x n = n? dots. 


Area 


The area of a rectangle with side lengths 3 cm and 4 cm is 3 x 4 = 12 cm’. 


4cm 


The area of a rectangle with side lengths x cm and y cmis x X y = xy cm?. 


ycm 


2 2 


The area of a square with side length x cm is x“ cm“. 
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3G DESCRIBING ARRAYS, AREAS AND NUMBER PATTERNS 


Example 25 


Find the area of the following rectangle in terms of x. 


xcm 


2x cm 


The area is 2x X x = 2x? cm?. 


Example 26 


a Find the area of a square with each side having length a cm. 
b If a=, find the area of the square. 


a The areais a X a= a? cm? 


b Ifa=7, then 
area = 72 
= 49cm? 


Example 27 


Find the total area of the two rectangles in terms of x and y. 


A B 


xcm 


ycm 2x cm 


yem 


The area of rectangle A is xy cm? and the area of rectangle B is 2xy cm?. Hence, the total 
area is xy + 2xy = 3xy cm?. 
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= 


Example 24 


Example 
25, 26 


3 G DESCRIBING ARRAYS, AREAS AND NUMBER PATTERNS 


Describing number patterns 


Algebra is often used to describe patterns that occur among numbers.x + 0 = x 


Example 28 


The nth non-zero even number is 27. 


a What is the square of the nth non-zero even number? 
b_ If the nth non-zero even number is doubled, what is the result? 


a_ The nth non-zero even number is 2n, so its square is: 


(2n)? = 2n x 2n 
=2x2x*nXxn 
Se 


b The nth non-zero even number is 2n. Doubling it means multiplying by 2. 
So the result is: 


One An 


@ Exercise 3G 


1 The following diagrams show arrangements of sticks. The first diagram has 4 sticks in it, 
the second diagram has 7 sticks in it, and the third has 10 in it. The nth diagram has 3n + 1 
sticks in it. 


LI Lo LL 


a How many sticks are there in the fourth diagram? 


b How many sticks are there in the 100th diagram? 


a Write down the area of this rectangle in terms of x. 


2x cm 


3x cm 


b If x = 5, what is the area? 


c If x = 10, what is the area? 
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3 G DESCRIBING ARRAYS, AREAS AND NUMBER PATTERNS a 


3 Find the total area of the shaded region below in terms of x and y. 


yem 


2x cm — 


xcm 


4 The nth non-zero even number is 2n. 


a What is the whole number immediately after the nth non-zero even number? 


b What is the next even number after 2? 


5 Ineach of the following, the area of the square |_| is m cm? and the area of the rectangle 


is| | n cm. Give the area of each shaded region in terms of m and n. 


‘a nn bh 


6 Ifxisa multiple of 5, other multiples of 5 can be generated by adding 5, 10, 15 and so on 
to it. Which of the following would be multiples of 5? 


ax+25 b x + 200 ¢ 50 4+x dco 15 
e 3x f 3x +20 g 3@ +20) h 35 -x 
i 53 —5x j 50°-1) k 5x? -1 1 5n-1 


7 a Assuming that b is even, what is the next even number? 
b Assuming that a is a multiple of 3, what are the next two multiples of 3? 
c Assuming that n is odd and n > 1, what is the previous odd number? 
8 Ifnis an even number, which of the following will be even numbers? 
a 2n b 2n+1 ec 2n+2 d 2n+3 
e 3n+1 f 3n+2 g3n+4 h 4n+1 
9 A rectangle has side lengths 4b cm and 2a cm. Find: 
a the perimeter of the rectangle b the area of the rectangle 
10 A square has side length @ cm. Find: 
a the perimeter of the square b the area of the square 
11 A rectangle has side lengths x + 2cm and 6cm. Find: 


a the perimeter of the rectangle b the area of the rectangle 
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Review exercise 


1 Write each of the following using algebra. 
a 31s added to x b 6 is subtracted from z 
c xis multiplied by 4 d tis subtracted from 11 
e 21s multiplied by b, and 3 is added to the result 
f 6 is added to z, and the result is multiplied by 4 
g xis multiplied by x, and 3 is added to the result 
h x is divided by a number, ¢, and then 3 is added to it 
2 Evaluate each of the following expressions, given that m = 4 and n =7. 
an-4 bm+n c nm d 2n-—m 
em —4 f 3m 27 g (2m)*-4 h 2m? - 3 
3 The square numbers are the numbers 1, 4, 9, 16, ... The nth square number is n?. What is 
the 12th square number? 


4 The nth odd number is 2n — 1. What is the 21st odd number? 


5 The sum of the lengths of the sides of a square (the perimeter) is z m. How long is 
each side? 


6 Kris has $n dollars, Jenny has $m dollars and Anna has $p dollars. How much do they 
have in total? 


7 The sum of two whole numbers is 24. If one of the numbers is n, what is the other 


number? 

8 Simplify: 
amxn boxmxmxm c7xXyxyxXy 
doxpxpx4xp eos x xx xy x 10 f >x2x2x7x8 


9 Rewrite each expression using the algebraic way of representing division. 


aS b 20+ y cCm=+n 

10 Write each of the following in simplified form. 
a The product of 11 and z b The quotient of x divided by 3 
c The cube of a d The fourth power of x 
e The product of 8b and 3b f The cube of 3x 

11 If x=5, evaluate: 
a 10x +3 b 15-x ¢ 3x7 +4 d x 
€50 ox f 10x7+4 ee hx 
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12 


13 


14 


15 


16 


17 


18 


19 


20 


21 
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REVIEW EXERCISE 


Simplify each expression by adding or subtracting like terms. 

a 7x +4x— 2x b 6xy — 3xy + 2xy C 6x? + 7x? — 2x? 

d 3xy — xy e 2xy + 3xy — xy f 20x + 30y + 40x + 20y 
Rewrite each statement using brackets and algebra. 

a 8 is added to m and the result is multiplied by 6. 


b 7 is subtracted from a number, d, and the result is multiplied by 3. 


Rewrite each expression without brackets. 


a (3n)? b (2n)? ¢ (2n)? x 4n Gi < Qe 
Evaluate each expression by substituting x = 6. 
a 2(x+ 4) b 2x+4 ce x+3 d 6+ 2-2) 
Find the area of each shaded region in terms of x. 
a 7xcm b 2x cm c 3xcm 

2x cm 


#em ri 2x cm 
xem 2x cm aici 


Evaluate each expression by substituting x = 7. 


a 2(10 —- x) b 3(2x -— 4) oe (Dee d 3x2 

Evaluate each expression by substituting n = 10. 

a 10n +3 b (10n)? © 3(20-n) az 

If a = 20 and b = 4, find the value of: 

aa-—b pe ees d@-P 
5 5 

Simplify each expression by collecting like terms. 

a Waa 22) b 20a? + 10a* + 16a? — 4a? 

c 4a*b + 6a*b + 11a*b + a*b d 2c*d + 2cd + 2dc? + 3cd 


Find the area of each shaded region in terms of a. 


a b acm 


acm 
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Challenge exercise 


1 


2 


: 
ICE-EM 


Find the area of each of these shapes in terms of x and y. 


Think of a number. Let this number be x. 
Write the following using algebra to see what you get. 


a Multiply the number you thought of by 2 and subtract 5. 

b Multiply the result by 3. 

ec Add 13: 

d Subtract 5 times the number you first thought of. What is the final answer? Why is it so? 


Boxcm 6cm € 


A D 
a Find the area of each of the rectangles 1, 2 , 3 and 4. 
b Find the area of rectangle ABCD (shaded) as a product of the lengths of its sides. 
c Deduce that (x + 6)(x + 4) = x? + 10x + 24 for all values of x. 


d Find the perimeter of each of the rectangles 1 , 2, 3 and 4. 
e Find the perimeter of rectangle ABCD (shaded). 
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CHALLENGE EXERCISE 


4 For the shape below, find: 
a the perimeter of the shaded region 


b the area of the shaded region 


xcm 


3cm 


2x cm 


(et ____ i 


5 a For the diagram below, find the areas of rectangle ABCD and the shaded rectangle. 


b Find the difference of the two areas found in part a. 


B xcm Cc 
3cm 
2x cm 
3cm 
A D 


6 a Ifaisa whole number, what are the possible last digits of a2? (For example, if a = 87, 
the last digit is 9.) 


b If ais an even number, what are the possible values of the last digit of a? + 1? (For 
example, if a = 86, the last digit of a*+1is7.) 


c If bis an even whole number divisible by 3, what are the possible last digits of b? 


d Is it true that for any even whole number a, a? + | is not divisible by 3? 


7 a Copy and fill in this table. 


(n + 2) (n — 2) 
(0) 


b Deduce that (n + 2)(n — 2) = n? — 4 forn = 2, 3, 4, 5, 6 and 7. 
c Why does n? — 4 = (n+ 2)(n — 2) for all whole numbers n? 
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Number and Algebra 


In the preceding chapters of this book, we have looked in detail at whole 
numbers. Fractions are a very powerful and convenient way to represent 
numbers that are not whole numbers. 


The word fraction comes from the Latin word fractus, meaning ‘broken into 
pieces’. Fractions have been the standard method of representing parts of a 

whole for thousands of years, and remain of great importance in modern life 
and in modern mathematics. 
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What is a fraction? 


Fractions are used in everyday language. For example, we refer to half a loaf of bread or one quarter 
of a kilogram of flour. 


Fractions are written as one whole number over another whole number, for example: 


Numerator 


3 


Denominator 


¢ The whole number on the top is called the numerator. 
e The whole number on the bottom is called the denominator. 


¢ The line that separates the two is called the vinculum. The 
vinculum must be a horizontal line. 


The denominator tells us how many parts the whole is broken up into, 
and the numerator tells us how many of those parts are taken. 


To help you remember, the ‘u’ in numerator reminds you of the 
uppermost number, and ‘d’ for denominator reminds you of the 
number that is down below the vinculum. 


Part of a whole 


Fractions can be used to describe the number of objects out of a group of objects. In the picture 
below, we think of the 4 cups as ‘the whole’, and one of them as i of the whole, so we say that 


S of the cups have eggs in them. 
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4A WHAT IS A FRACTION? 


Here is another example. We think of the 5 frogs below as the whole. One frog is then 5 of the 


whole. In the picture, three of the frogs have spots, so we say 5 2 of the frogs have spots. 


Fractions can be represented using different models. In this chapter we will use number lines or 
shapes divided into pieces of equal area. 


Using the number line 


Here is how we use the number line to represent 7 e733 and so on. Draw a number line and 
divide it into intervals of equal length. Mark the dividing points 0, 1, 2, 3, 4, ..., as shown. Each of 
the intervals has unit length. 


0) i 2 3 4 5 
Divide each of the intervals of unit length into three equal subintervals, as shown. There is now a 
new set of equally spaced markers on the number line. Name these > . = and so on. 
3333359 9 5 5 3 
| ame Tae EMEA ese? Seen mics 


Starting at 0, the marker : is reached by taking 4 steps, each of length a: 


This gives us all the fractions with denominator 3. 


Whole numbers as fractions 
Look again at the diagram above showing the fractions with denominator 3. We see that the fraction 
3 is the same as the number 1. We can also see that the fraction 2 is the same as the number 2, the 


fraction 3 is the same as 3 and so on. 


We could draw similar diagrams for fractions with other denominators. That way, we see that a 
whole number can be written as a fraction in infinitely many ways. 
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4A WHAT IS A FRACTION? 


Using areas 


We can also represent fractions by shading parts of a square. We regard the area of 
the square as 1. 


We can shade part of the square to represent a fraction of the whole. 


In each of these cases, the same square is divided into regions of equal area in 


different ways. Each shaded region represents : There are other ways to represent : 


Va 
N 


Can you suggest some? 


» 
VA 


Proper fractions and improper fractions 
We call a fraction a proper fraction if the numerator is less than the denominator. For example: 
; and ; are proper fractions 
If the numerator is greater than or equal to the denominator, the fraction is said to be improper. For 
example: 


: and 2 are improper fractions, and so is ; 


A fraction is a number that is written as one whole number over another. The top 
number is called the numerator and the bottom number is called the denominator. 


Proper fractions are fractions in which the numerator is smaller than the denominator. 


Improper fractions are fractions in which the numerator is greater than or equal to the 


denominator. 
Fractions can be represented on a number line. 
Fractions can also be represented as shaded parts of a square (or rectangle). 


Every whole number can be written as a fraction in many ways. For example: 
_6 ce 9 30 _ 21 
3 10 7 
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4 A WHAT IS A FRACTION? 


Example 1 


Represent the numbers , and * on a number line. 


Draw a number line with intervals of unit length. 


EEE ESE eee 


fe) of 2) 


Divide each unit interval (from 0 to | and | to 2) into 6 subintervals of equal length. Each 


of these subintervals has length = Mark 2 on the fifth marker after 0, and 2 on the tenth 


marker. 

@ | 23 @ 5 6 F 10 

6 6 6 6 6 6 °6 6 6 

SS ee eee ee 
O {| 2 
Example 2 


Represent the number : using a square with area equal to 1. 


Divide the square into 6 equal regions, each having area —, Shade any 5 of the 6 regions. 


There are other possibilities. Can you draw some? 


| @ Exercise 4A 


=> 1 Draw a number line with 0, 1, 2, 3 and 4 marked on it, and indicate where the markers for 


14 and ; are located. 


3° 3 


2 Draw a number line with 0, 1, 2, 3 and 4 marked on it, and then place the markers for 


, = and on it 


100 
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4A WHAT IS A FRACTION? a 


3 Start with a number line marked in units from 0 to 4, and indicate where the markers for 


25 and : are located. 


6 6 


4 What fractions correspond to the positions of the star, triangle and heart for each of the 
following number lines? 


a * vV Y 


5 The large squares below have each been divided into 16 regions of equal area. Shade the 


squares in six different ways to represent i 


6 Ineach part, represent the fraction by shading an appropriate region. Each large square 
has an area equal to 1. All questions have more than one correct answer. Give two correct 
answers for each. 


3 7 
ae N56 c 


00 | Wo 


Ltt | 


101 
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4A WHAT IS A FRACTION? 


cKO.) 
AIA 


7 What fraction does each of the shaded areas represent, given that the area of the large 
square is | in each case? 


a 


8 In each case, write the fraction that describes the part of the whole. 


a 11 errors on a 20-question spelling test b 1 leg of a chair broken 
c 6 days of 1 week d 3 tyres need replacing on a car 
e a 14-day holiday in January f 4 broken eggs in a dozen 


g 43 minutes taken to complete an exam for which 1| hour was allocated 
h 7 players injured out of a team of 18 AFL players 
i 1 digit in an 8-digit phone number incorrect 
j of 23 competitors, 19 finish the race 
9 Choose the diagram that correctly shows: 


r tif thewholeis 


A B Il] 


b = if the whole is LOO 


A SEE) B C LIL) 


102 
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Equivalent fractions and 
simplest form 


Equivalent fractions 

If 2 ee of a 4-kilometre road is sealed, we 
say that 2 4 two quarters) the road is sealed. We 
also eee this means that 4 (half) the road is sealed. 


The fractions 7 and : are called equivalent fractions 


i 
d teL=—, 
an li | 5) 


Using a number line 


We say that two fractions are equivalent if they are represented by the same marker on a 
number line. 


To show that, for example, 5 = =, draw a number line and mark in 0 and 1. Form two intervals of 
equal length from 0 to : and : to 1. Each interval has length > 


| 
) 


| 
1 


Nia Fe 


Now divide each of these intervals into three equal subintervals to form six new intervals in total. 


Each of these intervals has length - 


4 
6 
| 


oOrmao 
t- OIN 
NIB aw 
KF OR 

L- Ol 

a FO AIN 


The markers : and are at the same point on the number line, so : and > are equivalent. 


Calculating equivalent fractions 


AS we saw in the above example, : is equivalent to =. 
There are 2 steps of length ; to go from 0 to 1. 

There are 6 steps of length ; to go from 0 to 1. 

There is 1 step of length : to go from 0 to * 

There are 3 steps of length : to go from 0 to x 


We can see that the numerator of : is multiplied by 3 and the denominator is multiplied by 3. 


1_1x3 
2 
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4B EQUIVALENT FRACTIONS AND SIMPLEST FORM 


We can also see that the numerator of 2 is divided by 3 and the denominator is divided by 3. 


3_3+3 
6 


In general, to form equivalent fractions from some given fraction, multiply or divide the numerator 
and the denominator of the given fraction by the same (non-zero) whole number. 


Using squares 


We can also use squares to see that the area representing 5 equals the area representing 6 


Simplest form 


A fraction is said to be in simplest form or lowest terms if the only common factor of the numerator 
and the denominator is 1. 


For example, = is in simplest form since the highest common factor of 2 and 15 is 1. 
However, *. is not in simplest form since the highest common factor of 6 and 15 is 3. 


We can use our knowledge of factors and multiples to help us reduce a fraction to simplest form. 


Cancelling 


When reducing “ to its simplest form, we consider all factors of 6 and 15. The highest common 
factor of 6 and 15 is 3. 


We divide the numerator and the denominator by 3. 


6 _6+3 _2 
15 15+3 5 
We can use cancelling notation to write this process more efficiently. 
6 _ # 2 
15 ys 5 


Finding a common factor can be tricky. For example: 


105 _ 105+7 _ 15 
49° 4937 7 
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4B EQUIVALENT FRACTIONS AND SIMPLEST FORM Ve 


Sometimes it is more convenient to cancel in steps, rather than finding the highest common factor. 
If we do it in steps, we keep going until the highest common factor of the numerator and the 
denominator is 1. 

we 1 5 

e442 ggl4 14 


Equivalent fractions 


Two fractions are said to be equivalent if they mark the same place on the number line. 


Starting with a fraction, the fractions obtained by multiplying its numerator and its 
denominator by the same whole number are equivalent to it. For example: 
2_2x7 
cael e) 

mL) 

21 


Starting with a fraction, the fractions obtained by dividing its numerator and its 
denominator by a common factor are equivalent to it. For example: 
12_12+12 

36 36+12 


The simplest form of a fraction is the fraction obtained by dividing the numerator and 
denominator by their highest common factor. 


Show that : and : are equivalent fractions, using: 


a squares b anumber line 


a _ Draw two equal squares and divide the first into 4 equal parts and the second into 8 equal 


parts. Shade 3 of the 4 regions of the first square to show - and shade 6 of the 8 regions 


6 
to show —. 
Osan 


When we compare shaded areas, we see that 


a on 


ae 
4 
(continued over page) 
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N 4B EQUIVALENT FRACTIONS AND SIMPLEST FORM 


b Draw a number line, marking 0 and 1. Divide the interval from 0 to 1 into four equal 
subintervals. Each subinterval has * Then divide the interval from 0 to 1 into eight equal 


subintervals. Each of these has length 7 The markers for : and : are the same. 


4 
8 


EX 


3 


8 


5 7 


8 8 


) 


il 
8 8 


I AIS oI 
I AI |S 


re BIN OIF 


O- NO wo 
= AIA cl00 


Example 4 


Fill in the boxes to complete each set of equivalent fractions. 


Be NSA 53.18 O_21 


5 20) 25 60 Seine oa 


_ libxese p 2a 3X6 18 
5 5x4 20 55506 30 
oS Se 3 3x11 _ 33 
Bt 55 95 SS | 55 
Ieee) ie Se op rok 
5 5x12 60 So 
Dees 2 3.18 33 21 
5 20 25 60 5) 30) 55 935 


Simplify + 


The highest common factor of 21 and 24 is 3. Divide both the numerator and the 
denominator by 3. 


21 _ 2" _7 
24 248 8 
: JAE 
h lest fe f — is -. 
So the simplest form o a 55 
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4B EQUIVALENT FRACTIONS AND SIMPLEST FORM a 
o Exercise 4B 


1 Use squares to show that the fractions in each pair are equivalent. 


8 2 Is 2 > 
| 3.15 4 _ 12 
a a f tes 
“6 4 20 3. 9 
2 Use number lines to show that the fractions in each pair are equivalent. 
a 21 b Le” e2= 3 d ae 
6 3 8 16 “4 6 8 4 


3 Fill in the boxes to show the number by which the numerator and the denominator were 
multiplied to arrive at the equivalent fraction. The first one has been done for you. 


a b c d 

1X6 y> alee a 4 cp 
fo. 39 tT eo 8 _ 32 
424 8 24 19 38 25 100 
heb ae cB C 


4 Fill in the boxes to complete each set of equivalent fractions. 


a Is. % 120 4 [] 68 100 3 15 96 108 


1.6 LJ. 51 [|] 15 LL] 2 4 24 LI Oo 
= = = e = = = f —= = = 
MT oO x 10 8 [] 64 16 5° [] 50 100 


d 


5 Ineach part, find the value of n that makes the statement true. 


n__ 25 eo 23245 

* 100 — 50 n 75 8 on 

66 _ 10 goa? pt .3 

99 On n 121 108 9 

To  pamptes ) 6 Reduce each of these fractions to its simplest form. 

2 5 6 4 2 6) 
a4 ” 10 °3 “7D °6 ‘2 
Pe n 16 15. ; 18 me 1 2 

9 20 100 21 34 96 
ee n 144 9 225 » 304 g 504 , 17 

125 9 ° 150 104 72. 285 

or , 42 72 

126 91 48 


CHAPTER 4_ FRACTIONS —- PART 1 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne fr AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


Mixed numerals and division 
by whole numbers 


Division by whole numbers 


Have you ever shared a cake, a block of chocolate or a pie equally with your family? If the answer is 
‘yes’, then you have used division by whole numbers. If you had a whole apple pie to share equally 


among 3 people, each person would get : of the pie. You would have divided a whole number, 1, by 
another whole number, 3, resulting in a fraction, rt 

I had four friends over to dinner and ordered three family-sized pizzas. How much did each person 
get if I shared the pizzas equally between the five of us? Three pizzas were shared equally among 


five people, so each person received : of a pizza. 


Division of a whole number by another non-zero whole number always gives a fraction. If we can 
regard a whole number as a fraction. For example, 2 = . This partly explains why the alternative 


notation for division was introduced in Chapter 1. 


Using the number line 


When an interval of unit length is divided into 3 equal subintervals, each subinterval has length 


1 
1+3=-. 
3 
0 1 
| | | | 
UAH 
1 4 41 
3 3 3 


When an interval of length equal to 4 is divided into 3 equal subintervals, each subinterval has length 


47.4 _,1 
sacs 


a) 
= 
N 
Ww 
& 
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4C MIXED NUMERALS AND DIVISION BY WHOLE NUMBERS 


Dividing 4 identical cakes equally among 3 people also illustrates the fact that 4 + 3 = * 


Each person gets a whole cake and the remaining cake has to be divided into three pieces. Each 


person gets ; =1 . cakes. 


Dividing the whole number m by the non-zero whole number n results in the fraction “ 
On the number line, the line segment from 0 to m is divided into n equal parts, and each part has 


m 
length =~ 


m 
man =— 
n 


Mixed numerals 


A mixed numeral, sometimes called a mixed number, is a whole number plus a proper fraction. 
If a fraction is improper, then it can be written as a mixed numeral. As we saw in the previous 


section, : =1 > Another example: 


32 _ 3042 
3 a 
_ 30,2 
33 
27922 
3 
= 102 


We saw in Chapter | that another way of thinking about this is 32 + 3 = 10 with remainder 2. 
Now that we have fractions, we can use them to write the result of dividing a whole number by 


another non-zero whole number. So 32 + 3 = 32 = 10 2. 


3 
Both 32 +3 = 10 - and 32 + 3 = 10 remainder 2 are correct, depending on the context. 


Note that we can also convert mixed numerals to improper fractions. For example: 


t 2 , 3 
= OP s 
= 4,3 
4 4 
_27 
4 
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4C MIXED NUMERALS AND DIVISION BY WHOLE NUMBERS 


ic Mixed numerals and improper fractions 


¢ Division of a whole number by a non-zero whole number results in a fraction: 
11+3= a or 32 
3 3 
¢ A mixed numeral is a whole number plus a proper fraction. 


e An improper fraction can be written as a mixed numeral or a whole number. 


e It is usually preferable to write fractions in simplest form. 


Example 6 


Write = as a mixed numeral. 


The division algorithm can be used to convert an improper fraction to a mixed numeral. 


Example 7 


Write = as a mixed numeral. 


5 
7)1 0°7 remainder 2, 


Example 8 


Convert each of these mixed numerals to an improper fraction. 


1 3 
aq; bie. 
te ee Il Dl 
a 25= 5 b x 17 275 = XT? 
ae 189 462 
2 +270 = GE 
459 
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4C MIXED NUMERALS AND DIVISION BY WHOLE NUMBERS ir 
@ Exercise 4C 


1 Use a number line to illustrate each of these divisions. 


jee ams gel 2 ee gee 2 feutas 
ale2=— b3e2=15 e5+3=15 See 
2 Represent each of these numbers on a number line. 
2 5 2 4 
a2; blz ce 4: d 3- 


3 Draw a number line marked from 5 to 10 and then indicate on it where the markers for 
22 
4? 

4 Draw a number line marked from 0 to 6, and then indicate on it where the markers for 
2 10 5! 16 18 
3° 3°" 3 9’ 6 


65 3 and ne are located. 


and 4 ; are located. 


5 Which numbers correspond to the star, the triangle and the heart on each number line? 


* Vv 
Ba seh eo a i ee Pa ee oo 
23 24 25 26 27 28 29 30 31 


-W) 6 Convert each of these improper fractions to a mixed numeral and simplify where possible. 


11 48 54 44 3 175 
— b — — d — = f — 
a 9 "19 12 =3 100 
109 A475 . 308 ~ 312 297 412 
g — h — i — j= k — |] — 
Zi 100 56 SP 25 50 
7 Convert each mixed numeral to an improper fraction. 
3 3 3 9 3 5 
3 I ‘ 2 ee 6 5 
8 Convert each mixed numeral to an improper fraction. 
3 ul 13 ul 


9 Find the next five numbers in each sequence. (For each one, to go from one term to the next 
you add the same — 


113 12 1,2 1 

> > 1, 1: ae ° > 2 > +] b ° ° 1.1. J 1 > 2.2, ° > > 2 J 
O42 4 2 a gr lly ly 2.25 

aes eee em ee, 47,414,447 
c 8” 4 le Lele > 2 > 2 d 9’ 9’ Le 15, 15, > + | > 2 


10 Share these 3 chocolate bars equally among 4 friends. What fraction of a whole chocolate 
bar will each person get? 
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ic Comparing fractions 


112 


Gomparison of fractions 


A number is greater than another if it lies to the right of that number on the number line. 


If two fractions have the same denominator, then it is easy to decide which is the larger of the two. 


! and oS. 


5 > 2 


In the following diagram, we can see that 3 > 
2 3 4 5 6 
5 5 5 5 5 5 


) 1 2 


Using common denominators 


When the denominators are not the same, it is more difficult to see which of two fractions is larger. 


For example, it is not easy to see whether 2 is larger than > We need a general method. 


To compare ; and o we first express both fractions with a common denominator. Usually the best 


common denominator is the lowest common denominator, which is the lowest common multiple 
(LCM) of the two denominators. 


In this example, the lowest common denominator is 15. 


We then find equivalent fractions for ; and : with a denominator of 15. 


2x5_ 10 4_4x3_2 
IMS 13 5 5x3 15 


We can see that = is larger than = so : is larger than = 


We can illustrate what we have just discovered on a number line. Consider the equivalent fractions 


with a denominator of 15. 
6 £ 8 9 11 13 14 15 
15. 15. 15. 15. 15 45: 15: 15 
Eee eee eee de 
2 3 1 
5 5 


e If two fractions have the same denominator, then the one with the larger numerator is 
the larger fraction. 


e If two fractions have different denominators, then to compare them we find equivalent 
fractions with a common denominator and compare the numerators. 
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4D COMPARISON OF FRACTIONS 


Example 9 


apa >. 6 
Which is | Ol 
ich is larger ear 


The lowest common multiple of 9 and 11 is 99. 


555 5 6 54 


9 99 ea 11 99 


Bon one 
fear | 
SEE Gy ae 


Example 10 


Order these fractions from smallest to largest. 


ss ees, ee) 
TT NI) 


The lowest common multiple of 2, 4, 8 and 24 is 24. 
bal? 2 ols So 21 Se 107 2 7 a4 
2924 4A Si 
Arranging from smallest to largest gives 

PN tas 1s 

2A DA 24 24 24 A 


so the order of the original fractions is 


Te ee 


do 3 
oo 


1 
oA 2 


| ee) Exercise 4D 


1 Find a fraction that is: 
a nearly 8 b close to one half 


c abit more than one quarter but less than one half 


2 Identify the fraction that is larger in each case. 


wor” be ee2 ee 
7 8 R 2 6 
5 12 © ged 11 
eae Fp = f Zee 
a5 os oe or" 


CHAPTER 4_ FRACTIONS —- PART 1 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


i —SCSCSC 


Example 10 


3 Express the following improper fractions as mixed numerals, and then decide which of each 
pair is larger. 
1 iy 21 47 12 3 
oS a ars € 7 ands 
107 a7 130 101 143 143 
Oe Te 64. 5g f 72 45 
4 Compare these fractions by finding a common denominator. Which is smaller? 
a2 o> b2 or? ¢ 8 ort 
a 6 8 7 i ae 
d is or as e : or Lt 
8 24 6 27 
5 Order each set of fractions from smallest to largest 
ee ae a | p+89355 oe 4119 214 
4°83’ 8°48 2 3° 9’ 6 6 3’ 6 53 10 15°36 
a2 333355 gi ow p223.7 U 23 
8’ 4’ 5 vk 6 9 3? 4’ 5 11? 12’ 16 4 5 8’ 10’ 20° 40 
6 Find the fraction that is exactly halfway between: 
a Land? b Sand | c and > d = and == 
7 Which is larger? a or ~ Give reasons. 


Addition and subtraction 


of fractions 


114 


Addition of fractions 


Fractions that are to be added may have the same or different denominators. Just as with whole 
numbers, we can represent addition of fractions by taking steps to the right on the number line. 


Same denominators 


Addition is easy if the denominators are the same. For example: 


to find : - ; you take a step of — followed by a step of : to arrive at : 


WIN 


4 1_5 
a + ie 
3 2 3 
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4E ADDITION AND SUBTRACTION OF FRACTIONS a 


Different denominators 


When the denominators are different, a little preliminary work needs to be done. 


First, you need to use — fractions with a common denominator to choose the right step size. 


For example, to find 5 a ' first find a common denominator. Look at the multiples of 2 and aa 
multiples of 3 until Ee find the lowest common multiple. In this case it is 6. Convert : and 4 3 into 


equivalent fractions with 6 as the lowest common denominator. Now that the fractions have the same 
denominator you can add, as before. 


L.. 0 _ xs: Le 
2°39 2s BK 2 
3,2 
6 6 
_> 
6 
This can be shown on the number line 
i 1 
: a 
fi Mee 2. 
0) 1 2 3 4 5 6 
6 6 6 6 6 6 


Here we have used the LCM of 2 and 3 to form the two equivalent fractions = and e. 


You should always use a common denominator when adding fractions with different denominators. 


Subtraction of fractions 


As with addition, if we want to subtract one fraction from a larger fraction, we should first ensure 
that we have common denominators. 


> Addition and subtraction of fractions 


© To add or subtract two fractions when the denominators are the same, we use the 
common denominator and add the numerators. For example: 


4_2_2 
7 7 7 
The lowest common denominator of two fractions is the lowest common multiple (LCM) 
of the denominators of the two fractions. 


To add or subtract two fractions when the denominators are not the same, we first find 
equivalent fractions with the lowest common denominator. We then proceed as for 
fractions with the same denominator. For example: 
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=. 4E ADDITION AND SUBTRACTION OF FRACTIONS 
Seen 
Example 11 


mide oS gle eee 
hind +. Find. c Find —+-=. 
a Find 46 b ad a in cae 
eerie 
ls Si hs7 Pe) 
= : (The fraction ic must be written in its simplest form.) 
b ae 2 9 (The LCM of 6 and 4 is 12.) 
6 4 12 12 
11 
12 
2 7 oe 7 , 10 (The LCM of 15 and 3 is 15.) 
3 1S NS 
ae 
15 


Example 12 


ee ae | meri 
a Jnl ry b Find Dae 
4 17 Se as ae 
c ALS = 6s" d SUT a 
ee i 23522 0 
ag 8 8 bi2 8 24 U 
= Bley 
4 “ou 
a i 62 PE eID Se 
5 65 65 65 2 6. 2 ik Pie 
oS al 
65 18 
em 
~ 13 
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4E—E ADDITION AND SUBTRACTION OF FRACTIONS a 
Example 13 


: 3 7 
Find 27+ 15. 


Deal with the whole numbers first, then find the lowest common denominator. 


3 eae Sel 
ress Ng 
=3+347 (Now add > and 2, 
CT 
ot 
8 8 
13 
oS a 
8 
= 5 
sores 
= 4° 


Subtraction of mixed numerals will be considered in section 4F of this chapter. 


ese 


1 Use a number line to illustrate what is meant by: 


a 4 4,1 7,3 
a 4 + 2 b 5 + 10 Cc 8 + 4 
2 Evaluate: 
Ca | + 8 32. 4l 
944 ” 16 * 16 © 100 * 100 
3 Find a common denominator and then perform each addition. 
2, 3 lo a2 4 =e 
= S= Dat = dS 
"10 3° 6 “473 6 12 
We 11 4 13 4 43 14 
ao PS f —+— —— + — h —+— 
© 2575 30 6 oe 75 25 
4 Perform these additions, writing your answers as mixed numerals. 
Sua: dt 2.5 3. 8 ee 
— 4 — += = + — = + — 
2478 as “5 10 "6" 12 
12,3 pti U8 n 2045 
15. 3 12 3 30 «12 21 7 
To. 2s 5 8 3 10 17 8 
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Example 12a 5 


Example 
12b, ¢ 


Example 12d 6 


Example 13 9 


Calculate: 

65 ree « 43 27 

8 8 12 12 © 100 100 
Pee pf 8_7 3_ 3 

4 8 3 6 5 10 

, 438 -4_1 7 8 

5 15 5 4 20 15 

I. 2 3 8 3 4 3 3 3 
aststs boatithy Cag a 
a p 8_4_2 poe 

8 8 8 9 9 9 8 4 2 
poe ee je bee Se 
4 5 6 9 8 7 6 3 18 9 


a Find two different fractions that add to give 1. 
b Find two fractions that add to give 7 


c Find three fractions that add to give an answer between 2 and 3. 


What do you have to add to each of these fractions to make 1? 


a 3 b 122 c 19 
| 16 32 
Perform these additions. Give your answers as mixed numerals. 
1 1 9 3 a 1 
a2it+l; b25+3;5 C3Gt4s 
4 3 12 3 2 4 


Q 


— Cole 


= 
50 | to 


— 
JF olN AIW Ale 


2 
+ 
Yo ol 
+ 
IN 


= 
|— 


Sih 
Ale 
+ 


— 
o;|N oe 
+ 
WIN 

| 
Iso 
+ 

Nw 


— 
_ 


= 
144 


5 2 
ae 
heer 5, 


Word problems involving addition 


and subtraction of fractions 


As with any kind of word problem, ask yourself: “What am I being asked to do here? What 
mathematics should I use to solve this?’ 


Here are some examples of word problems. 


Example 14 
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the jug now? 


a Jane has ; of a litre of water in a jug and then pours in 3 of a litre. How much water is in 


b_ Fran devotes ; of each day to schoolwork and she spends L of each day watching television. 


As a fraction of the day, how much more time is spent on schoolwork than on television? 
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4 F WORD PROBLEMS INVOLVING ADDITION AND SUBTRACTION OF FRACTIONS a 


a_ This is an addition. 


ioe aed) Ae 

53 is 15 
= 
15 


There is now 3 of a litre of water in the jug. 


b This is a difference question about fractions of each day. 


norsk Pe 9 Be 

Ce ae iam be 
_2 
45 


Fran spends = of each day longer doing schoolwork than watching television. 


or 


1 A jug has : of a litre of water in it. Bao pours : of a litre of water into the jug. How much 
water is in the jug now? 
2 A family travelling to Sale covers one-third of the journey before 1 p.m. and a further one- 


quarter of the journey between | p.m. and 2 p.m. What fraction of the journey have they 
travelled by 2 p.m.? 


3 Two-thirds of the tiles on a veranda are brown and one-quarter of the tiles are black. What 
fraction of the tiles are either black or brown? 
4 Inaclass, of the students are 12 years old and : of the students are 11 years old. What 


fraction of the students in the class are either 11 or 12 years old? 


5 A girl has 1 litre of soft drink and lets her friend drink 3 of it. How much soft drink is left? 
6 The sum of two fractions is > One of the fractions is 7 What is the other fraction? 


7 The difference of two fractions is r The larger of the fractions is i What is the smaller of 
the two fractions? 


8 When a particular fraction is added to itself, the result is . What is the original fraction? 
9 A unit square is subdivided into 16 squares of equal area. Seven of these squares are painted 
blue and the remainder are painted red. What fraction of the unit square is red? 
10 Patricia takes 2 slices of a pie that was cut into 7 equal slices, and 3 slices of another 
identical pie that was cut into 9 equal slices. 
a What fraction of the first pie did she take? 
b What fraction of the second pie did she take? 


c What fraction of a pie would she have if she put the slices together? 


dad 
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11 Ina game of Australian Rules football, a team scored ; of its total points in the first quarter, 


of its points in the second quarter and 2. of its points in the third quarter. 


a What fraction of the team’s points were scored in the first two quarters? 
b What fraction of the team’s points were scored in the first three quarters? 


c What fraction of the team’s points were scored in the final (fourth) quarter? 


Subtraction of mixed numerals 


We have already learned how to add mixed numerals. We can subtract mixed numerals in two ways. 
In the first method, we deal with the whole numbers first. In the second, we convert to improper 
fractions with the same denominator. 


Example 15 


eel D 
1 = 229 
What is 3 5 25! 


Method 1 Method 2 
1 2 1 a} 1 p27 _ 2 
3t-22=(3+4)-(2+2) 2a faa 
36) el 
=3275 = 10 10 
» § 
12 iil 
=14+===— > 16 
DG ye 
Sie ees 
1@ il@ 
Se 


If the first proper fraction is smaller than the second, then an additional step is needed in Method 1, 
as shown on page 121. What is a fraction? 
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4G SUBTRACTION OF MIXED NUMERALS ir 
Example 16 


1 1 
Calculate 4 ae 2 5 


Method 1 Method 2 
Deal with the whole numbers first. Convert to improper fractions. 
Ou, 1 1 1 1p 25.85 
Ae 3 =3 4 == ASS a a= 
6 . a 6 2 6 BG 
2 1 25.515 
So a 
6 2 6 6 
ies) 10 
=3-2+—--= ———— 
, 6 6 6 
ws -2 
ao 
=15 =1 ; 


Dewees 


1 Perform these subtractions, giving your answers as mixed numerals in simplest form where 


possible. 
a 42-3: b 32-22 ce 115-73 
1 1 3 5 1 
d8.-3; e 55-3; f 35-2; 
1 7 3 1 7 
g 8=-3- BO G2 1 45 35 
2 Calculate each difference. 
1 7 1 1 1 3 
aS ae) els-7 
1 1 1 5 7 2 
1 2 1 3 1 11 
g 87 = 45; h LO = 6 i PG Lis 
2 7 7 9 2 4 


3 What number when subtracted from 11sz —_ 7 will leave 37 2 


4 The difference between two numbers is a and the smaller number is 152 — | Find the 


larger number. 
5 The sum of 1 : and a larger number is 5 = Find the larger number. 
6 Evaluate: 

a2i-17+3-25 b67-32-125 


7 From the sum of 1 ; and 2 > take the difference between 5 ; and 4 z. 
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Review exercise 


1 Represent these fractions on a number line and also using disections of squares or 


rectangles. 
a = b 
2 


00 | Lo 


2 Write the fraction that represents each situation. 
a three weeks in December 
b five vowels in the alphabet 
c five bruised fingers on two hands 


d 343 sheets out of a ream of 500 sheets of paper 
3 Write the highest common factor of each pair of numbers. 
a 12 and 44 b 8 and 24 ec 16 and 18 


d 36 and 44 e 108 and 72 f 144 and 50 


4 Write the lowest common multiple of each pair of numbers. 
a 2 and 3 b 4 and 6 ce 15 and 8 


5 Express each as a proper fraction or mixed numeral in simplest form. 


ls p 16 ¢ 105 a O4 «oe old 
24 2 100 54 56 51 
6 Evaluate: 
D2 7 jaareal lil . 2 5) 1 
ee ps is “Sit 
3 2 1 5 DS 9 10 
"an 8 ail 87173 Se 
7 Evaluate: 
1 a 3 1 7 1 1 7 
a3,+2, Wiss ae Hl = On d46 52, 
1 3 5 1 1 1 i 2 
eli 2, fo Sato h77,+ 223 
8 Evaluate: 
8 5 10 8 12 3} IS ié 
4 9 12 il qT 3 16 3 
e —- — f —-— g--= h —-= 
3 6110 23, I 3 Cd! lee 
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REVIEW EXERCISE 


9 Evaluate: 
2) 1 3 1 - 2 1 1 
a35- 3 boi 2, (a ralS) d6,-2, 
1 3 1 3 7 B 7 Z 
eee POEs ae be aoe 


10 Write in the boxes to show what number the numerator and denominator were 
multiplied by to arrive at the equivalent fraction. 


Lp don Lon D 
Peels 4,222 ee qe 
3" 81 foe 48144 18__ 126 
uy oe ad a 


11 Copy the statements below and fill in each square, using either a + sign or a- sign, to 
make the statements correct. 


it EEE. b 1202 =1! 


i a 
11-3 _ 1-1-3 _7 
: 2 Eee a Sees 


12 Copy each of the target diagrams below into your workbook. Add the fraction in the 
centre circle to each fraction in the second circle and write your answer in the outermost 
circle. One part of the first diagram has been done for you. 


b 


we 


13. In an apartment block, : of the people speak English as their native language and = 


speak Chinese as their native language. What fraction speak a language other than 
English or Chinese as their native language? 


14 The sum of two fractions is = If one fraction is r what is the other? 


15 Inaclass of 25 students, 12 are boys. 
a What fraction of the class is girls? 


b If 5 more girls join the class, what fraction of the class is girls? 


CHAPTER 4 _ FRACTIONS — PART 1 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 
Photocopying is restricted under law and this material must not be transferred to another party. 


Challenge exercise 


1 Which of the two fractions ane and oe is larger? Carefully explain why. 
2 Wecan write as the sum of two fractions, each with | as the numerator, as : + = 


This can be done in four other ways. Find these. 


3 Express : as the sum of two fractions, each with 1 as the numerator, in four ways. 


4 Find three fractions between fl and : 
; el eee ae | 

5 Findxif—+—+—=1. 
ind x 1 ns 


6 Two fractions are equally spaced between ; and _ Find the two fractions. 


7 Complete the following magic squares, in which each row, column and diagonal must 
add up to the same sum. 


a b 

25 3 23 

L 2 
3 1: 22 
8 Evaluate 
ie i. i. il il. i. i 1 
laa a 1 qe See 

: (3 ‘| (} 4 :] se (5 4° 8 a 


erase ee eee | e What do you notice? 


d 1 | SS ee ee 
2 4 8 16 32 64 128 


9 Of the marbles in a bag, 2 are blue and z are red. The remaining marbles are yellow, and 


there are 6 of these. How many marbles are in the bag? 


10 There are 50 black sheep and 42 white sheep in a paddock. How many black sheep must 


be removed so that ; of the remaining sheep are black? 
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Number and Algebra 


We have already learned about multiplying and dividing whole numbers, and 
we turn now to multiplying and dividing fractions. This will complete our 
understanding of the four operations applied to fractions and we can use these 
to solve problems. 
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Multiplication of fractions 


How do we multiply two fractions such as ; x 2 


We will use the area model for multiplication that we used in Chapter 1. Begin 
with a square of side length 1. Its area will also be 1. 


Ala NIA BlW 


Now divide the square into rectangles by drawing vertical lines and horizontal 
lines, as shown. 


wie + 
WIN =- 
= 


Thus, we divide the height into quarters and the base into thirds. Each 


rectangle has area a Next, shade the rectangle with side lengths ; and > as 


shown in the diagram. 


lw 


We can see that the shaded region is made up of 2 x 3 = 6 rectangles, each 
of area os so the area of the shaded region is the product of the sides, : x > 
But this is also equal to 6 lots of = a We conclude that: 

2. 3... 6 


34° 12 


From this, we see that the rule for multiplying two fractions is multiply the numerators, multiply the 
denominators. This can be written as: 


Notice that when we find a fraction ‘of’ a whole number, we get the same result as if we were multiplying 


the fraction by that whole number. For example, finding sot 6 is the same as evaluating 5x 6. The same 


applies when dealing with two fractions. For example, when we say + of 7 we can write 2 x * 


ic) Multiplication of fractions 


¢ To multiply two fractions together, multiply the two numerators together and the two 
denominators sles to form the new fraction and simplify if possible. 
In symbols: 4 x £ = = 
bd bxd 


Pel M47 


E | 
Grexample: 5X5 = sa ~ 49 


¢ The whole number n should be written as “. For example: ae Pernt ie 
1 10 10 1 10 


¢ Multiplication of two fractions and the corresponding ‘of' statement give the same 
answer. 


Sl: 2.3 
For example: = 2 of 3 —is the same as = xX —= 
ae 3° a 


4 2 
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5 A MULTIPLICATION OF FRACTIONS a 
Example 1 


Evaluate: 
eee) oi 
— b =x4 
aes 8 
Pee NOE eID fae 
4 7 4x7 8 ae all 
wh) 2x 
28 8x1 
15 #20 
14 8 
=e 9 
14 = 
ae 
=4- 
Cancelling 
We saw earlier that we can sometimes cancel before multiplying. 
Let us look at the multiplication : x > 
235 
3 4 


There is a shorthand way of writing this, which often simplifies the process of multiplication. 


WI 
x 
x 

AIR 


BI] 


N FIN WIN 


fan 


This process is called cancelling. We can cancel because we are dividing the numerator and the 
denominator by the same whole number. We know that this gives an equivalent fraction. 


¢ Cancelling is used to simplify fractions. 


¢ To simplify a product of fractions, find a common factor of a numerator and a 
denominator and cancel. Repeat if possible. 
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5 A MULTIPLICATION OF FRACTIONS 


b Evaluate 16 x 18 


5 
Eval = : 
a_ Evaluate 6 x 97 * 30 


v9) 


Sy: 1618 164 18? 

aa <= — x b = x 

6 3 g£ 3 27> 20) 97 -0e 
Salas a4 2 
3 3 3 5 
Eon _4x2 
3x3) 35<5) 
aS) a 
9 WS 


Cancelling should be done before multiplication. Cancelling is very helpful when three or more 
fractions are involved. Note that, as for multiplication of whole numbers, order does not matter. 


Example 3 


Calculate: 
DBD li 1). 7 
gee ari eS ea 
il il 1 il 
Aue en EN EES see TAO, 
3 8B es 5 14 11 5# yee yy 
eee LZ 
16 2 
=all 


| @ Exercise 5A 


=> 1 Evaluate each product, simplifying where possible. 


13 3.5 11 
1,2 bo Re ty 
sa hae 4° 8 ar 
12 5.3 53 
1y4 Dies p22 
d 3X3 e477 18 
77 3.3 a 
Lye t hx Ee 
Ba%5 2% 7 a ahr 
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a 


Example 1 2 Find: 


a4xi bIxT Cage? 
d11x2 eo es ft x3 
11 
3 Find 
1 1 1 2, 5 3 2 3 
—of = —of = ~of = d=of= 
ae eae) wang eg 4 cha) 
5 3 2 et 2 A 
—of = f =of — = of 4 h — of 13 
wa S gs a es 5° 
sau-2) 4 Find the value of each of: 
ge? ore geet die: 
3 8 9 7 14. 8 21 40 
15 34 7 60 28 66 54 75 
= '2) 5 Complete each multiplication. 
alylyl bo xix cly3yt 
2 3 6 4 6 8 2 4 12 
d2x2x2 & tay Pye (2923 
4 6 5 12 7 9 3 6 15 
ee 24. 14 me Bos eee 
8 9 15 7 15 16 9 18 10 
10 9 5 15 21 8 11 25 32 


Division of fractions 


Dividing by whole numbers 


We saw in Section 4C how to divide two whole numbers. 


4 17 
a 1; and ISS = 3 5. 


Thus, dividing 4 by 3 gives the same answer as finding 4 x ; = > and dividing 17 by 5 is the same 
1_ 17 
17x 2=—. 
as 55 
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N 5B DIVISION OF FRACTIONS 
eg Sb cisieiernmemets 


In general, for whole numbers m and n dividing m by n is the same as multiplying m by B 
1 
m+n=mx— 
n 
The fraction t is called the reciprocal of n. 


Thus, the reciprocal of 3 is : and the reciprocal of 5 is 7 


Division of a fraction by a whole number 


The idea of performing a division by multiplying by the reciprocal can also be used to divide a 
fraction by a whole number. For example: 
3 
eae 
2 


This means that we take : and divide it into 6 equal parts. 


This can be illustrated by drawing a unit square divided into fifths. 


Shade 2 as shown in the first diagram, and further divide the square into 6 equal horizontal strips, as 


shown in the second diagram. 


The orange shaded area represents both + 6 and * 
Notice that == : x > so the rule of multiplying by the reciprocal also holds. 


Dividing by a fraction 
Suppose we wish to divide 8 by > We can express this question as ‘How many halves in 8 wholes?’ 


Since there are 2 halves in a whole, there will be 16 halves in 8 wholes. Thus, 8 + 5 = 16. Once 
again, the idea of multiplying by the reciprocal gives us the correct answer, since: 


i] 2 
-- = = — | 
8 5 ae 6 


Similarly, 6 divided by ; means that we divide 6 into 18 thirds, and then divide this by 2. 
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5B DIVISION OF FRACTIONS a 


Thus: 


6c =6u 2s ag 
3 °° 2 9 


In both examples, we turn the second fraction upside down and multiply. 
The reciprocal of a fraction is the fraction obtained by swapping the numerator and denominator. 


To divide a number by a fraction, we multiply the number by the reciprocal. 


Dividing a fraction by a fraction 


One way of dividing a fraction by a fraction is to express each fraction using a common denominator 
so that we are dividing two fractions of the same type. 
For example, to find : + =, we write: 

3,2_9.,W 

5 3°15 15 


Since the denominators are the same, we divide the numerators to obtain a 


: 3.3 = =9 
Notice that 5X >= 49" 
Thus: 

3,2_3,3_9 

> 3 os 2 10 


So dividin 2 b . is the same as multiplying it by > We say that . is the reciprocal of = It is the 
Bane 5 2 3 


fraction obtained when the numerator and denominator are swapped. 


Thus, the rule ‘To divide by a fraction, multiply by the reciprocal’ holds in all situations. 


> Division of fractions 


e The reciprocal of a fraction is the fraction we get by swapping the numerator and 
denominator. The product of a fraction and its reciprocal is 1. 


Division and multiplication of fractions are inverse operations. 

Vy se 

—, gives =. 

gen g 
Dividing a fraction by a fraction is the same as multiplying the first fraction by the 
reciprocal of the second. So: 


For example: a+ means the fraction that, when multiplied by 


a : 


In general: — 
8 b 
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N 5B DIVISION OF FRACTIONS 
SS EMUSIC SMR 
Example 4 


Work out : = by multiplying by the reciprocal. Check that the answer you get is the 


number that, when multiplied by the divisor _ gives <. 


Checking: 
pe 2a 2x2 >is the reciprocal of 3 310 _ 30 
= 2x5 ES) 0 45 
3x3 We (common factor 15) 
a : 
5 


Find: 
5 3) al 
+ b —+—= 
se, BG 
5) 7 3 44 3 oF 
+2=6x4 [) =e2=2Se 
MEO ON age oer 
Cnet 3) <7 
=—-xXx— =S 
i 5 5 < al 
— 42 21 
5 20 
— Q2 el 
=o, = 155 
Example 6 
Evaluate: 
al al I@ 5 W ia 
1 1 1 
Ae eles boa Ls oe ea le 
er eo 10 5 le 3 UP NE eye 8 
3 7 2) 
—— == a 
1 6 i 3 
=o aie a2 
: 3 
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5B DIVISION OF FRACTIONS Ve 
Example 7 


Evaluate (work from left to right): 


mee alla us bee 2 
A) 8 2 7 
Aor le ie eae bela el 
A ae aie Ss 2 F § I B 
1 idee ea 
2 ot 
Bae 
8 
el 
=6, 


OY eres 


1 Calculate: 


3 3 5 4 
4+3 hoe 22> ds=4 
cee ei 7 
8 _ 6 a5 ao 
e3+5 f5+0 g7+: bil +2 
3.5 2a ae) 3 a2 
4 7 PSB it “71 8 oi 3 
5 2 1 3 5 4 5 11 
— f =+2t — + 
*3°3 2° 7 a Pa Tl 7 13 
=) 3 Evaluate: 
BreD Ce hye ae) 
44° 8 Maz 6 9 Og 
2345 ae oa 93 
4 8 3° 9 812 16 16 20 
; 8, 16 7,14 5,15 2 , 16 
9 27 18° 27 24° «16 100 25 
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ne 
4 Evaluate: 


4.3.2 3 8 2.3 8 7.3.14 
—xXi+2 =xfet = of —+= d —+-=x — 
49%4°3 Pigg 34 9 9° 47°27 
2 3.2 5 os 3.9 1 5 2.3 
a an f —+=xt -+—xX h=+=x= 
© 9°43 12°38 Pa 16 6 G45 
ve ees . Hao bos. 24 eee ee 
12* 5 25 3° 5 3° 12 oP 5 15 
fi eg nixisiylst 
2°3°2 3 297 2*%972 
4.14, 34,1 2496 132. 55 
7* 100° 110. 17 Por 8 72. 24 


5 To how many people can I give ; of a chocolate bar if I have 4 chocolate bars? 
6 Ihave 12 oranges. To how many people can I give = of an orange? 


7 A ribbon that is 20m long is to be divided into lengths of 2 of a metre. How many such 
lengths are there? 


Multiplication and division of 


mixed numerals 


When multiplying and dividing mixed numerals, convert to improper fractions and then proceed as 
you have already learned. 


Example 8 


a Evaluate 12x 44. b Evaluate 7° +24. 
3 2 4 3 
a l : x4 - = 5 x = (Change to improper fractions.) 
15 
Al 
=7 5 (Convert to a mixed numeral.) 
b 7: 2i= H = i (Change to improper fractions.) 
= a x 5 (Multiply by the reciprocal of ty 
Ds 
28 
=32 (Convert to a mixed numeral.) 
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5 C MULTIPLICATION AND DIVISION OF MIXED NUMERALS a 


> Operations with mixed numbers 


When dealing with multiplication and division and mixed numerals, the following strategy is 
normally used. 
Convert each mixed numeral to an improper fraction and proceed as usual. 


SD) Exercise SC 


1 1 4 3 2 1 i 2 
a55x6; b4-x3,, e25Xx1; weer 
1 1 i 3 bee ee 
Cans roar aa BP 
i 3+x5 7 8ox4 k 6x23 15x 32 
ne! eo S28 2. ql 
1 eas 1 1 ae, 
eae oe f 2261; S554, reer 
3. Find 
I 1 1 I 3 1 1 7 
a25+1, b4 > 1, ¢65+2; d 105-+5- 
1 1 1 I iy! re! 
e5,+6; a Fae B26 1s hoses 
a pl, yl gM Geel i gi U, -a gil 
4 Five boys each have | : litres of lemonade. How many litres of lemonade do the boys have 
in total? 
5 Find: 
2 1 3 1 7 1 
a3 833 bi Fs a oe So; 


6 Jake shares his liquorice strap equally between himself and five friends. If the strap is 1 ; 
metres long, how much will each person get? 


7 Alexa cuts a yellow ribbon, of length 2 : metres, into four equal pieces. How long is each 
piece? 

8 Sarah’s pension is $105 per fortnight. How much is this per day? 

9 Fran’s family want to make their 689 Easter eggs last for one year. 
a How many Easter eggs can they eat per week? 


b If there are 7 people in Fran’s family, how many Easter eggs will one person eat per week 


if the eggs are shared equally? 
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Word problems 
involving fractions 


There are a number of things to consider when tackling word problems involving fractions. We need 
to think about which operations are required, and to think carefully about what is ‘the whole’. 


Example 9 


Two-thirds of the chocolates in a box contain nuts. There are 54 chocolates in the box. 


a How many chocolates in the box contain nuts? 
b What fraction of the chocolates in the box do not contain nuts? 


: of the chocolates in the box do not contain nuts. 


Example 10 


At Toocastle College, 3 of the students are boys. 


a What fraction of students are girls? 
b If there are 360 boys, how many girls are there? 


a ; of the students are boys. Therefore, | - ; = of the students are girls. 


b : is 360. This means that - of the number of students is 360 + 3 = 120. Therefore, the 


number of girls is 2 x 120 = 240. 
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@ Exercise 5D 


1 Two-thirds of the jelly beans in a jar are black. There are 96 jelly beans in the jar. How 
many of them are black? 


2  Five-twelfths of the students in a particular school are girls. There are 1344 students in the 
school. 


a How many girls are there in the school? 
b What fraction of the students in the school are boys? 
3 Seven-eighths of the trees in a forest are eucalypts. It is known that there are 5000 trees in 
the forest. 
a How many eucalypts are there in the forest? 


b What fraction of the trees are not eucalypts? 
4 Ina box of chocolates, 2 of the chocolates have soft centres. 
a What fraction of the chocolates do not have soft centres? 
b If there are 15 chocolates with soft centres, how many chocolates are there altogether? 
5 A piece of land hi divided among Jan, David and Greg. Jan is allocated 5 of the land and 
David receives 6 of the land. 
a What fraction of the land does Greg receive? 
b The land is worth $96000. What is the value of each person’s share? 


6 Ina theatre, 2. of the seats are in the back stalls, are in the front stalls and the remainder 


are in the balcony. 
a What fraction of the seating capacity of the theatre is in the balcony? 


b If the theatre can hold 1080 people, how many people can sit in each of the sections? 
7 A container of cooking oil is = full. A further 4 : L of cooking oil is required to fill it. How 
much oil does the container hold? 


8 Complete each of the following magic squares. Each row, column and diagonal sums to the 
same mixed number. 


a b 
2 
1 1 1 1 
12 4 1, 2; 
1 | 1) 2 
3 4 3 


9 Ofa group of 50 students, - are girls. 
a What fraction of the group is boys? 


b How many of the students are boys? 
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NE —SSCSC 


10 Inaschool, of the students are girls. There are 600 boys. 
a How many girls are there? 
b How many students are there? 

11 Each month, a family spends x of its income on food, : on housing and = on transport. If 
there is $960 left over, calculate the family’s income. 


12 A farmer has “- of his land cultivated. He also has 5 of his land used for buildings. Of the 


remaining land, ; is marsh and is unable to be farmed. The rest of the land is forest. What 


fraction of his land is forest? 


Order of operations with 


fractions 


The conventions of order of operations that we discussed for whole numbers in Chapter | apply also 
to the arithmetic of fractions. 


ic Order of operations 


e Evaluate expressions inside brackets first. 
e In the absence of brackets, carry out operations in the following order: 


— powers 


— multiplication and division from left to right, then 


— addition and subtraction from left to right. 


Example 11 


Evaluate: 


Seas ees ob Bid see 
ie 12 12 8 \4 3/58 1 
Ee eae 21 14 
2 ee: 54 OA 
5 
me a 
We 2A 
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5 — ORDER OF OPERATIONS WITH FRACTIONS a 
Example 12 


Evaluate: 
1. {2\2 Ce Gy 
ie ++ (2) D5 
1 | ea ee de Ch alee ioe ei ih 
- —-=+—_=—__—xX 
a t+ (3 Gas bs nn 38 ep 
eee ty Eola 
56 9 3 10 
Bes 40 33 
Sic ie 30 30 
ili wb 
18 30 


| @ Exercise 5E 


1 Evaluate: 
11 1 1 1 1 1 1 
cane ey ees ey ee es ea eee 
ae (i+4] fe 7 ( ; 


3.3.3 1 4.3 
24°44 M5 a A 
bd ust? 
is” 32° 9 

“so EIU 

6 \3 4) \2 

i a so 1.3 
e279 *5 9 na ta%at ag 
16. 8,5 ee ae 
15254 J 374" 157 2 
k2x%123 eee 

3% 4°9 5° 20%4 

a 5. (1,1 ! 
m(2+2) x3 mA farer 

4 2). (2.5) f1.2 eee 
o ($-2} x (249) +(1+2] Pa 5°68 43 
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Review exercise 


1 Evaluate: 
D8} 1 1 Ay} 
Sy US) Le | By 
TST bio ce 37 3 a 
_ ll 1 D yall 
eal if See B= Beoen es h 375 
2 Evaluate: 
ee | > 3 il . il 1 1 
oe Di — 2 OS = dex 2 
eT mS wine ee) aa 
3 Find: 
2 1 2 ail 7 1 (eee 


ae rind : Ores: 


5 = of a number is 27. Find the number. 


6 A rope 6 m long is divided into 4 equal pieces. How long is each piece? 


2-4) 
4 2): 


8 a Find = of 20 m. 


7 Evaluate ; x 


Eine : of $20. 


¢ Find ; of 1600 kg. 


9 What is the sum of : and half of =) 


10 Omar reads = of the pages of a book one day, : the next day and the remaining 84 
pages the following day. How many pages are in the book? 
11 = of a sum of money is $21. How much is Sof the sum of money? 


12 Five-sixths of a farm covers 325 hectares (ha). What is the area of the whole farm? 
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Challenge exercise 


1 A half is a third of the number x. What is the number x? 


2 A quarter is a third of the number x. What is the number x? 


: 1 1 1 1 
hat is th 1 fjl—-—= 1-= 1-= 1--+}]? 
3 What is e value of | 5 x 3 x 4 x :| 
4 What isthe value of (1 + 4 x{1+4)x (144) (144) x 1+2)? 
5 6 7 8 9 
5 Evaluate: 
Ae b1+—+— 
le ee 
D) i424 
yp 


8 The fractions ! and t are special because when they are multiplied the answer is the 


same as the difference between them. That is, l x J_1_i1_1 Find five other such 


oe ee 5G 


pairs of numbers. 


9 Johan was hungry late one night. He looked in the freezer and found a 4-litre tub of ice 
cream. Johan started eating the ice cream, but so he would not get into trouble for eating 
it all, he stopped when he had eaten half of it. The next night he was hungry again, so he 
went back to the ice cream and again stopped when he had eaten half of what was there. 
This went on for five nights in a row before his mother finally caught him. How much 
ice cream was left at the end of each of the five nights? If his mother had not caught 
him, would he ever have finished all the ice cream? 
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CHALLENGE EXERCISE 


10 The school lap-a- bee circuit is 22 Fi SUOMI eS in length. Benjamin walked 4: laps, 
Nathan walked 5; laps and Alicia walked 32 laps. 


a Who covered the greatest distance? 
b What was the total distance walked by the three students? 


c How much farther than Benjamin did Nathan walk? 


11 In acricket test match lasting 5 ae ; of the runs were scored in the first day, : in the 
second day, 2 in the third day, 39 in the fourth day and remaining 21 runs on the last day. 


How many runs were scored on each day? 


I 87 x95 
12 Calculat - 95. 
Bole 96 


13 Find the whole numbers a, b and c if ols 2+ l 


is 1 


14 A train from Alston to Brampton stops at two intermediate stations. At the first of these, 
: of the train’s passengers leave and 135 new passengers board. At the second station, : of 


the passengers who arrived on the train at the first station leave, and 110 new passengers 
board. The train arrives at Brampton with 350 passengers. How many passengers were 
on the train when it left Alston? 
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Measurement and Geometry 


Geometry starts with some of the things that we see around us: 


e the sharp line of the horizon out to sea 

e the surfaces and edges of a city building 

e the circular disc of the moon 

e the path of a stone thrown through the air 

e the wavy surface of the ocean 

e the patterns on a cat's fur coat 

e the complicated patterns that clouds often make against the blue sky. 


As in all of mathematics, we start with the very simplest patterns and gradually 
examine more complicated ones. 
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Points, lines and planes 


The simplest objects of geometry are points, lines and planes. Because they are so simple, it is hard 
to give precise definitions of them, just as it is hard to say precisely what a number is. The following 
descriptions do not really say what points, lines and planes are, but they will help us to talk about 
them with some agreement about what they mean in our imagination. 


Points 


A point marks a position, but has no size. The mark shown below has a definite width, so it is not 
really a point, but it represents a point in our imagination. We usually use capital letters such as 
P,Q, A and B to name points. 


°P 


Lines 


A line has no width, but extends infinitely in both directions. The drawing below has width and has 
ends, so it is not really a line, but it represents a line in our imagination. 


The word ‘line’ always means straight line, and does not include curves such as circles or squiggles. 


Planes 


A plane has no thickness, but extends infinitely. The drawing below is intended to represent a plane, 
but the plane does not stop at the four edges that have been drawn. 


The word ‘plane’ always means flat plane, and does not include curved surfaces such as cylinders, 
cones, spheres or the wavy surface of the ocean. 


> Points, lines and planes 


e Points, lines and planes are the fundamental objects of geometry. 


e Points, lines and planes are idealisations of everyday objects — they exist in our 
imaginations, even though they do not exist in the physical world. 


We draw the diagrams for geometry in a plane on a piece of paper, a whiteboard or a screen. We will 
sometimes have to imagine that the paper or whiteboard or screen extends infinitely. 


ICE-EM MATHEMATICS YEAR 7 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


6A POINTS, LINES AND PLANES 


Geometry requires neat and accurate drawings. In this chapter you will need: 
¢ asharp pencil and an eraser 

¢ aruler with a straight edge 

* a protractor. 

In later geometry chapters, you will also need compasses. 


Here are some simple observations we can make about points and lines in a plane. Some of them 
may seem very obvious, but that is as it should be — good mathematics should always start as simply 
as possible. 


A point and a line 
Given a point and a line, there are two possibilities: 
¢ The point lies on the line. 


¢ The point does not lie on the line. 


Two distinct points 


Given two distinct points A and B, there is one line, and only one line, that 
passes through both points A and B. This line through A and B can be named 
either AB or BA. 


A straight edge, such as a ruler, is used to construct the line. Bring the ruler up 
against the two points, then draw a line through the two points. 


Two distinct lines — lines meet at a point or are 
parallel lines 


Given two distinct lines in a plane, there are two possibilities: 


¢ The two lines meet at a single point. This point is called the intersection of 
the two lines. 


¢ The two lines have no point in common, no matter how far the lines 
are produced in either direction (the word ‘produced’ means ‘extended’). 
The two lines are then called parallel lines. 


The arrows on the two lines in the second diagram are used to indicate that 
the lines are parallel. 


Notation for parallel lines 


In the diagram to the right, the lines AB and PQ are parallel. This is written 
as AB Il PQ. 


PNK NSS 
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6A POINTS, LINES AND PLANES 


Three parallel lines Q 
If two distinct lines AB and PQ are each parallel to a third line ST, then the 
lines AB and PQ are parallel to each other. E 

. 


This is written as AB || PQ Il ST. 


Three distinct points — collinear points or 
non-collinear points 


Given three distinct points A, B and C in a plane, there are two possibilities: 


¢ The three points all lie on one line. The three points are then 
called collinear points. 


¢ The three lines AB, BC and CA are all distinct and enclose a triangular 
region. The three points A, B and C are then called non-collinear points. 


Three distinct lines — concurrent lines or 
non-concurrent lines 


Given three distinct lines in a plane, with no two lines parallel, there are 
two possibilities: 


Cc 
¢ The three lines all pass through one point. The three lines are then 
called concurrent lines. 
¢ The three lines enclose a triangular region. The three lines are then 
called non-concurrent lines. 


ic Points and lines in a plane 


¢ A point either lies on a line or does not lie on a line. 
There is exactly one line passing through two distinct points. 
Two distinct lines in the plane either meet at a point or are parallel. 


Two lines in a plane are called parallel if they never meet, no matter how far they are 
produced (meaning extended). This is written as AB Il PQ. 


Two lines parallel to a third line are parallel to each other. 
Three points that all lie on one line are called collinear. 


Three lines that all pass through one point are called concurrent. 
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6A POINTS, LINES AND PLANES 


2 Exercise 6A 


1 The three lines in the first diagram to the right enclose a triangular 
region. Name the three lines in the figure. a B 


2 The second diagram to the right shows two pairs of parallel lines. 
a In symbols, write ‘AB is parallel to DC’. 
b In symbols, write ‘BC is parallel to AD’. 
c What is the intersection of the lines AB and BC? 
d What point lies on both BC and CD? 
e Do any points lie on both lines AB and CD? 


3 Look at the third diagram to the right. 
a Name the four concurrent lines passing through the point X. 


b Name the two parallel lines, using the correct symbol for 
‘is parallel to’. 


c Name the intersection of the lines BX and AC. 
d Name the line joining C and the intersection of AX and BX. 
e What points belong to both lines AC and CB? 
f What points belong to both lines AC and XY? 


4 Trace the six-point diagram to the right carefully into your 


exercise book. ° 
a Use your ruler to construct lines showing that: 
i the points B, X and C are collinear _ a 
ii the points C, Y and A are collinear 
iii the points A, Z and B are collinear . 
x Cc 


b Draw the lines AX, BY and CZ. What can you say about . 
these three lines? 


5 Draw a half-page version of the diagram to the right. Then use your 
ruler to carry out each of the following constructions. 


a Join AY and XB and let them intersect at R. 
b Join BZ and YC and let them intersect at P. 


c Join CX and ZA and let them intersect at Q. 


If your diagram has been drawn accurately, P, Q and R should be collinear. (This is a 
famous result called Pappus’ theorem, after the ancient Greek mathematician Pappus.) 
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Trace the four-point diagram to the right carefully into your A D 
exercise book. 


Use your ruler to construct the lines AB and DC, and produce them 
until they intersect at X. *C 
Use your ruler to construct the lines AD and BC, and produce them - 


until they intersect at Y. 


Use your ruler to construct the lines AC and BD, and let them intersect at Z. 


There are infinitely many points on every line. Explain the use of the word infinitely in 
this statement. 


There are infinitely many lines passing through every point. Explain the use of the word 
infinitely in this statement. 


8 There are four possible ways to place three distinct lines in a plane. Two of these 
configurations involve parallel lines, the other two do not. Draw all four of them, and find 
the one that encloses a region. 


9 There are eight possible ways to place four distinct lines in a plane. Five of these 
configurations involve parallel lines; the other three do not. Draw all eight of them. 


Intervals, rays and angles 


This section introduces intervals, rays and angles, and explains how to name them. 


Intervals “ 


A and B, including the two endpoints. 


Let A and B be two points on a line. The interval AB is the part of the line between ZEB 
A 


Rays 


The point A in the diagram to the right divides the line QAP into two pieces, 
called rays. The ray AP is the piece that contains the point P; it is drawn unbroken. 


The opposite ray, AQ, is the other piece of the line and contains the point Q. P 
Each ray includes the endpoint A, which is called the vertex of the ray. Pe 
The two opposite rays AP and AQ have only the vertex A in common. 7Q 


Thus, the ray AP starts at A and goes on forever in a fixed direction, like 
a thin ray of light coming from a torch held at the vertex A. 
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6B INTERVALS, RAYS AND ANGLES 


Angles 
In the diagram on the left below, the two rays OA and OB have a common vertex, O. 


We say that we have formed two angles. The first one is ‘between’ the two rays; the second is 
‘outside’ the two rays. 


We can describe the situations above using the idea of the amount of turning. 


Imagine that the ray OA is rotated about the point O until it lies along OB. There are two ways of 
doing this: B 


Figure 1 and Figure 2 


The amount of turning in Figure | is smaller, and is called the size of the angle between OA and OB. 
The amount of turning in Figure 2 is called the size of the reflex angle formed by OA and OB. 


In this chapter, we will usually work with the smaller angle between two rays. 


Naming an angle B 


The angle shown to the right can be named either ZAOB or ZBOA. Notice 
that the vertex O must go in the middle, but the points A and B can be written 
either way around. If we are to refer to the larger angle, we will call 

it reflex ZAOB. 


ic Intervals, rays and angles 


e An interval AB is the section of line AB between A and B, and includes the points 
A and B. 


¢ A point on a line divides the line into two opposite rays. The point is the vertex of 
both rays. 


¢ The name of an angle has the vertex in the middle, for example, ZAOB. This refers to the 
smaller of the two angles unless otherwise specified. 


oT 


1 a In the diagram to the right, name all the labelled points in: 
i the line BC ii the ray BC ee a ae 
iii the interval BC iv the ray DB c ‘ 
v_ the interval CA vi the interval AD 


b Copy and complete: The rays BD and BA are rays. 


c What is the intersection of the ray BC and the ray CB? (That is, what do they have in 
common?) 
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6B INTERVALS, RAYS AND ANGLES 
2 There are five lines in the diagram to the right. 
a Copy and complete: The lines AK, BL and 
CM are 
b Does L lie on the ray OB? 
c Does L lie on the interval PK? 
d Name the two rays with vertex P. 
e Name the four rays with vertex A. 
3 a Draw two distinct points, L and M, and construct the line LM. Choose a point, N, 
between L and M. Then choose another point, P, so that M is between L and P. 
b Does N lie in the interval LM? 
c Does P lie in the interval LM? 
4 Name each angle below, using three letters (for example, ZAOB). 
a A b K c V 
/ Z 
x 
B € a M 
5 Name all the angles of each figure below. 
| | /__/ 
. PP . | | 
6 Name each angle indicated in the diagrams below. 
a A bt td 
Wa B “ 
O N 
O C 
c ‘ da D 
>< 
Cc B 
F G H 
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e Y 
% Q 
B R 
A L M s 
7 a Name all eight angles associated with the figure below. 
A 
B 
D 
Cc 
b Name all 12 angles formed at the vertices of the tetrahedron below. 


A 
D 
B 
C 


Measuring angles 


In this section, we discuss how to measure angles. We also describe some important types and 
properties of angles. 


Revolution 


A revolution is the amount of turning required to rotate a ray about its endpoint until it falls back 
onto itself. 


There are several systems of units for measuring the size of an angle. The best-known system 
divides the full revolution into 360 equal parts, called degrees, and was developed by Babylonian | 
mathematicians in the ancient world. This system has an astronomical basis — there are about 3652 ri 
days in the year, so the Sun moves approximately | degree (written as 1°) against the fixed stars 
every day. 


The size of 1 revolution is 360 degrees, which is written as 360°. 


360° 
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MEASURING ANGLE 
6C SU G GLES 
Straight angle veo: 
A straight angle is the angle formed by taking a 
ray and its opposite ray. A straight angle is half of a 
revolution, and so has size equal to 180°. - 
Right angle 
Let AOB be a line, and let OX be a ray making equal angles with the ray OA and ‘a 
the ray OB. Then the equal angles ZAOX and ZBOX are called right angles. 
A right angle is half of a straight angle, and so is equal to 90°. A 
The conventional way to indicate a right angle is to use a small square at the O 
vertex, as shown in the diagram to the right for ZBOX. 
Acute angles, obtuse angles and reflex angles 
These types of angles are defined by comparing them with right angles, straight angles and 
revolutions. 
Acute angle 
An acute angle is an angle that is larger than 0° and less than a right angle. 
Obtuse angle 
An obtuse angle is an angle that is larger than a right angle and 
less than a straight angle. 
Reflex angle 
A reflex angle is greater than a straight angle but smaller than 
a revolution. 
A right angle is not an acute angle 
A right angle is neither acute nor obtuse — it is the boundary between the two. Similarly, a straight 
angle is neither obtuse nor reflex, a revolution is not a reflex angle, and an angle of size 0° is not an 
acute angle. 
Using a protractor to measure and construct angles 
A protractor allows angles to be measured and constructed correct to about the nearest degree. 
The most common version consists of a semicircular piece of clear plastic with 181 equally 
spaced markers placed around its circumference, allowing the measurement of angles from 0° 
to 180°. Another type of protractor is a full circle with 360 equally spaced markers, allowing the 
measurement of angles from 0° to 360°. 
hy CE-EM MATHEMATICS YE 


| AR 7 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 
Photocopying is restricted under law and this material must not be transferred to another party. 


6 C MEASURING ANGLES 


The steps for measuring or constructing an angle are almost the same. 

¢ Identify the centre of the semicircle or circle on the protractor. 

¢ Place the centre precisely over the vertex of the angle. 

¢ Rotate the protractor until its baseline lies along one arm of the angle. 


¢ The protractor has two scales, going in opposite directions. They are there for your convenience — 
make sure that they do not become your downfall! The two angles at each marker add to 180° (for 
example, 70° and 110°). Such angles are said to be supplementary and will be discussed in the 
next section. 


In the diagram above, the protractor is being used to measure ZAOB. The angle is obtuse, with size 
of about 125°. 


If you read the wrong scale on the previous diagram, you would read the size as the supplement 55°, 
which is an acute angle. It is a good idea to establish first whether the angle is acute, obtuse or reflex. 


In the diagram above, a protractor is being used to construct an angle of size 160°, given that the ray 
OP is one arm. First, the base line of the protractor is lined up with OP. Then a point, Q, is placed at 
the 160° marker, using a sharp pencil. Finally, the ray from O to Q is drawn. 


This angle is also obtuse — a wrong move here will result in an acute angle of 20°, the supplement 
of 160°. 


Complementary angles and supplementary angles 


Pairs of angles that add to 90° or 180° occur so often that it is helpful to have special words to 
describe them. 


Two angles that add to 90° are called complementary angles. For example, 30° and 60° are 
complementary angles, since 30° + 60° = 90°. 
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N 6 C MEASURING ANGLES 
ees ispecies 


Two angles that add to 180° are called supplementary angles. For example, 30° and 150° are 
supplementary angles, since 30° + 150° = 180°. 


Notice how the two scales on the protractor are related to each other. At each marker, the two scales 
(the inner and the outer one) give supplementary angles, such as 70° and 110°. 


Example 1 


Write down the complement and the supplement of 25°. 


The complement of 25° is 90° — 25° = 65°. 
The supplement of 25° is 180° — 25° = 155°. 


e A revolution is 360°, a straight angle is 180° and a right angle is 90°. 
An acute angle has a size between 0° and 90°. 
An obtuse angle has a size between 90° and 180°. 
A reflex angle has a size between 180° and 360°. 
The size of an angle is normally taken to be between 0° and 180°. 


When the reflex angle is required, it is written as ‘reflex ZAOB'. The reflex size of an 
angle is between 180° and 360°. Notation such as ZAOB normally refers to the angle 
between 0° and 180°. 


Two angles are called complementary if they add to 90°. 


Two angles are called supplementary if they add to 180°. 


Angles can be approximately measured and constructed with a protractor. 


t >) Exercise 6C 


Example] 1 Write down the complement of: 


a 15° b 35° e772 d 88° e 56° 
=> 2 Write down the supplement of: 
a 160° b 100° aa fo d 88° e 146° 


3 Classify each angle as acute, obtuse, reflex or right. 
a a b \ c \/ d 
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6 C MEASURING ANGLES 


4 What is the size of the angle between the hour hand and the minute hand at: 
a 6am.? b 3a.m.? c 1 p.m.? d 2 p.m.? 
e 4a.m.? f 8p.m.? g 10am.? h 7 a.m.? 
5 Through how many degrees does the minute hand of a clock move in: 
a | hour? b 30 minutes? c 45 minutes? d 5 minutes? 


e 50 minutes? f 25 minutes? g 2 hours? hl = hours? 


6 Read the angle AOB that is being measured by the protractor in each of these diagrams. 


BN go 90 100 
x10 100, 90 80 > 
YP AP 


g0 90 100 
70 770 
rae) Le) 400 90 80 70 


9 eo 
es 


2 


7 a Use your protractor to find the approximate size of each of these angles. Be careful to 
place the centre of the semicircle precisely over the vertex of the angle. 


\\ 


CHAPTER 6 AN INTRODUCTION TO GEOMETRY 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


155 


N 6 C MEASURING ANGLES 
ef ceponreeensy 


b Write down the size of the reflex angle in each of the subparts i—iv of part a. 


8 a Copy the diagram below, leaving about 6cm of space above the diagram for angles to be 


drawn. 
e eo 
A P 


b Use your protractor to construct rays, pointing upwards, that make angles with the 
ray AP of: 


i 24° ii 160° iii 70° iv 170° v 82° wi 116° vii 5° viii 133° 
9 a Measure the sizes of angles ZAOB, ZBOC 
and ZCOD. 
b Measure the size of ZAOD. 


c Complete this sentence: The size of angle 
ZAOD is the sum of 


d What is the size of reflex ZAOD? 
e What is the size of reflex ZAOB? 


10 a Measure the sizes of ZALP and ZALQ 
in the diagram. 


b Complete this sentence: The angles Pp 
ZALP and ZALOQ are 


c Measure the sizes of ZALP and ZBLQ 
in the diagram. 


d Complete this sentence: The ice Q 
ZALP and ZBLO are 


e What is ZALP + ZPLB + ZBLO + ZQLA? 
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ee 


11 a Measure ZPQA and ZPRL in the diagram. 


b Complete this sentence: The angles ZPQA 
and ZPRL are 


c Measure ZAQR and ZLRQ in the diagram. 


d Complete this sentence: The angles ZAQR 
and ZLRO are 


e Measure ZBQOR and ZQRL in the diagram. 


f Complete this sentence: The angles ZBQR 
and ZORL are 


12 a Measure ZURS and ZUTS in the diagram. T 


b Complete this sentence: The angles ZURS and ZUTS 
are : 


c Measure ZRUT and ZSTU in the diagram. 


d Complete this sentence: The angles ZRUT and ZSTU 
are 


e Measure all four interior angles and add them up. 
What do they add to? 


f Classify the four interior angles as acute or obtuse. 


Angles at a point — geometric 


arguments 


Clear, logical reasoning has always been an important part of geometry. Diagrams make it easier 
to understand and construct convincing arguments in geometry and in many other branches of 
mathematics. 


When setting out geometric arguments, we state the appropriate reason in brackets after any geometric 
statement. Reasons should always be as specific as possible and should name any figure that they 
reter 10. 


This section develops four reasons that can be given when dealing with problems about angles at a point. 


Adjacent angles 
Two angles at a point are said to be adjacent if they share a common ray. 


Adjacent angles can be added and subtracted in the obvious ways. 
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- GEOMETRIC ARGUMENT 
6D ANGLES AT A POINT - GEO C ARGU S 
Find ZAOC in the diagram shown. B 
279 
A 
O 
ZAOB = 90° 
ZAOC + 27° = 90° (adjacent angles at O) 
so ZAOC = 63° 
Angles in a revolution add to 360° 
Find ZAOD in the diagram shown. D A 
O 
O B 
160° 
cE 
ZAOD + 90° + 160° + 90° = 360° (revolution at O) 
so ZAOD = 20° 
Angles in a straight angle add to 180° 
Example 4 
Find ZBOC in the diagram shown. B 
S35" 
€ © A 
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6D ANGLES AT A POINT - GEOMETRIC ARGUMENTS a 


ZBOC + 135° = 180° (straight angle at O) 


so ZBOC = 45° 
Vertically opposite angles are equal us B 
When two lines intersect, four angles are formed at the point of 
intersection. The two marked angles ZAOX and ZBOY are O 
called vertically opposite angles, because they are opposite each 
other across the vertex O. : : 


These two angles are always equal. To see this, note that: 


ZAOX + ZBOX = 180° 
ZBOY + ZBOX = 180° 
therefore: ZAOX = ZBOY 


Example 5 


Find ZTAQ and ZSAQ in the P T 
diagram shown. 


ZTAQ = 40° (vertically opposite angles at A) and ZSAQ + 40° = 180° (straight angle at A) 
so ZSAQ = 140° 


Using Greek letters for angle size 


Letters are very useful in geometry, as in all mathematics. In this book, angle sizes will usually be 
represented by lower-case Greek letters. Four Greek letters will be sufficient at this stage: 


e o, called alpha (the Greek letter a) 

e B, called beta (the Greek letter b) 

e y, called gamma (the Greek letter g) 

e 0, called theta (the Greek letter for th). 

The English word alphabet comes from the first two letters of the Greek alphabet — alpha and beta. 
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6D ANGLES AT A POINT - GEOMETRIC ARGUMENTS 


Perpendicular lines 


Two lines are called perpendicular if they intersect so that the four angles 
formed are right angles. 


Because adjacent angles on a straight line are supplementary, and vertically 
opposite angles are equal, it is only ever necessary to prove that one of the 
four angles is a right angle. 


> Angles at a point — geometric arguments 


e Four reasons to be used in arguments (preferably with the names of vertices): 
1 Adjacent angles can be added and subtracted. 
2 Angles in a revolution add to 360°. 
3 Angles in a straight angle add to 180°. 
4 Vertically opposite angles are equal. 


¢ Two lines are called perpendicular if they meet at right angles. 


e Four Greek letters — & (alpha), B (beta), y (gamma), 0 (theta) — are often used to 
represent angle sizes in geometry. 


@ Exercise 6D 


1 a In your exercise book, place O to the left of your page. Allow at least 10cm of space 
above, below and to the right of point O. 


b Draw three rays, OA, OB and OC, going off to the right in different directions. 
c Using your protractor, measure the sizes of ZAOB, ZBOC and ZAOC. 
d Check that they obey the statement, ‘Adjacent angles can be added’. 
2 a Draw a horizontal line, AOB. Allow at least 10cm of space around your line. 
b Draw another ray, OP, going diagonally upwards from O. 
c Measure ZAOP and ZBOP. 
d Check that they obey the statement, ‘Angles in a straight angle add to 180°’. 
3 a Place O in the centre of your page. Allow at least 10 cm of space around O. 
b Draw two rays, OA and OB, going off to the right; one upwards, one downwards. 
c Draw a third ray, OC, going to the left. 
d Measure the sizes of ZAOB, ZBOC and ZCOA. 
e Check that they obey the statement, ‘Angles in a revolution add to 360°’. 
4 a Draw two lines, AB and PQ, intersecting at O. 
b Measure the sizes of ZAOP, ZPOB, ZBOO and ZQOA. 
c Check that they obey the statement, ‘Vertically opposite angles are equal’. 
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6D ANGLES AT A POINT - GEOMETRIC ARGUMENTS 


Note: In the following question, you will begin to learn how to set out a mathematical 
argument. Reasons must be given in geometrical exercises, as in the examples on the previous 
pages. The correct reasons are as important as the correct answers. 


5 Find ZAOB in each diagram below, giving reasons for your answer. 


a B b 8 cA 
M 25° 
, C O B 
ve ae ‘ 


dB N 
“_ 

O A 

g B 
O N 

60° 
60° 
A M 


SK 
~ : - 
Q 
A R 
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6D ANGLES AT A POINT - GEOMETRIC ARGUMENTS 


=> 7 Find the values of , B, y and 0 in each diagram below, carefully giving reasons for all of 
your statements. 


aa E 


150° 


8 In each diagram below, angles marked with the same Greek letter are equal in size. Find the 
value of each, giving reasons for your answers. 


ap E b M 
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a+50/a 


Angles associated with 
transversals 


This section and the next involve the relationships between angles and parallel lines. 


Reasons are important in this section — make sure that all reasons are as specific as possible. In 
particular, always name any parallel lines that you are using in your argument. 


Transversal 
A transversal is a line that crosses two other lines. In both diagrams below, the line PQ is a 
transversal to the lines AB and CD. 


Q B 
Q 


Notice that PQ is a transversal whether or not the other two lines are parallel. 


Corresponding angles 


In each diagram below, the two marked angles are called corresponding angles, because they are in 
corresponding positions around the two vertices F and G. 
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6E ANGLES ASSOCIATED WITH TRANSVERSALS 


Corresponding angles and parallel lines 
The situation becomes interesting when the two lines are parallel, as in the diagram below. 


If lines AB and CD are parallel, then the corresponding angles ZBFQ and ZDGQ, marked o and B, 
are equal. 


This result actually needs to be taken as an assumption of our geometry — it cannot be proven from 
what we have developed so far. 


The following example shows how to set out your reasoning when solving a problem involving 
parallel lines and corresponding angles. Your solution must mention corresponding angles, and it 
must mention that the lines are parallel. 


Example 6 


Find 6 in the diagram shown. B D 


Og 0 


A Cc 


6 = 110° (corresponding angles, AB Il CD) 
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6E ANGLES ASSOCIATED WITH TRANSVERSALS 


Alternate angles 


In each diagram below, the two marked angles are called alternate angles, because they are on 
alternate sides of the transversal PQ. The two angles must also be between the two lines. 


Q Q 


Alternate angles and parallel lines 


When the lines AB and CD are parallel, as in the diagram to the right, 
the alternate angles 7BFG and ZFGC, marked © and , are equal. 


We can prove the result using the previous result that showed that 
the corresponding angles are equal. 


ZDGQ = © (corresponding angles, AB Il CD) 
and ZDGQ = £ (vertically opposite angles at G). 


Hence, a= 6. 


When this result is given as a reason, you must mention alternate angles and name the parallel lines, 
as in the next example. 


Example 7 


Find o in the diagram shown. 


a = 20° (alternate angles, AB Il CD) 
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6E ANGLES ASSOCIATED WITH TRANSVERSALS 


Co-interior angles 


In each diagram below, the two marked angles are called co-interior angles, because they are 
between the two lines and on the same side of the transversal PQ. 


Q Q 


Co-interior angles and parallel lines 


Suppose now that the two lines are parallel, as in the diagram shown. 

In this situation, the co-interior angles ZAFG and ZCGF, marked o and 
B, cannot be equal, because one is acute and the other obtuse 

(unless they are both right angles). 


The co-interior angles are supplementary; that is, their sum is 180°. 


To prove this, we note that: 
ZBFG = B (alternate angles, AB || CD). 
Hence, « + B = 180° (straight angle at F). 


When you use this result, you will need to mention co-interior angles and name the parallel lines, as 
in the next example. 


Example 8 


Find o in the diagram shown. L 


A 


a + 35° = 180° (co-interior angles, KL || MN) 
SOL) — alae 
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6E ANGLES ASSOCIATED WITH TRANSVERSALS 


Problems involving two steps 


The solution to the problem below needs two steps, with a reason for each step. Notice that a 
different pair of parallel lines is used in each step. As with many geometrical problems, different 
proofs are available. 


Example 9 


Find ZBAC in the diagram 
shown. 


First, ZDCA = 102° (alternate angles, AC Il BD) 
so ZBAC = 78° (co-interior angles, AB || CD) 


> Angles associated with transversals 


A transversal is a line that crosses two other lines. If the lines crossed by the transversal are 
parallel, then: 


e the corresponding angles are equal 


e the alternate angles are equal 


e the co-interior angles are supplementary. 


once 


1 Ineach diagram, identify each pair of angles marked with o and B as corresponding angles, 
alternating angles or co-interior angles. 


a b 
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6E ANGLES ASSOCIATED WITH TRANSVERSALS 


2 a Draw a large capital Z and mark two alternate angles with o and B. 
b Draw a large capital N and mark two alternate angles with @ and B. 
c Draw a large capital H and mark two co-interior angles with o and B. 
d Draw a large capital H and mark two alternate angles with o and B. 
e Draw a large capital F and mark two corresponding angles with o and f. 
f Draw a large capital E and mark two co-interior angles with o and B. 
g Draw a large capital E and mark two corresponding angles with @ and B. 


h Draw a large capital W and mark two alternate angles with o and f. 
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6E ANGLES ASSOCIATED WITH TRANSVERSALS a 


3 For each diagram below, name: 


a the angle corresponding to the marked angle 


b the angle alternate to the marked angle 


c the angle co-interior to the marked angle. 


4 a Draw two horizontal parallel lines labelled AB and CD, 
using opposite edges of your ruler. 


b Draw a transversal crossing these two parallel lines at 
an angle. A B 


c Let the transversal meet AB at X and CD at Y. > 
d Measure ZAXY and ZXYD. 


e Write down the result that these measurements confirm. 


5 a Draw two vertical parallel lines, ST and UV, using opposite edges of 
your ruler. 


b Draw a transversal, JK, crossing these two parallel lines at an angle. 
c Let the transversal meet ST at X and UV at Y. 
d Measure ZJXS and ZJYU. 


e Write down the result that these measurements confirm. TY 
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N 6E ANGLES ASSOCIATED WITH TRANSVERSALS 
EOE SUC sera tea mt ee 


6 a Draw two oblique parallel lines, AB and CD, using opposite edges of your ruler. 
b Draw a transversal crossing these two parallel lines at an angle. 
c Let the transversal meet AB at X and CD at Y. 
d Measure ZAXY and ZCYX. 
e Write down the result that these measurements confirm. 


Note: This is the second exercise in which you are setting out mathematical arguments. Write 
your reasons carefully, as in the four examples on the previous pages. Some questions require 
more than one step, each with its own reason. 


7 Find the values of a, 8, y and @ in the diagrams below. Give careful reasons for all your 
statements, mentioning the relevant parallel lines. 


a bP D 


d S e i f K L 

R Qa 

96°|M 
42° U 73 Y 
+ B A B a D 
N 
C L 
4 D a E h B 1 
116° 8 A 
Xx 
M 
>- G 

G F Y 
j S k C l O 

R 

B B 
69° O A B 4 
E 
T A x 
U 
D 
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6E ANGLES ASSOCIATED WITH TRANSVERSALS 


8 Find the values of the letters a, 8, y and @ in the diagrams below. Give a reason for each 
step in your argument, and name the relevant parallel lines. 


bp Q 
> 
2 B 
75° Y 
> 
5 R 
c F G dm 
> 
B 82° ) Y 
/ - H eee 
P O 
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Ne —SSCSC 


9 Find the size of the marked angle ZAVB in each diagram below. The solution to each part 
will require at least two steps, each with its own reason. 


b A Q 
A 
B 
85° 
V P 


Cv 


c d 


a W 


B Vv 
>>> 
R os A 
A Q 45° 
B iS oe 
5 T 


Further problems involving 


parallel lines 


This section deals with more complicated problems involving parallel lines: 
¢ problems where construction lines need to be added 


¢ problems involving algebra. 


Adding construction lines to solve a problem 


Some problems cannot be solved until one or more extra lines, called construction lines, have been 
added to the diagram, as in the example on the next page. 
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6 F FURTHER PROBLEMS INVOLVING PARALLEL LINES 


Example 10 


Find ZBCD in the diagram shown. A B 


45° 


Construct the line CM through C parallel to AB and ED, as shown in the diagram. 


Then ZBCM = 50° (alternate angles, AB || CM) A _ 
and, ZDCM = 45° (alternate angles, ED || CM) 
hence, ZBCD = 95° (adjacent angles at C) 
> 
[E 

Example 11 
Find the value of in the diagram shown. Ep H 

110°\V 

y \ 130° 
(0) 
O WwW 


Construct OG || UF, as shown. 

Then ZVOG=70° (co-interior angles, HV || GO) 
and ZUOG=50° (co-interior angles, FU Il GO) 
a + 50° + 70° = 180° (straight angle at O) 


so a = 60° 
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6 F FURTHER PROBLEMS INVOLVING PARALLEL LINES 


Problems involving algebra 


In the example below, the value of 8 is found by using geometric arguments and algebra. 


Example 12 


Find 6 in the diagram shown. A D 
30 


6 + 30 = 180° (co-interiorangles, AD || BC) 
40 = 180° 
@ sage 


cei 


Note: Each problem in this exercise requires you to set out a mathematical argument, with 
carefully written reasons. Some questions require two or more steps, each with their own 
reasons. 


1 Find the values of «, B, y and 6 in each of the diagrams below and on the next page. Give 
careful reasons for all your statements. 
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6 F FURTHER PROBLEMS INVOLVING PARALLEL LINES 


Reo Is 


2 Find the size of the marked angle 7PO@Q in each diagram below. Each solution will require 
two or more steps, each with its own reason. 


aP oO N M b O 
45° 
55° 
Q R 
c Q d xX P 
P 35° : 
45° 160 
O 
R Y 
O 
150° 
B 
A Z Q 
N 
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6 F FURTHER PROBLEMS INVOLVING PARALLEL LINES 


3 Copy each diagram below, then add a suitable construction line in order to find the size of 
the marked angle VOW. The construction line has been drawn for you in the first one. 
Give careful reasons for all your statements. 


a B bP V 
100° 
O 
125° 
Q Ww 
dy |G Vl ow 
25° 
2 O 
M 
A 300° A 
F U 
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6 F FURTHER PROBLEMS INVOLVING PARALLEL LINES 


4 Find the values of o, 8, y and 0, giving reasons for your answers. 


a L M b Q S 


lve) 
(ee) 
[3 --——>—__ 
fo} 
@ 
+ 
N 
(=) 
[o} 
> 
> 
as) wBy}R 
R 
> 
el YM 
7] 


A Cc D 
cP dF 
Q 
B 
A B G 
° 130° 
B 144 
| 
y+ 10° 
S 
H 
ee f 5 R 
A é B 
R p Q 
8 
D Cc 
g G H he = M 
Y 6 + 40° 
F 
Y ) 
> 
B B B N O 
A B Cc D 
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Proving that two lines 


are parallel 


Corresponding, alternate and co-interior angles can be used to prove that two lines are parallel. 


Equal corresponding angles mean the lines are parallel 


In the diagram at the right, we are told that the corresponding angles 
ZAFQ and ZCGQ, both marked 9, are equal. In this situation, we can 
conclude that the two lines are parallel. 


We know that there is only one line through F that is parallel to DC. 
For that line, the angle corresponding to ZQGC is also 9, so that line must 
coincide with the line BFA. 


When using equal corresponding angles to prove that two lines are parallel, 
the reason must be stated as “corresponding angles are equal’. 


The example below is a typical problem. 


Example 13 


Find any parallel lines in the diagram shown. 


JK\|LM (corresponding angles are equal) 


Equal alternate angles mean the lines are parallel 


In the diagram to the right, the two alternate angles ZBFG and ZFGC, 
both marked 80, are equal. 


Hence, ZDGX = 0 (vertically opposite at G). 
Then Z7BFG = ZDGX = 8. 


That is, corresponding angles are equal. 


Therefore, the lines CD and AB are parallel. 


When using equal alternate angles to prove that two lines are parallel, the reason must be stated as 
‘alternate angles are equal’, as in the next example. 
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6G PROVING THAT TWO LINES ARE PARALLEL 


Example 14 


Find any parallel lines in the diagram shown. 


(ibs 


iis 


ST\| YZ (alternate angles are equal) 


Supplementary co-interior angles mean the lines are parallel 


In the diagram to the right, we are told that the two co-interior angles ZAFG 
and ZCGF, marked 8 and 180° — 6, are supplementary. This again means 
that the two lines are parallel. 


This can be demonstrated as follows. 
ZFGD = 80 (straight angle at G) 


so AB|I CD (alternate angles are equal) 


This reason should be stated as ‘co-interior angles are supplementary’ when pg 
used in arguments. 


Example 15 


Find any parallel lines in the diagram shown. 
A 


45° 


AB || CD (co-interior angles are supplementary) 


All other lines intersect and so are not parallel. 


We) 
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N 6G PROVING THAT TWO LINES ARE PARALLEL 
i Oe Rea ia oa ampormaR 


cy Proving that two lines are parallel 


Suppose that a transversal crosses two other lines. 


e If the corresponding angles are equal, then the lines are parallel. 


e If the alternate angles are equal, then the lines are parallel. 


e If the co-interior angles are supplementary, then the lines are parallel. 


A statement and its converse 


The statements in this section are the converses of the statements in Section 6E, meaning that they 
are formed from the previous statements by reversing the logic. For example: 


Statement: If the lines are parallel, then the corresponding angles are equal. 
Converse: If the corresponding angles are equal, then the lines are parallel. 


Pairs such as these, consisting of a statement and its converse, occur routinely throughout 
mathematics, and are particularly prominent in geometry. In this case, both the statement and its 
converse are true. 


It is most important to realise that, in general, a statement and its converse are quite different. Never 
assume that because a statement is true, then the converse must be true. For example, consider the 
following statement and its converse. 


Statement: If a number is a multiple of 4, then it is even. 
Converse: If a number is even, then it is a multiple of 4. 


The first statement is clearly true, but its converse is false because, for example, 10 is even but is not 
a multiple of 4. 


Here is an example from surfing. 
Statement: If you catch a wave, then you will be happy. 
Converse: If you are happy, then you will catch a wave. 


Many people would agree with the first statement, but everyone knows that its converse is plain 
silly — you need skill to catch waves, not happiness. 


Thus, the truth of a statement has little to do with the truth of its converse. Just as much care has 
been taken in justifying the converse statements in this section as was taken in justifying the original 
statements of the previous section. 


@ Exercise 6G 


1 For each diagram below, name all pairs of parallel lines, giving reasons. 


aa B bra Pp 
51° 


51° H 
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6G PROVING THAT TWO LINES ARE PARALLEL 


153 


M A B G 


2 Ineach diagram below, give a reason why AB|I CD. Hence, find the values of o, 8, y and 0. 
Give all reasons. 


aa U Vv B 
75° 98° 
15° 0 
Cc xX Ww D 


CA 


wo 
Q 


R 


65° Y 40° 
C D 


ia) 
w) 


3 Ineach diagram, find the values of a, B, y and 0 that will make AB parallel to CD. 
Give all reasons. 


aa C 
a+20° 
50° 
9 
B D 
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A 
v 


181 


182 


6G PROVING THAT TWO LINES ARE PARALLEL 


7 


1] 
ia) 
1] 
ia) 


4 State whether each statement below is true or false, then write down its converse. Then state 
whether the converse is true or false. 


a If you can run, then you can walk. 

b If a number is greater than 10, then it is greater than 1000. 

c If aman lives in Australia, then he lives in Melbourne. 

d If a number is divisible by 5, then its last digit is 5. 

e If a woman has a daughter, then she is a mother. 

f Ifa whole number has fewer than four digits, then it is less than 1000. 
g If a dog has black and white hair, then it can stand on its hind legs. 


h If one side of a rectangle has length 8 cm, then its area is 40 cm?. 
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Review exercise 


1 Find the values of o, B, y and @ in the diagrams below. Give reasons in each case. 


a : Ajae B 
A B B D - _ 
B G 20 
A A 
P R F 
d A Cc Cu M 
B > 
: 20h A 
Q 
bs R 
. B 
B plP ™s N ‘a O 
2 State the complement of each angle. 
a 30° b 63° c 74° d 84° 


3 State the supplement of each angle. 
a 127° b 76° ec 134° d 15° 


4 Find ZAOC in the diagram to the right. 
Also give the size of reflex angle ZAOC. B 


Ge 
aye 
A 
O 
5 Find ZAOD in the diagram to the right. 5 A 
Also give the size of reflex angle ZAOD. 
O 
B 
170° 
Cc 
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REVIEW EXERCISE 


6 Find the size of ZAOB in each diagram below. 


a A 


40° 
60° 
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Challenge exercise 


1 Calculate the unknown angle. 


MOF 


‘EP 


2 a Find the value of a. 


ee 
20° 


508 


> 


b Find x in terms of a, B andy. 
> 


3 Find x in terms of a, B and y. 


4 There are five possible configurations of three distinct planes in space. Two involve 
parallel planes, and the other three do not. Draw a picture of each one. 


5 a Prove that a + 8B + y= 180°; that is, that the sum of the angles in any triangle is 180°. 
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CHALLENGE EXERCISE 


b By dividing the quadrilateral at the right into two triangles, show that the sum of the 
angles in a quadrilateral is 360°. 


D 


c A heptagon is a seven-sided figure, as shown below. What is the angle sum of a 
heptagon? 


6 What is the angle between the minute and hour hand of an analogue clock as 12:15 
p.m.? Hint: Why is it less than 90°? 


7 How many minutes pass after 12 noon before the angle between the minute and hour 
hand is exactly 90°? 
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Number and Algebra 


Algebra is a very important part of mathematics. It allows us to use letters to 
represent numbers. In Chapter 3, we used letters to represent whole numbers 
and we developed some of the rules of algebra. We will now extend our work 
to include fractions, and use letters in problems involving division. 
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Division in algebra 


We begin with some examples to show how division can be used with algebra. 


Example 1 


If x oranges are divided equally among 5 people, how many oranges does each person 


receive if: 
BA je SOY In gS Sy 
a Oranges perperson = - b Oranges perperson = - 
=) eel 
Sl 5) 
= mo) 
= 10 =75 


Write each expression using algebraic notation. 


a A number is divided by 5, and 6 is added to the result. 
b_ Five is added to a number, and the result is divided by 3. 


a Let x be the number. b Let x be the number. 
Dividing by 5 gives = Adding 5 gives x + 5. 
Adding 6 to this result gives 5 sel Dividing this by 3 gives Z 5 : 


Notice that the fraction line (the vinculum) acts like a bracket. 


x+5_ (+5) 
a at 


Example 3 


If x = 10, find the value of: 
a te b 222 
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7 A DIVISION IN ALGEBRA Ve 


BX 10 x+4 10+4 
—+3=—+4+3 b = 
ass 5 3 3 
=2+3 _14 
=5 To 
=4; 


Example 4 


A vat initially contains n litres of oil. A further 40 litres of oil are added to the vat. 


a How many litres of oil are there now in the vat? 
b The oil is then divided into 50 containers. How much oil is there in each container? 


a The vat contains n + 40 litres of oil. 
n+ 40 
5 


b Each container holds litres. 


The following table gives the meanings of some commonly occurring types of algebraic expressions. 


Algebraic expression | Meaning 


x+3 3 is added to x, and the result is divided by 5. 
is) 


x75 5 is subtracted from x, and the result is divided by 7. 
Z 


secs 


To _ eanpte2 J 1 Write each division as a fraction. 


a A number, x, is divided by 5. 


b A number, x, is divided by 5, and 3 is added to the result. 
c 7 is added to a number, m, and the result is divided by 3. 
d 6 is subtracted from a number, p, and the result is divided by 3. 


e A number, m, is divided by 11, 3 is subtracted from the result, and the result of this is 
multiplied by 6. 


2 Write each division as a fraction. 
a (b+2) +2 b (c-—5) +4 c (y+ 11) +4 d (23 —x) +7 
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=> 3 Evaluate each expression for x = 20. 


x x x+10 40 -x 
t 5, ee c 6 d 10 
4 Evaluate each expression for m = 5 and n = 10. 
at poo" ee so" " 
n 5 m m 


5 A pile of n bananas is divided into 5 heaps. 
a How many bananas are there in each heap? 
b Three bananas are added to each heap. How many bananas are there in each heap now? 
6 n tonnes of coal are stored in a shed. An extra 1000 tonnes are then added. 
a How many tonnes of coal are there in the shed now? 


b It is decided to ship the coal in 10 equal loads. How many tonnes of coal are there in 
each load? 


7 Ona maths test paper, there are x questions. Before the test starts, it is announced that the 
last two questions are wrong and should be ignored. 


a How many questions must the students complete now? 


b The students are given an hour to do the test. How many minutes should they spend on 
each question, on average? 


8 Peter joined three of his friends for dinner. They decided to share the bill of $y equally. 
a How much did Peter have to pay? 


b Peter had a 50-dollar note in his wallet. How much did he have left after the meal? 


Multiplication and division 


in algebra 


The following examples introduce algebraic expressions involving multiplication and division. 


Example 5 


Write each of these expressions using algebraic notation. 


a A number, x, is multiplied by 3 and divided by 2. 
b ; Ol x: 


c A number, x, is multiplied by = 


d A number, x, is divided by 3, 5 is added to the result, and the result of this is multiplied by 7. 
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7B MULTIPLICATION AND DIVISION IN ALGEBRA Ve 


a_ If xis the number, multiplying by 3 gives the result 3x. 
Dividing the result by 2 gives = 


b zofx= 


c Multiply x by = 


2 ofxa 2x 

3 3 Ml 
a: 
23 


d_ Dividing by 3 gives the result = 


Adding 5 gives = S. 
Finally, multiplying this by 7 gives ae + 5}. 
Note that brackets must be used here because the whole expression . + 5 is multiplied by 7. 
The following table gives the meanings of some commonly occurring types of algebraic expressions. 


Algebraic expression Meaning 
xis multiplied by 2 and divided by 3. 


xis multiplied by = 


xis multiplied by 2, and 3 is added. The result is divided by 5. 


xis multiplied by 3, and 5 is subtracted. The result is divided by 7. 


6 is added to ; Ole 


6 is added to : 5 5, 


6 is added to : On Dre, 


x is squared and the result is divided by 3. 


x is divided by 4, 5 is added to the result, and the result of this is 
multiplied by 6. 
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N 7B MULTIPLICATION AND DIVISION IN ALGEBRA 


Substitution 


We recall that the process in which we replace a letter by a particular value is called substitution. 


Example 6 


Evaluate each of these expressions for x = 24. 


Ages b 20+6) 
: 5 
a Ox 3 xX a4 b 2@+6)_ 22446) 
ae a = 25 
= 36 2x 3 
5) 
= 2< 6 
= ||2 


ence 


1 Write each of these expressions using algebraic notation. In each part, use the pronumeral x. 
a A number is multiplied by 7 and then divided by 3. 
b A number is divided by 4 and then multiplied by 3. 
c A number is multiplied by 3, then divided by 2, and 5 is added to the result. 


d A number is multiplied by 5, then 2 is subtracted from the result, and the result of this is 
then divided by 5. 


e i of a number. 


f 6 is added to : of a number. 


g 7 is added to a number multiplied by = 


h A number is divided by 3, then 7 is added to the result, and the result of this is then 
multiplied by 7. 


i A number is divided by 8, then 5 is subtracted from the result, and the result of this is 
then multiplied by 9. 


j 3 is taken away from - of a number, and the result of this is then multiplied by 4. 
k ‘ of a number is subtracted from 23, and the result of this is then multiplied by 
] 4 of a number is subtracted from 5, and the result of this is then multiplied by 


m A number is multiplied by itself, and the result is then multiplied by - 
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7B MULTIPLICATION AND DIVISION IN ALGEBRA ye 
2 Evaluate each expression for x = 12. 


a a 3(x + 2) 
a 4 b 4 9 c 7 


3 Evaluate these expressions for x = 2. 


2(x + 5) 2x ("=1] 3x 
— + I ie 
a 7 b 10 + 10 c 7 5 d 5) 
4 Evaluate these expressions for x = 60. 
g ey) b +10 c 3(* 29) 40-2 
5 15 S 5 
360 2x +54 3(200 — 3x) [260=2« 
———— —_-~— + | a h 8 
aa rial 2S 7 
5 Evaluate these expressions for m = 5 and n = ‘ 
am+n b 2m+n c 2m—-3n a7 
en+5 f mn gn+m an 


6 The perimeter of a triangle, with all sides of equal length, is x cm. What is the length of 
each side, in terms of x? If x = 22, what is the length of each side? 


7 A piece of string is x metres in length. It is divided into 5 equal parts. 
a Find the length of each part, in terms of x. 
b Find the length of each part for: 


i x=20 
li x=42 
iii x = 96 


8 A number, x, is doubled and the result is divided by 8. Write this using algebraic notation. If 
x = 7, what is the final result? 


9 A number, x, is multiplied by -, and 5 is subtracted from the result. Write this using 
algebraic notation. If x = 10, find the final result. 


10 Form=6andn= * evaluate these expressions. 


ee d —4m 


(255) 3m — 34n m+ 23 
bn 
4 n 


a ze + io] 
11 A supermarket charges ; dollars for b kg of potatoes, and A dollars for c kg of oranges. If 
12 kg of potatoes and 10 kg of oranges are bought, what is the cost? 
12 A ribbon of length 12 m is divided into x parts of equal length. 
a What is the length of each part, in terms of x? 
b If x = 10, what is the length of each part? 
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13. x kg of a swimming pool chemical cost $90. How much, in terms of x, did 1 kg cost? 
14 The area of a rectangle is 6x? cm’. The width of the rectangle is 2 cm. 

a What is the length of the rectangle, in terms of x? 

b What is the length of the rectangle if x = 4? 
15 The area of a rectangle is 6x” cm?. The width of the rectangle is 5 cm. 

a What is the length of the rectangle, in terms of x? 

b What is the length of the rectangle if x = 4? 


16 Evaluate these expressions for a = : and b = :. 


aa-—b b 3a c 2a+ 3b d 4a —b 
e ab f a+b gb+a h 2b+a 


Dividing and cancelling 


194 


In Chapters 2 and 3, indices were used as a shorthand notation. For example: 
ekax ear andyxy=y 


In Chapter 4, we learned how to cancel fractions. The methods of arithmetic, introduced in earlier 
chapters, can all be used in the same way with algebra. 


It is assumed in the following examples that pronumerals in the denominator cannot take the value 0. 


Example 7 


Simplify: 
q & p AK q babe 
2 i XZ 35€ 


a 8x _ Bix bp Py = 7x'y 
a! x x! 
= aly =Ty 
¢ A2xyz _ 42xtyzZ! q Soabe _ S6°ab¢' 
NZ xi z! 35c¢ 3S ¢! 
= 42y = Bile 
5 


ICE-EM MATHEMATICS. YE 
ICE-EM Mathematics 7 3ed_ ISBN 978- ey F 08-40124- 1 ©The University of Melbourne /AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


7 C DIVIDING AND CANCELLING a 
Example 8 


Simplify: 
2 3 
6 i % 
a — b = (© == 
x x x2 
a aa b OSES c ee Oe 
* x a Cdr 
= 56 =X 


Example 9 


Simplify: 
60p*q " 50x2y? 
12p 20xa 
” Sel S02 se an sy 
q Opa _ 90 Xp xpxq Sage yea) 
12p 2! x p 20xa xx! xa 
= 5pq Z Sy" 
2a 


Example 10 


Simplify: 
3. ba We AD a_,3a 
= eed pee pat Se 
AS ei as 
- 3 8a _ 3' x 8a b 2a , 3b _ Zia x 3'b 5 a, 3a _ aX 3a 
Anee 41x 3! 3 4 Bx 2 Speed) <7 
3a? 
=2 _ ab _ 3a" 
7 ® 35 
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2 a EE ——— 
B Exercise 7C 


1 Simplify: 


4x 20x 4x 2de 
Eas ha 9 F(a 
a8 5 * 20 d 
¥ 21 x 12a 
2 Simplify: 
6x b 8xy : 24xyz mnp 
x y XZ 5m 
e 2m p [8x7 gm h abe 
3z ¥ yz 16c 
F 36zyx . 42xaby k 72def , 34abc 
Azya yee 54dfvz 6cd 
3 Simplify: 
2 e @ 4ab 
a a a ab 
3a’ f Sab abcd 
ea a g 
a a defg 
4 Simplify: 
AR x2 lee) age 
m 8x“y b ° DY 
4x 20xa 20xy 
5 Simplify: 
5 _ 8a 2a ., 3b 24 0 a 
— xX — b= x — —xX = dax= 
"a 10 3° 8 ees ae 
2a _, 5b 2a _ 3a 5 3 4a 
— x — f —x— ~ of 20 h —of — 
aaa) a3 Rigger 4°15 
6 Evaluate each expression for x = 2 and y = 3. 
2 2 a9 2 
a = p22 Pei ih qty be 3x? 
2 2 6 3x xy 2y2 


7 Arectangle has length x cm and width om. What is the area of the rectangle? Find the 
area if x = 9. 


8 A rectangle has length ee m and width =“ m. What is the area of the rectangle? Find the 


area if x = 12. 
9 The cost of x kg of mince meat is = dollars. 


a How much would | kg cost? 


b How much would z kg cost? 


196 ICE-EM MATHEMATICS YEAR 7 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


a 


10 David spends < of his income on entertainment. If he earns $x a month, how much does he 


spend on entertainment each month? 
11 A certain type of material for curtains costs $x a metre. How much would 1 =m cost? 


12 Twenty people go to the theatre. Each ticket costs x dollars. The cost of the tickets is to be 
shared equally among 15 people. How much does each of these people pay? 


13. A newspaper agent employs a team of y newspaper delivery boys and girls. The whole team 
has to distribute 6x daily papers to the local residential area every morning. 


a How many papers, on average, does each person have to distribute? 


b What is the average number of papers each person distributes each morning if x = 100 
and y = 12? 


Review exercise 


1 Write each of these expressions using algebraic notation. 
a A number, x, is divided by 10. 
b A number, m, is divided by 3, and 4 is added to the result. 
c 6 is added to a number, x, and the result is divided by 5. 
d A number, z, is divided by 7, and 4 is subtracted from the result. 
e A number, m, is multiplied by 7, and divided by 3. 
f A number, a, is divided by 2 and multiplied by 5. 
g A number, J, is multiplied by 8 and divided by 7, and 5 is added to the result. 
h A number, c, is divided by 7, then 5 is subtracted from the result, then the result of 
this is multiplied by 10. 
i 61s taken away from 2 of a number, p, then the result of this is multiplied by = 


j a of a number, gq, is subtracted from 23, then the result of this is multiplied by = 


k 3 is taken away from 2 of a number, r, then the result of this is multiplied by :. 


1 A number, r, is multiplied by itself, and the result is multiplied by =. 


2 For x = 30, evaluate: 


Ole 
~ 
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REVIEW EXERCISE 


3 


10 


11 


12 
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Evaluate these expressions for x = 8. 


aX Ax je) 203 

— — d —+12 
“4 Os wis 5 

-—2 ay = 5 Beet 

6(® | f 25-— ——_— h —— 
oN 2 eas 3 
Evaluate these expressions for m = 6 andn = 7. 

m m+n ne m—3 

ee —+ pee pee 
an Bias 50D a a 


An artist had x litres of red paint and y litres of blue paint. In order to spray her sculpture 
in purple, she mixed a of the red paint with # of the blue paint. How much purple 


paint did she produce? 


Simplify: 

a es b ee c EL d a 

P 16mn f llab P 18abc h A48abc 

4m b be 16c 

Evaluate these expressions for a = ; and b = - 

aa-—b b 3a C204 35D a5 —a 

e 6a—b f ab ga+b h 4b+a 

Evaluate these expressions for a = 4 and b= r 

a b-a b 2a c 2b-2a d 3(a +b) 

e 5a +b) i hee nee h 5-b 

Complete these statements. 

a 5x x =5x es oe e 4 x = 64? 

3} 9 3 

aS". = 5a e = 240" fp sO=z 

Simplify 

a a b 3x°y . 5m°n> q om 
ge y m2 yZwx 


A rectangle has length x cm and width 2 cm. What is the area of the rectangle? Find the 
area if x — 10: 


A rectangle has length on m and width “ m. What is the area of the rectangle? Find the 
area if x = 12. 
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Challenge exercise 


1 a A rectangle has area 56 cm? and width 7 cm. What is the length of the rectangle? 
b A rectangle has area x cm? and width 3cm. What is the length of the rectangle? 
c A rectangle has area (x + 4) cm? and width 3 cm. What is the length of the rectangle? 


d A rectangle has area 3 cm? and width x cm. What is the length of the rectangle? 


2 a Arectangle has area x cm? and width 2 cm. What is the perimeter of the rectangle? 


b A rectangle has area (x + 3) cm? and width 2 cm. What is the perimeter of the 
rectangle? 


3 a Acar travels at 60 km/h for 3 hours. What is the distance travelled in the 3 hours? 
b A car travels at 60 km/h for n hours. What is the distance travelled in the n hours? 
c Acar travels at x km/h for 3 hours. What is the distance travelled in the 3 hours? 


d A car travels at x km/h for n hours. What is the distance travelled in the n hours? 


4 a A boat is 50 km due east of Brisbane at 3 p.m. It then travels in an easterly 
direction at 30 km/h. 


i How far from Brisbane is the boat at 6 p.m.? 
ii How far from Brisbane is the boat after travelling for n hours after 3 p.m.? 
b A boat is 500 km due east of Sydney at 11 a.m. It then travels in a westerly direction 
at 25 km/h. 
i How far from Sydney is the boat at 4 p.m.? 


ii How far from Sydney is the boat after travelling for n hours after 11 a.m. (up to the 
time it reaches Sydney)? 


5 a Acar travels at a constant speed for 2 hours. It travels 120 km in this time. What is the 
speed of the car? 


b A car travels at a constant speed for 3 hours. It travels n km in this time. What is the 
speed of the car? 


c A car travels at a constant speed for m hours. It travels n km in this time. What is the 
speed of the car? 


6 Ifacar is travelling at 50 km/h, how long does it take for the car to travel n km? 
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CHALLENGE EXERCISE 


7 The area of the rectangle ABCD is 16 cm’. 


B GE 
A D 
The length of BA is x cm. 


a Find the length of BC, in terms of x. 


b Write down an expression for the perimeter of the 
rectangle, in terms of x. 


c Ifx=4, find the perimeter of the rectangle. 


d Ifx= : find the perimeter of the rectangle. 


8 Acar travels 20 km from Cranung to Doville. It travels d km at 60 km/h and the 
remainder at 80 km/h. 


a How far does the car travel at 80 km/h? 
b For how long, it terms of d, does the care travel at: 
i 60 km/h? 
ii 80 km/h? 
c What is the total time for the journey, in terms of d? 
d Find the total time taken, in minutes, if: 
id — 0 km 
ii d=12km 
iii d = 20 km 
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Number and Algebra 


You have become accustomed to using fractions to represent quantities that are 
not whole numbers. We are now going to see how to use decimals to represent 
certain kinds of fractions. Decimals are very useful for prices and when making 

measurements, such as the heights of people in your class or the amount of gas 


used for heating your home. Decimals and percentages, rather than fractions, 
are used in commerce. 
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Place value and comparison 
of decimals 


Decimal place value 


The word decimal comes from the Latin word decem, meaning ‘ten’. Decimals are an extension of 
the base-ten place-value number system for whole numbers, which was discussed in Section 1G of 
Chapter 1. In the decimal system, we use tenths, hundreds, thousandths and so on, as well as units, 
tens, hundreds, thousands and so on. Here are some basic facts connecting decimals and fractions: 


an is written as 0.1 7 is written as 0.2 - is written as 0.9 


10 


== is written as 0.01 _s is written as 0.03 a2 is written as 0.09 
100 100 


is written as 0.001 is written as 0.004 2 0 is written as 0.009 


1000 1000 
and so on. 
The decimal 0.359 means: 


3 S| . 
10 100 = 1000 


Similarly, the decimal 8.463 means: 


4 6 2 
10 100 1000 


The decimal 256.584 is a shorthand for: 


5 8 4 
2x 100 + 10+ 64+ 4+ + 
EE oe IS OS a aenD 


The decimal point separates the units column from the tenths column. To the right of the decimal 
point, we read the names of the digits individually. For example, 125.2408 is read as ‘one hundred 
and twenty-five point two, four, zero, eight’ or ‘one, two, five point two, four, zero, eight’. 


8 + 


Here is a chart indicating the place values in the decimal system. 


Millions 
Hundreds of 
thousands 
thousands 
Thousands 
Hundreds 
thousandths 
Hundred- 
thousandths 
Millionths 


4 | Hundredths 
Thousandths 


sy 
SC) 
ee) 


1 1 
10000 | 100000 | 1000000 


T Keep going 


1000000 
0.00001 
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8 A PLACE VALUE AND COMPARISON OF DECIMALS a 
Example 1 


Using the place values of the digits, write the decimal number 125.2408 as a sum of 
hundreds, tens, units, tenths, hundredths, thousandths and ten-thousandths. 


Doe A 0 8 
125.2408 = 100 + 2 x 1 / 2 
SAN SU 2 BU RES 2 ats ta eee 


The term sani may be omitted. 


Decimal notation is a convenient and powerful way of writing fractions with denominators as 
powers of 10. 


Write 3.142 as a fraction with a denominator as a power of 10. 


i i 
Jae = + 
: 3+ 79+ too * to00 


_ 3000 . 100 40 2 


~ 1000 ° 1000 ' 1000 1000 
_ 3142 


~ 1000 


The process can be reversed. A fraction with a denominator that is a power of 10 can be written as 
a decimal. 


Write 34 


1000 as a decimal. 


See ell fe + 
1000 1000 1000 


ee ene 

— 100 * 1000 

vse 
10 100 1000 

= 0,034 
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N 8A PLACE VALUE AND COMPARISON OF DECIMALS 


Decimal places 


The number of places occupied by the digits after (that is, to the right of) the decimal point is called 
the number of decimal places. Thus, 345.607 has three decimal places, and 0.02 has two decimal 
places. 


Class discussion 


Which is larger: 

¢ 2.12 or 2.4? * 0.37 or 0.37082? 
¢ 0.8 or 0.836? * 5.9.0f 5.897? 

¢ 4.04 or 4.048? ¢ 0.35 or 0.6? 


° 9.52 or 9.029 816 43? 


How can you tell which is larger? What is a useful strategy for comparing decimal numbers? 


Comparing decimals 

Look at 0.8 and 0.345. In the past, when you worked with whole numbers, you used the ‘longer 
numbers are larger’ idea to help you. This does not work with decimal numbers. The number line 
makes it easy to see which decimal is larger. 

Comparing decimals using the number line 

On the number line, 0.8 and 0.34 are both between 0 and 1. 

Because 0.8 is to the right of 0.34, we know that 0.8 > 0.34. 


To make a decision about which of 4.2, 4.54 and 4.362 is the largest, we locate each number on the 
number line. 


4.2 
| 4.362 4.54 
4 4.1 4.2 4.3 | 4.4 45 | 4.6 
a} i | tS 
4.362 


43° 431 432 433 434 435 435 437 438 439, 44 


We can ‘zoom in’ on a section of the number line to show that 4.362 is between 4.36 and 4.37. 
So we find that 4.2 < 4.362 < 4.54. 
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8A PLACE VALUE AND COMPARISON OF DECIMALS ir 


Comparing numbers by comparing the digits left to right 


When using this method, it is important to write the numbers one underneath the other, with the 
decimal points lined up. 


For example, to compare 3.78 and 3.612, we first write the numbers one beneath the other, 
aligning the decimal points. 


3.78 
3612 


Next, we compare the whole-number parts. Both are the same, so we proceed to the next digit or place. 
We compare the tenths: 7 tenths is larger than 6 tenths. So 3.78 is larger than 3.612. 


This method is the quickest and most straightforward method to use. 


® Decimal place value 


¢ The places filled by the digits after the decimal point are called the decimal places. For 
example, 3.146 is a number with three decimal places and 14.1256 has four decimal places. 


e Every decimal can be written as a fraction in which the denominator is a power of 10. 


e Fractions with denominators that are powers of ten can easily be written as decimals. 


© To compare decimals, line up the decimal point and compare the digits from left to right. 


Example 4 


Write down the place value of the digit 3 in each decimal. 


a 231.45 b 24.31 € 27,0311 d 2.7503 
a 30 b 3. C23, d 3 
10 100 10000 


Use a number line to show which is the largest of 2.03, 2.3 and 2.33. 


All of the numbers are between 2 and 3. Draw the number line: 


2.3 
a 2.33 


oe AVRARUTOTAGREROTOTOUNOTOEROTOTAUTOTOUROWOOTOOTOTONOTOTOOTOTOENONOTOTAOTOTOONOTOTOOOTOOWOTOTOOTOTE = 
2 Del Dip DES 2.4 ASS) AAG) Dy DES) AES) 3 


So 2.33 is the largest. 
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N 8 A PLACE VALUE AND COMPARISON OF DECIMALS 
A 
Example 6 


Which is larger, 2.52 or 2.574 83? Use left-to-right comparison of digits. 


Align the digits and the decimal points. 

2,52 

2.574 83 

The whole numbers are the same and the tenths digits are the same. 


In the hundredths column, 7 is larger than 2, so 2.574 83 is larger than 2.52. 


ese 


1 Using the place values of the digits, write the decimal number 276.3507 as a sum of 
hundreds, tens, units, tenths, hundredths, thousandths and ten-thousandths. 


=> 2 Write 4.276 as a fraction whose denominator is a power of 10. 


. 57 ; 
1. 
=> 3 Write 1000 as a decima 


=.) 4 Write down the place value of the digit 2 in each decimal. 
a 32.45 b 4.92 ¢ 0.21 
d 23.09 e 0.002 f 45.978 723 


5 List 10 numbers that can be made from the digits 0, 1, 2, 3 and a decimal point, using each 
digit only once in each number. 


6 Using a number line, find the whole number closest to each decimal. 
a 3.09 b 3.9 ec 1.28493 
d 5.700001 e 4.499 f 9.099 99 


7 Copy these numbers and circle the number that is the larger of each pair. 


a 0.4 or 0.32 b 1.8 or 1.93 

c 6.8 or 6.08 d 5.63 or 5.064 

e 7.34 or 7.3412 f 5.001 or 5.1 

g 8.999 78 or 8.342 h 3.67 or 3.5 

i 297.2357 or 297.23 j Li2erkia 

k 434.897 69 or 434.811 98 1 3.56 or 3.499 99 
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ee 


8 


10 


11 


12 


Order these numbers from smallest to largest. 
a 2.3, 0.2, 8.153, 7.2, 4.08 b 1,09, 1,93, 1,39, 1,9, 1,30 
c 7.000023, 7.230000, 7.99, 7.4109572, 7.0748 d 6.66, 6.4, 6.9234, 6.888, 6.985 74 


State whether each number is closer to 4 or closer to 5. 


a 4.102534 b 4.99 c 4.6 

d 4.52 e 4.01 f 4.098 795 62 
g 4.49 h 4.000 03 i 4.499 989 

j 4.49494 k 4.83112 ] 4.12109 


Complete these statements. (One has been done for you.) 


a 6 tenths = thousandths b 6 tenths = hundredths 
c 6 tenths = 0.6 units d 6 tenths = tens 
e 6 tenths = hundreds f 6 tenths = thousands 


Complete these statements. (One has been done for you.) 


a 89 hundredths = thousandths b 89 hundredths = tenths 
c 89 hundredths = 0.89 units d 89 hundredths = tens 
e 89 hundredths = hundreds f 89 hundredths = thousands 


Complete these statements. (One has been done for you.) 


a 723 thousandths = hundredths b 723 thousandths = tenths 
ce 723 thousandths = 0.723 units d 723 thousandths = tens 
e 723 thousandths = hundreds f 723 thousandths = thousands 


Converting decimals to fractions 


and fractions to decimals 


In this section, you will learn more about how to convert decimals to fractions and fractions to 
decimals. 


Converting decimals to fractions 


To convert a decimal to a fraction or mixed numeral: 


* write the decimal part as a fraction with a denominator that is a power of 10 


¢ simplify the fraction, if necessary. 


H 
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=. 8B CONVERTING DECIMALS TO FRACTIONS AND FRACTIONS TO DECIMALS 
Example 7 


a Convert 2.36 to a mixed numeral. b Convert 0.085 to a fraction. 
a 2.36=22° (Now simplify.) pao (Now simplify.) 
100 1000 
a2 aly 
DS — 200 
3 6 


Converting fractions to decimals 


If we have a fraction or mixed numeral with a denominator that is a power of 10, it is easy to convert 
it to a decimal, as we saw earlier. 


34 
2500 = oot 
If the denominator is not a power of 10, first try to find an equivalent fraction with a denominator 


that is a power of 10. 


Example 8 


Convert each fraction to a decimal by making the denominator into a power of 10. 
3 17 7 

bb — ay 
4 30 8 


Un] 02 


In each case, ask yourself, “Can I make the denominator a factor of a power of 10?’ 


asa 2 b 222 x25 
Soe AY AOS 

ZG ED 

~ 70 100 

= (0.6 = 0.75 
Cmts lies d 7_7 x 125 
20 © 20685 8 1501s 

~ 100 1000 

= 0.85 = 0.875 


The only fractions that are equivalent to fractions with denominators that are a power of 10 are those 
with denominators that are products of a power of 2 and a power of 5. 
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8B CONVERTING DECIMALS TO FRACTIONS AND FRACTIONS TO DECIMALS a 


The division process 


An alternative method of converting a fraction to a decimal is to divide the numerator of the fraction 
by its denominator, as shown in the following example. The algorithm is an extension of the short 
division algorithm discussed in Section 11 of Chapter 1. 


Example 9 


4 : : ee 
Convert a to a decimal, using the division process. 


Write “> = 743 + 8. 

ee : SOS IS 
Set out 743 = 8 using the short division algorithm, as shown: g 7423 705040 
SoZ = 92.875. 


Basic decimals 


You have already seen the fractions equivalent to 0.1, 0.01 and 0.001. You probably already know 
some of these fractions and their decimal equivalents. 


Decimal number 


Equivalent fraction 


In earlier chapters, you will have found that memorising a good range of number facts is extremely 
helpful. Knowing the equivalents of a few simple fractions and decimals between 0 and 1, such as 
those given above, will also be very useful in everyday life. 


cy Converting between fractions and decimals 


e A decimal can be converted to a fraction by writing it as a fraction with a denominator 
that is a power of ten, and then simplifying. 


e A fraction can sometimes be converted to a decimal by finding an equivalent fraction 
with a denominator that is a power of 10, or by division. 
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8B CONVERTING DECIMALS TO FRACTIONS AND FRACTIONS TO DECIMALS 


ees 


1 Express each decimal as a fraction or mixed numeral. 


Examples 8 » 3 


Examples 9 } 4 
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a 0.75 b 15.25 ce 0.34 d 4.125 e 0.025 
f 0.009 g 0.806 h 8.75 i 0.0125 j 54.625 
Express each fraction or mixed numeral as a decimal. 

a » 3 re a 58! 
10 100 100 1000 1000 
30 5 2: 9 ; 230 2 ah 
1000 100 10 000 10 121 

96 96 35 101 101 
k 16 soo 1 16 ican m 24 ‘pond 101 aanG o 101 coun 
Convert each fraction to a decimal. 
22 100 13 43 
Oe ea 2 car 
2 574 p 381 1095 me 
10 4 20 5 
Convert each fraction to a decimal. 
22 46 3 21 33 
ae ae 2. Pentel as 
* 50 50 ae 20 * 350 
163 8 26 267 . 135 
patting} g aa h ae = j so 
200 500 25 250 50 
2 3 31 3 2 
k 5 - 1 19 i m 2 = 35 1) Ds 


1 
a —= 0.5 
L] 
1 
d —=0.25 
LJ 


Decimal 


b==0.L]s a 


Fraction 


CE-EM MATHEMATICS 
Mathematics 7 3ed 


YE 
ISBN 978 


AR 7 
-1-108-40124-1 ©The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


Addition and subtraction 
of decimals 


Addition and subtraction of decimals can be carried out using the standard algorithms. 


Adding decimals 


The vertical addition algorithm is shorthand for adding hundreds to hundreds, tens to tens, ones to 
ones, tenths to tenths and so on. It is important to line up the place-value columns by lining up the 
decimal points. 


Example 10 


Add 4.326 and 15.09. 


4.3 26 
+ 15.0,90 (Fill out with zeros to match the places above.) 


19.4 16 


Subtracting decimals 


When subtracting one decimal from another, write the numbers one under the other, as for whole 
number subtraction, making sure the decimal points are aligned. Then proceed as for whole 
numbers. The decimal point in the answer is placed directly under the decimal points in the 

two numbers. 


Below are the two standard subtraction algorithms showing the methods used for subtracting 16.532 


from 23.84. 
Method 1 Method 2 
2!'3.84!'0 1713 83410 
1 Oe 5342 -16.53 2 
7.30 8 7.308 


Sometimes, the numbers of decimal places are different in the two numbers. It is advisable when 
doing subtractions with these ‘ragged’ decimals to add zeros at the end of the ‘shorter’ number (in 
the above case, 23.84). This does not change the number; it simply says that, in this case, there are 
‘no thousandths’, and makes the algorithm work. 
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N 8 C ADDITION AND SUBTRACTION OF DECIMALS 
2 OS HSTNRN AG Sues eR Dae 


cy Addition and subtraction of decimals 


Addition and subtraction of decimal numbers follows the same procedures as for whole 
numbers. The decimal points and decimal places should always be aligned one under 
the other. 


Example 11 


Subtract 8.38757 from 30.102. 


310.!110!2!010 
Be ciod 
mime 


OY cece 


1 Calculate: 


Example 11 


a 2.4 b 4.1 c 6.8 
+35 32 21 
d 3.12.4 3.2 e 6.08 + 3.1 f 0.34 + 9.63 
g 2312.4 7.25 h 7.301 + 2.5987 i 3.12 + 4.888 
j 5.783 + 6.032 k 2.967 + 7.2323 1 63.8924 + 24.167 


m 3.692 + 36.19501 


2 Calculate: 


n 24.0349 + 102.939 


0 201.012 + 36.1008 


a 7.8 b 9.3 c 3.4 
-3.4 -1.2 -23 
d 10.8 — 9.03 e 12.6 — 7.35 f 23.9 -8.4 
g 18.6 — 12.7 h 35.7 — 23.8 i 13.456 — 9.978 
j 36.24 — 27.985 k 819.3407 — 738.9657 1] 8.3459038 — 0.948 567024 
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ee 


3 Two parcels together have a total weight of 54.7 kg. The first weighs 29.44 kg. Find the 
weight of the second parcel. 


4 A carpenter needs to cut two lengths, 1.04 m and 0.7 m, from a piece of timber 2 m long. 
How long is the leftover piece? 


5 Three girls ran first, second and third in a 100m race, with times of 12.30s, 12.63s and 
13.16s, respectively. If the national record time for this race is 11.47s, how far behind the 
record is each of these girls? 


6 Four members of a school walkathon team completed a total of 6 km. The distances 
walked by three of the members were 1.4 km, 1.24 km and 1.1 km. How far did the fourth 
person walk? 


7 A boy walked 500 m to the bus stop, travelled 1.8 km on the bus to the train station, made 
two consecutive train trips of 3.5 and 2.3 km, and then walked 700 m to the school gate. 
How far was his journey to school, in kilometres? 


8 Four pieces of string, each of length 2.79 m, were cut from a roll, leaving 1.56 m. How long 
was the original roll of string? 


Multiplication and division by 


powers of 10 


Multiplying by 10 


When any number is multiplied by 10, we can write the number as a sum and multiply each term by 10. 


7.92 x 10 =7 x 10+ 0.9 x 10+ 0.02 x 10 


9 2 
= 70 + — x 10 + ——~x 10 
10 100 
494 
10 


= 79.2 


We see that multiplying by 10 corresponds to moving the decimal point one place to the right. 


Example 12 


Calculate 7.18 x 10. 


7.18 x 10=71.8 (The decimal point is moved one place to the right.) 
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8D MULTIPLICATION AND DIVISION BY POWERS OF 10 


Multiplying by powers of 10 
Multiplying by 100 is the same as multiplying by 10 twice. 


Multiplying by 100 = 10° corresponds to moving the decimal point two places to the right and 
inserting zeros where necessary. For example: 


8.7 x 100 = 870 


Multiplying by 1000 = 10% corresponds to moving the decimal point three places to the right and 
inserting zeros where necessary. For example: 


8.7 x 1000 = 8700 


Multiplying by 10000 = 10* corresponds to moving the decimal point four places to the right and 
inserting zeros where necessary. For example: 


8.7 x 10000 = 87000 


Example 13 


a Calculate 26.235 x 100. b Calculate 42.9 x 1000. 


a 26.235 x 100 = 2623.5 (Move the decimal point two places to the right.) 
b 42.9 x 1000 = 42900 (Move the decimal point three places to the right.) 
Dividing by 10 


When any number is divided by 10, we can write the number as a sum and divide each term by 10. 
4.8+10=4+104+0.8 + 10 
= 0.4 + 0.08 
= 0.48 


Division is the reverse process of multiplication, so dividing by 10 corresponds to moving the 
decimal point one place to the left and inserting a zero if necessary. 


Calculate: 
a 98.72 + 10 b 0.982 + 10 c 0.46+ 10 


a 98.72 + 10 = 9.872 b 0.982 + 10 = 0.0982 c 0.46 + 10 = 0.046 
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8D MULTIPLICATION AND DIVISION BY POWERS OF 10 a 


Dividing by powers of 10 
Dividing by 100 is the same as dividing by 10 twice. 


* Dividing by 100 = 10? corresponds to moving the decimal point two places to the left and 
inserting zeros if necessary. 


23.2 + 100 = 0.232 


* Dividing by 1000 = 10% corresponds to moving the decimal point three places to the left and 
inserting zeros if necessary. 


568.2 + 1000 = 0.5682 


* Dividing by 10000 = 10+ corresponds to moving the decimal point four places to the left 
and inserting zeros if necessary. 


43.21 + 10000 = 0.004 321 


Example 15 


Calculate: 
a 3576 + 100 b 3.576 + 1000 
a 3576 + 100 = 35.76 b 3.576 + 1000 = 0.003 576 


cy Multiplication and division by powers of 10 


To multiply a number by 10, move the decimal point one place to the right and insert a 
zero if necessary. 


To multiply by 100 = 102, move the decimal point two places to the right and insert 
zeros if necessary. 


To multiply by 1000 = 10?, move the decimal point three places to the right and insert 
zeros if necessary. 


To divide a number by 10, move the decimal point one place to the left and insert a zero 
if necessary. 


To divide by 100 = 102, move the decimal point two places to the left and insert zeros if 
necessary. 


To divide by 1000 = 10?, move the decimal point three places to the left and insert zeros 
if necessary. 


1 Multiply each number by 10. 


a 0.8 b 8.3 c 0.08 d 0.5 
e 0.05 f 0.005 g 92.894 32 h 392.001 
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2 Multiply each number by 100. 


a 0.34 b 4.78 c 0.013 d 0.8 
e 0.004 f 28.304 g 4.309 387 h 201.201 201 
222) 3. Divide each number by 10. 
a 1.2 b 0.08 c 0.002 d 201.201 201 
255) 4 Divide each number by 100. 
a 240.6 b 14.06 c 55.703 d 2.0006 
5 Calculate: 
a 5.07 x 100 b 789.028 x 1000 
c 230.0001 + 100 d 23.456 x 10000 
e 1.0462 + 100 f 60+ 100 
g 2.5 x 10000 h3+0.1 
i 12x01 j 34.35 + 10 
k 4025.21 + 10 1 1000 + 100 
6 Calculate: 
a 0.0082 x 100 b 0.0082 x 10 
c 0.0082 x 1000 d 85.7 x 1000 
e 85.7 x 100 f 85.7 x 10 
g 5.02 + 10 h 5.02 + 100 
i 5.02 + 1000 j 0.005 43 + 1000 
k 0.005 43 + 100 1 0.005 43 + 10 


7 A $325.80 restaurant bill for dinner for 10 people is shared equally. How much does each 
person pay? 
8 Ata factory, it takes 408 seconds to make 100 chocolates. 
a How long, in minutes, does it take to make 10000 chocolates? 
b How long, in seconds, does it take to make 10 chocolates? 
c How many chocolates can be made in 4080 seconds? 
9 a How many millimetres in a metre? 
b How many millimetres in a kilometre? 
c Convert 36.4 km to millimetres. 
d Convert 276 mm to kilometres. 
e How many square millimetres in a square kilometre? 
f Convert 13.06 square kilometres to square millimetres. 


g Convert 4567.8 square millimetres to square kilometres. 
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Multiplication of one decimal 
by another 


Multiplication of decimals can be done by converting the decimals to fractions. The fractions 
are multiplied in the usual way (without cancelling) and the result is then converted back to a 
decimal. 


> Multiplication of decimals 


We multiply decimals by converting each decimal to a fraction, multiplying the fractions 
(without cancelling) and converting the result back to a decimal. 


Example 16 


Calculate: 
a 7x 0.6 b 0.03 x 0.18 
| Solution | 
eon, a 18 
a NS ore PS NN 
ae b 54 
0 10000 
= 4,2 = 0.0054 


Another method for multiplying decimals 


There is a method for multiplying whole numbers by decimals without first changing the decimal to 
a fraction: 


¢ Temporarily ignore the decimal point and multiply the number. 


¢ Note that the number of decimal places in the answer must be the same as the number of decimal 
places in the original decimal. 


We can see that a similar rule for multiplying two decimals together must hold. 
From above we saw that: 

7X 0.6 = 4.2 

0.03 x 0.18 = 0.0054 


Note that the total number of decimal places of the factors being multiplied is equal to the number of 
decimal places in the answer. Care must be taken with zeros. 


We can describe the procedure as follows: 
¢ Ignore the decimal points and carry out the multiplication as if the factors were whole numbers. 


¢ Place the decimal point so that the number of decimal places in the answer is equal to the total 
number of decimal places in the factors. 
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8 E MULTIPLICATION OF ONE DECIMAL BY ANOTHER 


For example, for the product: 


there are a total of three decimal places in the factors. 


1.5 x 0.03 
We multiply: 
15 x 3 =45 


The answer must have three decimal places. 


Hence: 


1.5 x 0.03 = 0.045 


Example 17 


Calculate: 
AY WSK OL 


b 0.9 x 0.6 


c 0.07 x 0.002 


d 1.01 x 0.08 


A 7<O2 = iA 


b 0.9 x 0.6 = 0.54 
c 0.07 x 0.002 = 0.000 14 
d 1.01 x 0.08 = 0.0808 


(7 x 2 = 14. There is one decimal place.) 


(9 x 6 = 54. There are two decimal places.) 


(9 x 6 = 54. There are five decimal places.) 


(101 x 8 = 808. There are four decimal places.) 


cece 


1 Evaluate by first changing each decimal to a fraction: 


Example 17a 2 


Example 17 3 
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a 0.3 x 0.1 

e 12x 0.1 

i 0.6x0.111 
Evaluate: 
a7x0.1 

e 12x0.1 

i 6x0.111 
Evaluate: 
al2x15 

e 0.8 x 0.12 
i 0.01 x 0.09 
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b 0.8 x 0.2 
f 1.7x0.2 
j 4.4 x 0.01 


b 8x 0.01 
f 15x02 
j 44x 0.0001 


b 0.2 x 0.4 
f25x4 
j 0.6 x 0.07 


YE 


¢ 0.7x03 
g 1.6 x 0.03 
k 0.55 x 0.02 


ec 7x0.2 
g 16 x 0.03 
k 55 x 0.0002 


c 0.02 x 0.04 
g 0.6 x 0.2 
k 3.92 x 4.3 


d 0.8 x 0.03 
h 2.2 x 0.05 
1 0.6 x 1.08 


d 8 x 0.003 
h 20 x 0.08 
1] 6x 1.08 


d 0.7 x 1.4 
h 0.3% 1.2 
| 793% 7-8 
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4 Complete the table. 


5 Complete these multiplications. 


a0Q2x 15 b 3x 0.6 

d 1.03 x 2 e 0.14 x 0.03 

© 13x O12 h 1.01 x 0.06 
6 Multiply each number by 0.1. 

a 12 b 10 c 43 d 0.5 
7 Multiply each number by 0.01. 

a 15 b 10 c 63 d 0.5 
8 Multiply each number by 0.001. 

a 23 b 100 c 10 d 0.05 


9 Calculate the total cost of buying: 
a 4.5 m of rope at $2.70 per metre 
b 2.01 minutes of mobile phone talk time at $0.35 per minute 
c 4.32 m of PVC pipe at $3.45 per metre 
d 1.97 kg of breadcrumbs at $0.95 per kilogram 
e 2.2 L of ice cream at $4.95 per litre 


Division of decimals 


ec 2.1x3 

f 0.08 x 1.9 

i 2.15 x 0.02 

e 2.6 f 1.08 
e 4.3 f 2.06 
e 0.5 f 4.07 


Dividing decimals by whole numbers 


Suppose that we have a piece of rope that is 9.6 m long and we want to cut it into 5 equal pieces. We 


need to divide 9.6 by 5. This can be done using the division algorithm. 


1 


Thus, each piece is 1.92 metres long. 
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Example 18 


Calculate: 
fy Sh) es 3) b 2.835 +2 ec 13.14+7 


A 4.104 
ie 
b 14175 
2)2.8 3'5!0 (Notice that a zero has been placed to the right.) 


el Oe nie ee 
7)1 3.515450!03020°04050'020 ... 


c 


In part c of the example, we see that the division algorithm does not stop. We have continued the 
algorithm until the process starts to repeat. Divisions like this will be covered in the following 
section. 


Dividing decimals by decimals 


Suppose that we have 1.8 m of ribbon and we want to cut it into lengths of 0.3 m. To find out how 
many such lengths we can make, we need to divide 1.8 by 0.3. 


Below we show you two methods that can be used to divide 1.8 by 0.3. 


Method 1 Method 2 
Write the division as a quotient (write one decimal over the Convert both decimals to 
other) and multiply top and bottom by a power of 10 so that fractions. 
the denominator is a whole number. 
1.8 18 3 
18+0.3= 03 18+0.3= ic a0 
1.8 x 10 _ 18. Ww 
0.3 x 10 gl 3 
_ 18 _ 18 
“Ss 3 
=6 =6 


We can cut 6 pieces of ribbon 0.3 m in length from 1.8 m of ribbon. 


Sometimes we can perform such a calculation mentally. We can do this here. We know that 
6X3 = 18,s06 x 0.3 = 1.8 and 1.8 + 0.3 = 6. 


The division 1.8 + 0.3 can also be visualised on a number line. Starting at 0, we take jumps of 0.3 
until we get to 1.8. It takes 6 jumps of 0.3 to get from 0 to 1.8 because 1.8 + 3 = 6. 
0.3 0.3 0.3 0.3 0.3 0.3 


yA) 
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8 F DIVISION OF DECIMALS a 
Example 19 


Use method 1 and method 2 as shown on the previous page to divide 0.427 by 0.07. 


Method 1 Method 2 
0.427 427 Th 
0.427 + 0.07 = aur 0.427 + 0.07 = TT TEaTV 
_ 0.427 x 100 meee 100; 
0.7 x 100 1090 —s 7 
_ 42.7 _ 61 
77 10 
= 6.1 =O. 


ic) Division of decimals 


¢ To divide a decimal by a whole number, follow the same algorithm as for whole number 
division. 
¢ To divide a decimal by another decimal: 


— Write the division as a quotient, and multiply top and bottom by a power of 10 so as 
to make the denominator a whole number. Then do the division. 


or 


¢ Convert each decimal to a fraction, perform the division and then convert back to a 
decimal. 


The first method can also be set out as shown in Example 20. 


Example 20 


Calculate: 
a 0.42 +0.7 b 421.5 + 0.03 c 41.05 + 0.005 


A Oa (0) 7/ Sa = 7 


= 0.6 (Multiply the dividend and divisor by 10.) 
b 421.5 + 0.03 = 42150 +3 (Multiply the dividend and divisor by 100.) 
140 50 
3)412 1150 
421.5 + 0.03 = 14050 
ce 41.05 + 0.005 = 41050 + 5 (Multiply the dividend and divisor by 1000.) 
— 5210 


(ata 
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' ) Exercise 8F 


1 Calculate: 


a4.5+9 b 6.3 +7 c 45.5+5 d 0.12 +6 

e 2.4+ 12 f 5.6+7 g93+3 h 0.256 + 8 

i 1.32+4 j 0.0512 +8 k 0.288 + 6 1] 24.7+5 

m 67.7+2 n 0.029 +5 0 0.00276 + 8 p 0.00677 + 5 
2 Calculate: 

a 0.12 + 0.3 b 0.36 + 1.2 c 0.36 + 0.12 d 0.004 + 0.02 

e 6.03 + 0.03 f 0.06 + 0.02 g 0.025 + 0.05 h 0.016 + 0.04 


<>) 3 Calculate (mentally if possible): 


18, 19, 20 


a24+6 bi18+9 C7228 d 14.4 + 12 
e 24+0.2 f 96+0.4 g 1.28+04 h 0.2 +0.8 
i 2.17 + 0.7 j 45.81 + 0.3 k 1.297 +4 1 286.395 + 0.08 


4 Divide each number below by 0.1, then by 0.01 and finally by 0.001. 
a 12 b 10 c 43 d 0.5 e 2.6 f 100 


5 You know that 24 + 6 = 4. From this you can calculate many related facts. Complete this 
division grid by dividing each number in the cells in the left most column by each number 


in the cells in the top row. 


6 Sharon paid $13.56 to fill her lawn mower with 12 L of fuel. What was the price per litre of 
the fuel she purchased? 


7 Alex buys 96.8 m of timber to make picture frames requiring 0.8 m of timber each. How 
many frames can he make? 
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Recurring decimals 


When some fractions are converted to decimals, they produce terminating decimals. That is, the 
decimal has a finite number of digits after the decimal point. For example: 


1 1 1 
-—-= I -_= he _—_= mile, 
5 0.554 0.25 and & 0) 


Fractions convert to decimals that terminate when they have denominators that factor into a product 
of powers of 2 and 5. For example, 40 = 2° x 5 and: 


ne (Multiply numerator and denominator by 25.) 


or 


In most cases, a fraction cannot be converted to a terminating decimal, because the division 
algorithm produces an unending string of digits. This infinite string will always contain a repeating 
cycle, so the decimal is called a recurring (or repeating) decimal. 


Example 21 


Convert : to a recurring decimal. 


Geass ee 
3)1.'0'0!0!0!0 ... 


Hence : = 0.33333...=0.3 


We write ; = 0.3, with the dot above the 3 indicating that ‘3’ is the repeated digit. 
From 0.3333... we look at: 


03 =, 033 = 22, 0333 = 222 


10’ 100’ ~ 10007" 


These numbers are increasing and getting closer to . In fact, they get as close as you like to ; 


(das 
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N 8G RECURRING DECIMALS 
=e Suan peat 


Convert = to a recurring decimal. 


Ua ke al fee 
11)3.30803080... 


The block 27 repeats indefinitely and we get 


3 
Fee UP Pah Pal ae 
a} 


= 0.27 


0.27 isa repeating decimal; the dots above the 2 and the 7 indicate that ‘27’ is the recurring cycle. 
Other fractions can give longer repeating cycles. The decimals 0.27, 0.2727... are increasing and get 


as close as we like to i 


Convert : to a decimal. 


To convert 3 to a decimal, divide 3 by 7. 


O42 85 7142 85 714... 
7)3.3020°0*0°0!03020°040°0!0°0... 


So : = 0.428571 


Notice that the cycle repeats when the remainder occurs again. 


cy Terminating and repeating decimals 


e A terminating decimal is one with a finite number of digits after the decimal point (apart 
from zeroes). 


e If the denominator of a fraction is a product of powers of 2 and 5, then the equivalent 
decimal will terminate. 


¢ Decimal numbers with recurring digits that cycle indefinitely are called recurring 
(or repeating) decimals. A recurring decimal can be written using a dot above the first 
and last repeating digits. For example: 


7 01939833999... a= = 0.09090909.. 


=0.3 = 0.09 
The decimals 0.3, 033, 0.333,... are increasing and get as close as we like to a 


The decimals 0.09, 0.0909, 0.090909,... are increasing and get as close as we like to + 
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6 Exercise 8G 


1 Express these fractions as decimals. 


3 7 1 7 1 
2 f aw cs a 
28 na © 30 20 * 10 
2 Express these fractions as decimals. 
a 1 2 c 1 d 2 e 3 
3 3 9 9 9 
4 5 6 aa . 8 
f — = h = = ae 
9 an) 9 "9 a) 
3 Express these fractions as decimals. 
a x = ¢ —— d — e = 
11 11 11 11 11 
6 7 8 . 9 . 10 
f — — h — — —— 
il ei il sae I] 
4 Express these fractions as decimals. 
1 2 3 4 5 1 
= b = = d — = f — 
a 6 et 6 “G 12 
3 5 s-f . 9 11 
a oo a oe. k — 
ant) 12 Y 5, J 9 12 


5 Express as decimals the fractions between 0 and | that have 7 as a denominator. Can you 
see a pattern? 


6 Perform these divisions. (They will result in repeating decimals.) 


a4.8+7 b2o<3 © 3011 d-7:9+6 
e 6.47+7 £25847 g 62+ 12 h 59+ 11 
i 52.6 + 11 j 42.2+9 k 472 + 3 l 2306 


Rounding of decimals 


The last few decimal places of a decimal such as 3.141 5927 may have no practical value. For 
example, if 3.141 5927 represents the number of kilometres between two farmyard gates, then the 


final digit 7 represents 10 of a millimetre, which is completely irrelevant. 


This is why we use rounding. When we round a number, we write in out in full, then correct it to a 
certain number of decimal places. 
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N 8H ROUNDING OF DECIMALS 
og ot momenta spesetis 


Writing a decimal correct to a number of decimal places 


The rules for rounding are as follows. Suppose that we want to round 10.125 89 correct to two 
decimal places. 


¢ Identify the rounding digit in the second decimal place — in this case it is 2. 
¢ Look at the next digit to the right of the rounding digit — in this case it is 5. 

— If this next digit is 0, 1, 2, 3 or 4, leave the rounding digit alone. 

— If this next digit is 5, 6, 7, 8 or 9, increase the rounding digit by 1. 

In this case, the next digit is 5, so the rounding digit increases from 2 to 3. 
¢ Now discard all the digits after the rounding digit. 


Thus, we write 10.125 89 as 10.13, correct to two decimal places. 


Example 24 


Write 45.7456 correct to: 

a_ one decimal place b_ two decimal places c_ three decimal places 

a 45.7456 = 45.7 correct to one decimal place (The rounding digit is 7 and the 
digit to the right is smaller than 5.) 

b 45.7456 = 45.75 correct to two decimal places (The rounding digit is 4 and the 


digit to the right is 5.) 


c 45.7456 = 45.746 correct to three decimal places = (The rounding digit is 5 and the 
digit to the right is 6.) 


The rounding procedure can also be used with recurring decimals. 


Write 0.46 correct to: 


a_ two decimal places b_ three decimal places c four decimal places 


a 0.46 = 0.4646 ... ~ 0.46 correct to two decimal places 
b 0.46 = 0.4646 ... ~ 0.465 correct to three decimal places 
c 0.46 = 0.46464 ... = 0.4646 correct to four decimal places 
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1 Round these decimals correct to the given number of decimal places. 


a 3.1529 (2 places) b 9.497 (2 places) c 7.999 (2 places) 

d 2.1537 (2 places) e 6.454 (2 places) f 7.991 (2 places) 

g 12.3547 (3 places) h 6.454 12 (3 places) i 7.9919 (3 places) 

j 12.35478 (4 places) k 6.454 1212 (4 places) 1 7.99199 (4 places) 
—_==<)> 2 Round these repeating decimals correct to the given number of decimal places. 

a 0.57 (2 places) b 0.63 (2 places) c 0.57 (3 places) 

d 0.63 (3 places) e 0.57 (4 places) f 0.63 (4 places) 

g 0.368 (2 places) h 0.774 (4 places) i 0.45674 (2 places) 

j 0.47774 (4 places) k 0.2378 (5 places) 1 0.1754 (4 places) 


Review exercise 


1 Write each fraction as a decimal. 
10 10 100 100 100 1000 1000 


28 i 298 : 1 k 9 19 an 241 ra 6939 
1000 1000 J 70.000 10000 10000 10000 10000 


2 Write down the place value of the digit 8 in each number. 


a 3.8 b 1.08 c 8.45 d 4.998 e 6.0008  f 80.903 8275 
3 Write down the place value of the digit 4 in each number. 

a 14 b 2.04 c 2.18942 d 0.009 74 
4 Choose the larger of each pair of decimal numbers. 

a 2.9 and 2.3 b 1.91 and 1.87 c 3.09 and 3.11 

d 2.6832 and 2.8 e 4.2396 and 4.999 f 5.501 and 5.4999 

g 5.00003 and 5.12 h 1.098798 and 1.231 i 4.5 and 4.51 
5 Arrange each set of numbers from largest to smallest. 

a 1.5, 1.28, 1.09, 1.4732 b 1.2, 1.36, 1.928, 1.2849 

COO 0 oo d 23.5, 23.451), 23.0001, 23.09 
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REVIEW EXERCISE 
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6 


9 


10 


11 


12 


13 


14 


Write down the whole number that is closest to: 


a 1.3 b 2.9 es d 4.03 
e 27.00929 f 43.92 g 68.010 101 h 299.9 
i 0.0019 j 187.409 k 213.5002 1627,099 999 
Express each decimal as a fraction and simplify where possible. 
a 0.3 b39 ce 1.4 d 0.32 e 0.98 f 0.04 
¢ O11 h 0.204 i 0.099 j 0.75 k 0.125 1 2.848 
Express each fraction or mixed numeral as a terminating decimal. 
2 | 2 4 9 Z 
2 47 ut 48 1 
42 ate ee a vie 
GOer 500 10 LaiG 20 i6 
3 196 oe 318 104 18 
m — n — 0 — Pp q — = 
125 200 40 400 400 Pus: 


Match each fraction to its decimal equivalent. 


Decimal 


Fraction 


ee of these fractions is closest to 1.45? 
a3. 2 ilealy 
15 5 Il a0} 1 > 100 


Express each fraction as a decimal. 


en ce me to 
Arrange each set of numbers from smallest to largest. 

a =, 05,1, 2,3, 01 b 24,4, 4.1, 0.24, 0.4, 6 

¢ 0.08, 3, 0, 5, 0.9, d 2, =, 2.07, S27, 2 
Calculate: 

a 0.4 + 3.5 bs 52 Ces e2 

d 5.34 + 3.63 e 4.75 — 4.012 f 17.8-3.4 

gf 1158 hla 3 i 18.6—-—12.7 

j 25.5 — 23.8 k 36.204 + 27.985 1 247.4967 — 138.968 
Write down the result when each number is multiplied by 10, 100 and 1000. 

a 4.5 b 0.3 c 0.06 d 1.396 e 100.485 f 0.0002 
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REVIEW EXERCISE 


15 Write down the result when each number is divided by 10, 100 and 1000. 
a 4.5 b 0.3 c 0.06 d 1.396 e 43.8 f 100.485 


16 Complete the grid. 


17 Calculate: 
a 6.03 x7 b 4.8 x 8 ce 4.92 x3 d5.9x3 
e 23.8 x 12 f 2.486 x 8 g 12 x34 h 5.947 x 2.6 


18 Complete the grid. 


19 Calculate: 
a 2.4+ 0.8 bi+02 ¢ 3.6 + 0.06 d 0.06+ 1.2 
€ 3.357 £ 12.256-1.2 g 10.4 + 1.25 h 28.2 + 0.008 
20 Judy bought 0.5 m of material at $6.30 per metre. What was the cost? 
21 Find the mass of 0.8 L of water if one litre weighs 1.0005 kg. 
22 Find the cost of 5.2 kg of meat if 1 kg costs $4.60. 
23 Mrs Tang paid $15.45 for three kilograms of beans. How much did one kilogram cost? 
24 Frank bought 2.75 m of wire at 68 cents per metre. What was the cost? 
25 Nisha paid $63.14 for 2.2 m of fabric. 


a What was the cost per metre? b What was the cost of 10 m? 
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Challenge exercise 


1 Write down the next five numbers, continuing the obvious pattern in each case. 
a 20,221.20) oy ey Da GA ses 
C2 a Ards eee Ales VOD es 


2 Using each of the digits 5, 6, 7 and 8 once only, fill in the spaces to make these products 
as large as possible. 


a0. x0. b 0. x 0. 


3 Jessica was preparing for her birthday party. She spent $3 less than 2 of her money on soft 
drink and $3 more than ; of her remaining money on food. She still had $3 left. How much 


did she start with? 


4 To write the number 0.5 we let x = 0.555... 


dheretore al Oa— p56 


=O = O55 5s 
Che= 5) 
X= 9 


Therefore 0.5 = 2 


a Use the same method to write 0.4 as a fraction. 


b Complete following to write 0.12 as a fraction. 


Letx=O 1212122. 


ICOre = 12, 1A DD... 
= j= 012i PI... 
99x =? 


c Use a similar method to write 0.123 as a fraction. 


5 Recall that terminating decimals are produced from fractions with a denominator that is 
a product of powers of 2 and 5. List all the fractions with numerator 1 and denominator 
less than 100 that produce terminating decimals. 


6 Explain why the cycle length of a recurring decimal corresponding to a fraction is 
always less than the denominator of the fraction. 
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Measurement and Geometry 


When we are building a table, hanging a picture on the wall, taking some cough 
mixture, timing a race and so on, we need to be able to make measurements. 
Measuring allows us to determine how big, how long, how deep or how 

heavy things are. Sometimes all we need is a rough idea of a measurement. 

For example, we might walk along the edge of a garden to measure its length 

in paces or use a handspan to decide if a table will fit in a certain place in our 
home. Usually, though, we need a more accurate idea of a measurement. 

We need to be able to select the right tool and the correct unit to make a 
measurement, read the scale accurately, and make calculations involving 
measurements. 
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Units of measurement 


In order to make a meaningful measurement of some quantity, we need an appropriate unit of 
measurement. For example, when measuring a person’s mass, we normally use the kilogram as the 
unit. On the other hand, if we needed to weigh a mosquito, we would generally use a smaller unit, 


such as the gram or milligram. 


In Australia, we use the metric system of measurement. In this system, the basic units of length, 
mass and time are the metre (m), the kilogram (kg) and the second (s), respectively. 


Apart from some aspects of time measurement, the metric system is a decimal system. (We will 
discuss time measurement in Section 91.) Other metric units of length and mass are derived from the 
basic ones by multiplying or dividing by powers of 10. We indicate the particular power of 10 that 
we are using by putting a prefix in front of the basic unit. The prefixes most commonly used are: 


kilo-, denoting 1000; centi-, denoting aaa" 


and milli-, denoting 


ait So, for example, as well as 


measuring lengths in metres, we also commonly use kilometres, centimetres and millimetres. 


When making a measurement, it is important to choose a suitable unit so that we can clearly 
picture what we are measuring. For example, it is not very helpful to be told that a person weighs 
0.076 tonnes, but we can easily picture what is meant when we are told that he or she weighs 76 kg. 


Here is a table of the commonly used units for measuring length, mass, time and liquid volume in 


the metric system. 


Units of length 


10 millimetres (mm) 


100 centimetres (cm) 


1 centimetre (cm) 


1 metre (m) 


1000 millimetres (mm) 


1 metre (m) 


1000 metres (m) 


1 kilometre (km) 


Units of mass 


1000 milligrams (mg) 


1 gram (g) 


1000 grams (g) 


1 kilogram (kg) 


1000 kilograms (kg) 


1 tonne (t) 


Units of time 


60 seconds (s) 


1 minute (min) 


60 minutes (min) 


1 hour (h) 


24 hours (h) 


1 day (d) 


Units of liquid volume 


1000 millimetres (mL) 


1 litre (L) 


1000 litres (L) 


1 kilolitre (kL) 


1000000 litres (L) 


1 megalitre (ML) 


To convert between units, it is helpful to think about how many of one unit are equal to one 


of another. 


Lye 
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When converting from one length of measurement to a different unit, you need to know the 
following conversions. 


+10 +100 + 1000 
f VN fNn FN 
millimetres | centimetres metres | kilometres 
i i ee eee, eee 
x 10 x 100 x 1000 


When dealing with mass and volume measurements, the following conversions are useful. 


+ 1000 + 1000 
milligrams grams kilograms 
millilitres litres kilolitres 
x 1000 x 1000 


> Units of measurement 


e We use the metric system of measurement. 
e The basic units of length, mass and time are the metre (m), the kilogram (kg) and the 
second (s), respectively. 


¢ Other useful units of length and mass are derived from these by multiplying or dividing 


by powers of 10. We indicate which particular power of 10 we are using by adding a 


prefix to the basic unit. 


Example 1 


a Express 1993 mm in: 


i centimetres ii metres 
b Express 1.2 km in: 
i metres ii centimetres 


a i 10mm=l1cm 
Measurements in millimetres are converted to centimetres by dividing by 10. 


Hence, 1993 mm = 1993 cm 


= 199.3cm 
ii 1000mm =1m 


Measurements in millimetres are converted to metres by dividing by 1000. 


1993 
Hence, 1993 = —— 
ence mm 1000 m 


= 1.993 m 
(continued over page) 
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b i 1km=1000m 
Measurements in kilometres are converted to metres by multiplying by 1000. 


Hence, 1.2 km = 1.2 x 1000 m 
= 1200 m 
ii 1 km =1000m, and 1m=100cm 
Hence, 1.2 km = 1.2 x 1000 m 
= 1200m 
and = 1200m= 1200 x 100 cm 
= 120000 cm 
so 1.2km = 120000 cm 


Example 2 


Copy and complete these statements. 


a 7cm6mm = mm 
b 4m65cm= cm 
c 10km380m= m 


a 7cm6mm=/76mm 
b 4m 65cm = 465 cm 
c 10km 380 m= 10380 m 


a Express 2689 g in kilograms. 
b Express 36.5 kg in grams. 


a Measurements in grams are converted to kilograms by dividing by 1000. 
2689 ke 
1000 
= 2.689 kg 
b Measurements in kilograms are converted to grams by multiplying by 1000. 
36.5 x 1000 = 36500 
Hence, 36.5 kg = 36500 g 


Hence, 2689 g = 
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Example 4 
a Express 4 km 83 m in metres. b Express 2 t 15kg in kilograms. 
a 4km=4000m b 2t=2000 kg 

Hence, 4 km 83 m= 4000 + 83 Hence, 2 t 15 kg = 2000 + 15 


= 4083 m = 2015 kg 


Exercise A 


1 The diagrams below show the readings for measurements taken using a range of different 
measuring tools. In each diagram, the arrow indicates what the measurement was. Read the 
scale and write down the reading. Include the unit of measurement in each case. 


r\ 


1000ml 
800 


Dearne) 2 Copy and complete these statements. 


a6dcm=___ mm b 180mm=___—cm 
ec 18cm=____mm d43cm=__ mm 
e 27mm=___—cm f 583mm=____— cm 
g3m=___ cm hl.9m=_ cm 
i 2km=__  m j |[km=___cm 
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eg Sbiimesumtee 


=> 3 Copy and complete these statements. 


ascm7mm=___ cm 
c 6cm7mm=___ cm 
e 45km 800m=__ sm 
255) 4 Copy and complete these statements. 
a493g=__ikg 
ec 34t=_ _kg 
e453kg=_ sg 
g 290mg=___g 


k 6.34 km = m 
m 9000 cm = km 
eee oe 
2 
jn mm 
5 
3 ene mm 
8 


5 a Express 5 km 23 m in metres. 


236 


c Express 3 t 20 kg in kilograms. 


6 Copy and complete these statements. 


a 800 millilitres = litres 


e 4002 millilitres = litres 


1 200000 mm=___—i&km 
n 2901m=__ km 


b 5cm9mm= mm 
d3m65cm= cm 
f 14km38m= km 


b 2.3 kg = g 
1 

d —kg= 
4 *8=—_8 

f 480 mg = g 
1 

h—t= k 
10 


b Express 15 km 20 m in metres. 
d Express 24 t 15 kg in kilograms. 


b 1.5 litres = ___ millilitres 
d 3968 litres = kilolitres 


7 Each lap of a swimming pool is 50 m. How many laps must I swim to cover | km. 


8 A small bag of potatoes weighs 500 g and a large bag weighs 1.5 kg. What is the total 
weight if I buy 2 small and 3 large bags of potatoes? (Give your answer first in grams, and 


then in kilograms.) 


9 Markers on the road are placed 20 m apart. If the distance from the first marker to the last 
one is | km, how many markers are there in total? 


10 A picture, which is 60 cm wide, is to be placed in the centre of a wall. The length of the 
wall from left to right is 5 m. What is the distance between the left-hand edge of the picture 


and the left-hand edge of the wall? 
11 Calculate: 


a 3.05 kg x 5 b 4.405 m x 3 c 11.6cm x 16 
d 124kg x 16 e 3.106 t x 34 f 68m+4 
g 33.12t+ 24 h 72.352 kg + 8 i 5.6256 km +4 
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12 Find the cost of: 


a 6m of string at 99 c a metre b 500 mm of ribbon at 84 c a metre 
c 4L of oil at $1.50 per litre d 100 g of fudge at $2.80 a kilogram 
e 8 kg of rice at $0.85 a kilogram f 250 m of rope at $120 a kilometre 
g carting 5 t of rubbish at $24 a tonne h 200 mL of shampoo at $6.30 a litre 


i 600 kg of sand at $20 a tonne 


Other units 


In addition to the prefixes mentioned in the previous section, other measurement prefixes are also in 
common use. For example, a micrometre (written as um) is one millionth of a metre. (The Greek 
letter u, pronounced mu, corresponds to our letter m.) 


Here is a table of some prefixes and the corresponding factors. 


How many millilitres are there in an Olympic-sized pool that holds 2.5 megalitres (ML) 
of water? 


First convert to litres. 


Volume = 2.5 ML 
=2.5 x 1000000L (1 ML = 1000000 L) 
= 2500000 L 
(continued over page) 
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—SCS 


Example 5 


Now convert to millilitres. 


Volume = 2500000 x 1000 mL (1 L = 1000 mL) 
= 2500000 000 mL 


There are 2 500 000 000 mL in a 2.5 ML Olympic-sized pool. 


1 
2 
3 


ean HA wn & 


6 ) Exercise 9B 


How many litres are there in a megalitre? 
How many micrometres are there in a centimetre? 


Dartmouth Dam has a capacity of 4 million megalitres. If the dam is currently holding half 
of its capacity, how many litres is this? 


Peter walks 5.1 km each day. How many micrometres is this? 

Convert 9.85 megatonnes into milligrams. 

If you are 158 cm tall, how many decimetres is that? 

If 1 litre is equivalent to 1 cubic decimetre (1 dm*), what is 890 mL in cubic decimetres? 


How many minutes are there in a micro-century? 
(Assume there are 36 525 days in a century.) 
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The unitary method 


If 5 apples cost $2.50, how much do 3 apples cost? 


The easiest way to solve this is to work out the cost of 1 apple and multiply by 3. 


5 apples cost $2.50 


1 apple costs $0.50 
3 apples cost $1.50 


This method of solving problems is known as the unitary method, because we work out the cost of 
one item (or unit) first. 
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9 C THE UNITARY METHOD ir 
Example 6 


If 12 cans of soft drink cost $9.36, how much do 7 cans cost? 


12 cans of drink cost $9.36 
1 can of drink costs $0.78 +12 


7 cans of drink cost $5.46 


SD Exercise 0 


Example 6 } 


If 5 blocks of chocolate weigh 1875 g, how much do 3 blocks of chocolate weigh? 
If 3 kg of tea cost $27.33, what is the cost of 4 kg? 


If 7 tins can hold 1421 g of coffee, how much, in kilograms, can 3 tins hold? 


1 
2 
3 
4 Acar travels 77 km on 11 litres of fuel. How far can it travel on 130 litres? 
5 Ifa train travels 210 km in 3 hours, how far will it go in 8 hours? 

6 Which is cheaper, 12 oranges for $4.08 or 30 oranges for $12.96? 

7 


Tim can ride 100 m in 15 seconds on his bike. Assuming he continues at the same speed, 
how many kilometres can he travel in 30 minutes? 


oo 


A man walks 200 m in 2 minutes. How far will he walk in an hour? 
9 A particular type of rope costs $2.50 for 25 cm. How much does 2 m of rope cost? 
10 Acar travels 200 metres in 10 seconds. How far will it go in: 
a aminute? b an hour? 
11 Itis found that 3 apricots weight 300 g. How many kilograms would 20 apricots weigh? 


12 If9 men can build a wall in 63 days, how long would it take 40 men to build the same wall 
if they worked at the same pace? 


13. a If 7 seedlings cost $5.60, find the cost of: 


i 10 seedlings ii 1000 seedlings iii 12 seedlings 

iv 1200 seedlings v_ 25 seedlings vi 125 seedlings 
b Find the cost of 7 seedlings if: 

i 10 seedlings cost $4.00 ii 12 seedlings cost $36.00 

iii 50 seedlings cost $60.00 iv 200 seedlings cost $24.00 

v 9 seedlings cost $3.15 vi 11 seedlings cost $112.20 


7a 


CHAPTER 9 MEASUREMENT 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


Perimeter 


The word perimeter comes from two Greek words: peri, meaning ‘around’, and metron, meaning 
‘measure’. Thus, the word perimeter means ‘measure around’. We use the word perimeter to mean 
the length of the boundary of a two-dimensional figure. 


Imagine walking around the edge of the rectangle shown below and counting the number of 
intervals, each of length 1cm. This measurement is the perimeter of the rectangle. The perimeter of 
the rectangle is the sum of the lengths of its sides. 


6cm Perimeter =6+4+6+4 
rr ee 
= 20cm 
4cmpP 44cm 
| l l 
6cm 


The perimeter of the figure shown below is the sum of the lengths of its sides. 


3km Perimeter =3 +54+8+10 
= 26 km 


10 km 


5 km 


8 km 
The perimeter of the triangle shown below is the sum of the lengths of its sides. 


Perimeter = 3a + 3a + 2b 
=6a+ 2b 


The perimeter of a figure bounded by straight sides is the length of its boundary, and is 
calculated by finding the sum of the lengths of its sides. 


240 


ICE-EM MATHEMATICS YEAR 7 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


9D PERIMETER ir 
Example 7 


Find the perimeter of this figure. 
20 cm 


6cm 


15cm 8cm 


9cm 


12cm 


To find the perimeter, add the lengths of the sides. 


Perimeter = 15 + 20+64+8+4+9+4 12 
= 10) can 


| e Exercise 9D 


1 Find the perimeter of each of these figures. Sides that are equal are marked with the 
same symbol. 


a b c 
5 3 | : L al 
4 4 | 
d 7 e 
17 17 
18 12 
15 16 


Mm 
Tr 
tt 

= 

N 


2 Ineach figure below, use your ruler to measure the length of each side in millimetres 
(as accurately as you can) and then calculate the perimeter. 


bc 


a D 
/ \ 
A B 
A B 
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9D PERIMETER 


3 The figures shown below are drawn on a | cm grid. Find the perimeter of each figure, in 
centimetres. 


4 Calculate the perimeter of a rectangular room with dimensions of: 
a length 2.3 m and width 3.6m b length 9.8 m and width 6.4 m 


5 Write an algebraic expression for the perimeter of each figure. 


a b 
c x. x 
b 
x 
c d a 
| | \: 
3a 


3b 7x 


6 For each part below, draw two different rectangles with the given perimeter. 


a 20cm b 14cm c 9cm 


7 For each part below, draw three different rectangles with the given perimeter. 


a 18cm b 8cm c 14cm 


8 Find the perimeter of the figure below. All angles are right angles. 
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Area 


The area of a rectangle is the size of the region inside it. We measure the area of a rectangle by 
counting the number of unit squares inside it. 


The area of the above rectangle is 12 square metres, which we write as 12 m?. We can also find the 
area of this rectangle by multiplying the lengths of the sides. 


Area=3 x4 
= 12m? 


We calculate the area of a rectangle by taking the product of the lengths of two adjacent sides. 
These two sides are called the length and width of the rectangle. It does not really matter which is 
which, because if we turn the rectangle through 90° and so interchange the length and width, we still 
have the same area. 


Width 


Length 
If we use the letter L to represent the length, and W to represent the width, then we write the area as: 


Area = L x W 
=LW 


This is called the formula for the area of a rectangle because it applies to all rectangles. 


When using this formula to calculate the area of a rectangle, we have to make sure that we use the 
same units for length and width. For example, if we measure the length and width of a rectangle in 
centimetres (cm), the unit of area is the square centimetre, which is written as cm” because we are 
multiplying cm by cm. 


Example 8 


Find the area of a rectangle with length 12 cm and width 14 cm. 


Area=L x W 
= 12 s< (4 
= 168 cm? 
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Note that we can use the formula for the area of a rectangle to calculate the area of a square, because 
a square is just a rectangle with equal side lengths. 


The length of this square is 3 cm and its width is 3 cm. The area of the 
square is given by the formula as: 
Area=L x W 
=3e5 ae 
=9 cm? 
For a square, the length and width are equal, so we can write the 
formula for the area of a square as: 
Area=L XL 
= [? 


Example 9 


Find the area of a square with side length 3.2 cm. 


Commonly used units of area are: 

* the square centimetre (cm7), which is the area of a 1 cm by 1 cm square 

* the square millimetre (mm/), which is the area of a 1 mm by 1 mm square 

* the square metre (m7), which is the area of a 1 m by | m square 

° the square kilometre (km7), which is the area of a 1 km by 1 km square, and 


¢ the hectare (ha), which is the area of a 100 metre by 100 metre square. This is equivalent to 
10000 m2. There are 100 ha in a square kilometre. 


Example 10 


A farmer has a rectangular paddock as shown. Find its area in hectares. 


300 m 


800 m 


244 


ICE-EM MATHEMATICS YE 
ICE-EM Mathematics 7 3ed ISBN 978- ey F 08-40124- 1 ©The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


9E AREA a 


Area=L x W 
= 800 x 300 
= 240 000 m2 
_ 240000 
~ 10000 
=24ha 


The area of a rectangle is the size of the region inside it. 

The area of a rectangle is found by multiplying the length by the width: 
Area=L x W 

The area of a square is the square of its side length: 

Area = L? 


When using either of these formulas, all measurements must be in the same units. 


One hectare = 10000 square metres and 100 hectares = 1 km7. 


Example 11 


Find the area of a rectangle with length 3 m and width 86 cm. 


Area=L x W 
=3 x 0.86 (Convert centimetres to metres.) 
=2 58 m- 


Example 12 


A rectangle has length 2x cm and width 3y cm. Find its area. 


3ycm 
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N 9E AREA 
oe 


@Rsoccs: 


1 Find the area of each of the rectangles on the grid below by counting the number of squares. 
Imaging that the figures below have been drawn on | cm? grid paper. 


2 Find the areas of these figures. 


a A square with side length 3 m 


b A rectangle with length 9 cm and width 7 cm 


c A square with side length 13 mm 


d A rectangle with length 1.1 cm and width 3.2 cm 
3 Calculate: 


a the number of square centimetres in a square metre 
b the number of hectares in a square kilometre 
c the number of square metres in a square kilometre 
2) 4 a Find the area in square metres of a rectangle with length 5 m and width 85 cm. 


b Find the area in square kilometres of a rectangular region of land with length 800 m 
and width 2 km. 


=) 5 Calculate the area of a rectangular field with length 4 km and width 0.5 km. Give your 
answer in hectares. 


6 Calculate the area of a rectangular field with length 150 m and width 0.6 km. Give your 
answer in square metres. 


7 The table below gives incomplete information for four rectangles. Copy the table and fill 
in the gaps. 


27acinie 
85 m2 
144 km? 
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8 Write down algebraic expressions for the areas of the square and rectangle shown. 
a b 


3a 7C 
9 A rectangular deck has length 6 m and width 4 m. It costs $90 per square metre to tile the 
deck. How much will the tiling cost? 


10 A wall that is to be painted on one side has length 5 m and height 3.5 m. It requires two 
coats of paint. What is the total area to be painted? 


11 Glass costs $25 per square metre. Find the cost of glazing a window with length 225 cm 
and width 150 cm. 


12 It costs $225 to put grass on a rectangular piece of ground measuring 3 m by 5 m. How 
much will it cost to put the same kind of grass on a piece of ground that is 7 m by 4m? 


13 Calculate the area of a road that is 10 m in width and 3.8 km in length. Give your answer 
in hectares. 


14 Calculate the area in square metres of a square table top with side length 130 cm. 


15. The floors of three rooms of a palace are to be covered in tiles. Each tile is one centimetre 
square and costs $4.50. The rooms measure 8 m by 5.4 m, 2.7 m by 8.9 m and 300 cm by 
13.3 m, respectively. Calculate the total cost. 

16 For each part below, draw two different rectangles with the given area. 

a 9 cm? b 25 cm? c 36cm? 

17 For each part below, draw three different rectangles with the given area. 


a 12cm? b 15 cm? c 24 cm? 


Areas by addition 


and subtraction 


Sometimes a figure can be broken up into a number of separate rectangles. We can calculate its area 
by adding up the areas of these rectangles. We can also find areas by subtracting a smaller area from 
a larger one. 
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9F AREAS BY ADDITION AND SUBTRACTION 


Example 13 


Calculate the area of the shaded regions below. 


a b 
2cm 10 cm 
3cm 
12 cm 

a Area=8X2+3x5 b Area= 12x 10-8 x6 

= 16+ 15 = 120 - 48 

= 3ieme = 72cm 
Example 14 
Find the area of the figure shown. 

2cm 
pears K 


13. cm 


ke 


In this figure, we have two rectangles intersecting in a small rectangle. Hence, we add the 
areas of the two rectangles and subtract the area of the intersection so that it is not counted 


twice. 

ANI NS S< Il 4h Dx IBS BW Il 
=154+26-2 
= 39 cm? 
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9F AREAS BY ADDITION AND SUBTRACTION 


Example 15 


Find the area of the shaded region in the figure shown. 


Length of outer rectangle=6+1+ 1 
=8cm 
Width of outer rectangle =2+1+ 1 
=4cm 
Area of outer rectangle = 8 x 4 
= 2 cme 
Area of inner rectangle = 6 x 2 
= 12cm 
Area of shaded region = 32 — 12 
=20 cme 


ce 


1 Find the area of each figure by adding areas of squares and rectangles. 


a 3cm b 4cm c 1m 
2cm Ree om 
So | | Ce ere aa!) 
[oa 3.cm 
4m 
2cm ae 
2cm 4m 
2 Calculate the area of each figure. (In part c, find the shaded area.) 
10cm 6cm 7m 
5m 
4cm am 
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9F AREAS BY ADDITION AND SUBTRACTION 


c d 
3m 
1m 
7cm om 
7cm 7m 
e —— er A f 6cm 
1cm 1cm 
1cm 1cm 
3cm 
1cm 
al 76cm 6cm 
2cm 
1cm 1cm 1cm 
1cm 1cm 
{#- —.---------- ¥ 
Boze h 8m 
5cm 6m 
6m 2m I 
ro 4 4m 
1 3m a | 
1 MH 


6cm 


| | 
I I 
| | 
i} I 
| | 
| | 
| | 
| | 
I I 
i i 
| | 
1 | 
| i 
I I 
| 1 


—— 8 cm —S> 


3 Calculate the area of the shaded region. Each small square has side length 3 m. 


9m 
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ee 


4 The area of each shaded region is 1 m?. What is the total area of the figure? 


2m 
2m 


5 Four rectangles, each with length 5 m and width | m, overlap to form the figure shown. 
Calculate its area. 


Areas of triangles and 
parallelograms 


Triangles 


Take triangle XYZ, shown below, with base XZ = 10 cm and height WY = 6 cm. We can complete a 
rectangle around the triangle as shown. 


Y 


10 cm 


The rectangle XX“Z’Z has length 10 cm and width 6 cm, so its area is 60 cm”. 


The diagram shows that the area of each smaller triangle is equal to half the area of the 
corresponding enclosing rectangle. Hence, the area of the large triangle is equal to half the area of 
the large rectangle. 
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~ 9G AREAS OF TRIANGLES AND PARALLELOGRAMS 


The area of triangle XYZ is: 


Area of triangle XYZ = ; x 10x6 
= 30 cm? 


Is it always the case that the area of a triangle is equal to half its base multiplied by its height? We 
have shown above that this is true for triangles with angles that are no more than 90°, so finally we 
consider the case of an obtuse-angled triangle. 


Obtuse-angled triangles 
Let ABC be an obtuse-angled triangle with base length 6 cm and height 3 cm. 


A 6cm B 


Make a right-angled triangle as shown below. Let the length of XA be ¢ cm. 
Cc 


3cm 


x A 6cm B 


The area of the blue shaded triangle is found by subtracting the grey shaded area from the area of the 
right-angled triangle CXB: 


Area==> X 3 x (+ 6) — 5x3xe 


Wie I= Nin = 


x3x(€+6-2) 


x 
ee) 
x 
oO 


x height x base 
=9 om? 


So we see that, in all cases, the formula for the area of a triangle with and perpendicular height h 


base b is: 
Area = : x base x height 
= whch 
“2 
1 
=5 bh 
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9G AREAS OF TRIANGLES AND PARALLELOGRAMS 


Although we use the words ‘height’ and ‘base’, we sometimes have to turn the figure around to work 
with a different base and its corresponding height. The height is always taken to be the length of the 
perpendicular line from the vertex opposite to the chosen base. 


Example 16 


Calculate the area of the triangle shown. 


14m 
has Sp 
2 
Bee iA 
2) 
27 x5 
=25 a1 


> Area of a triangle 


¢ The area of a triangle is found by multiplying half the length of the base by the height of 
the triangle: 


Area = 1 bh 
2 


e It does not matter which side is chosen as the base, as long as the height is taken as the 
length of the perpendicular line from the vertex opposite to the chosen base. 


Example 17 


Calculate the area of the triangle shown. 


9mm 
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N 9G AREAS OF TRIANGLES AND PARALLELOGRAMS 


Example 18 


Find the area of the figure Snowe 


8cm 


Area of rectangle = 8 x 4 
= 32 cme 


Area of triangle = : x8x2 
= scm 


Area of figure = 32 + 8 
= Agicm= 


Parallelograms 


Area of a parallelogram 


A parallelogram has each pair of its opposite sides parallel, as shown. 
To find the area of this figure, first draw in the diagonal AC to form 
triangles ABC and ADC. The atea of AABC = > x b x h. Similarly, the A > OD 
area of AADC = 5 xb x h. 


Area of the parallelogram ABCD = Area of AADC + Area of AABC 


ae u 
=z bh +5bh 
=bh 
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9G AREAS OF TRIANGLES AND PARALLELOGRAMS 


cc Area of a parallelogram 


Area of a parallelogram = bh 


ih 


i 


Example 19 


Find the area of the parallelogram shown. 


6m 


= 
17m 


Area = base X height 
=17x6 
= 102m? 


DY ese 


1 Find the area of each triangle. 


a 


8cm 


4cm 


15mm 


13 mm 


13cm 14 mm 
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N 9G AREAS OF TRIANGLES AND PARALLELOGRAMS 


2 Find the area of each of these triangles. Imagine that they are drawn on | cm? grid paper. 


3 Copy and complete the areas of triangles a to d. 


5 Draw three different triangles with the same base and the same area. 


6 How many triangles such as those in question 5 are there? Explain how you could draw 
15 such triangles. 


7 Find the area of each figure below by adding the areas of squares, rectangles and triangles 
as necessary. 


8km 
5cm 
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9G AREAS OF TRIANGLES AND PARALLELOGRAMS 


c 6cm 


12cm 


17m 


3cm 


4cm 


8 Find the area of the shaded region in each figure below by adding and subtracting the areas 
of squares, rectangles and triangles as necessary. 


a 12m 5m b 
S< > 


4m 


10m 
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9G AREAS OF TRIANGLES AND PARALLELOGRAMS 


9 Prove that the area of a parallelogram is bh by a method suggested by this diagram. 


10 The table below gives the bases, heights and areas of various parallelograms. Copy the table 
and fill in the missing entries. 


11 Find the areas of these regions. 


a 8cm 
1 
14m 
[] 


12 A parallelogram has area 56 cm? and base 14 cm. What is the height of the 
parallelogram? 


13. A parallelogram has the same area as a rectangle of width 4 cm and length 6 cm. If the 
height of the parallelogram is 10 cm, what is the length of the base? 


14 _ A parallelogram has a height that is half of its base. The area of the parallelogram is 18 cm’. 
What is the height and base of the parallelogram? 


15 Rectangle ABCD has length 8 cm and height 4 cm. 
A Xx B 
D Y a 
The two triangles AXD and BYC have height 4 cm and base 2 cm. Find the area of the 
parallelogram DXBY. 
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Volume of rectangular 
prisms 


The diagram on the right shows a right rectangular prism. Note that: 
* the base is a rectangle 


¢ if we slice it through any horizontal plane, the cross-section is a rectangle 
exactly the same as the base 


¢ there are three right angles at each corner. 


(The word ‘right’ is used here as a compact and convenient way of saying ‘the 
walls are vertical’.) 


An example of such a solid is a shoe box. 


If the faces are all exactly the same, we call the solid a cube. 


The volume of a rectangular prism is a measure of the space inside the prism. 


Consider a rectangular prism of side lengths 5, 4 and 3. 


We call these numbers the dimensions of the prism. 


(They could also be called the length, width and height of the prism, but 3 
since we can rotate the prism, these words are used rather loosely, so it is often 4 
better to talk about the dimensions.) 


We can cut the prism up into cubes, each of side length 1, as shown. We say that the volume of each 
of these cubes is 1, which we read as ‘one cubic unit’. 


Altogether there are 5 x 3 x 4 = 60 cubes, each of volume 1, so we say that the volume of the 
prism is 60. 


In practice, the dimensions could be 3 cm x 4cm x 5 cm. In this case the unit cube will have 
volume | cm? and the box will have volume 60 cm*. We would therefore say that the box has volume 
60 cubic centimetres. 


In general, the volume of a rectangular prism is given by: 


Volume of a rectangular prism = length x width x height = fwh 


Example 20 


Find the volume of a rectangular prism with dimensions 5 cm, 6 cm and 12 cm. 


Volume = fwh 
So WSS xO 12 
= 360 cm? 
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N 9H VOLUME OF RECTANGULAR PRISMS 
=e OU GNIS Ce Mer a 


Slices and area 


We can see that the rectangular prism is made up of five copies of the 4 x 3 x 1 
slice shown. The base area of the slice is 4 x 3 = 12 and the height is 1. There 
are 5 such slices in the original prism, so we obtain: 3 


Volume = 12 x 5 
= 60, as before. 


Thus: 
Volume = Ah, 
where A is the area of the base. 
The base can be any one of the six different faces of the prism. 


Note: The formulas above are still valid even when the dimensions of the prism are not whole 
numbers. 


cy Right rectangular prism 


e Aright rectangular prism is a polyhedron in which: 
— the base is a rectangle 


- each cross-section parallel to the base is a rectangle that is exactly the same as 
the base 


— there are three right angles at each corner of the base. 


e Volume of a right rectangular prism = length x width x height 
=twh 


OR 


¢ Volume of a right rectangular prism = Area of base x height 
=Ah 


@ Exercise 9H 


1 Find the volume of a rectangular prism whose dimensions are 11 mm, 10 mm and 8 mm. 


2 Find the volume of each prism. 


a b 2cm 
8cm 


9cm 


3cm 
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9H VOLUME OF RECTANGULAR PRISMS 


3 If@is 1 unit cube, find the volume of each of these figures in unit cubes. 


| eh Frese & 
4 The table below gives the lengths, widths, heights and volumes of various rectangular 
prisms. Copy the table and fill in the missing entries. 


ao & 


5 A rectangular tank with a base that is 2 m by 1.5 m has a depth of 3 m. What is the volume 
of the tank? 


6 A tank in the form of a rectangular prism has base dimensions 2.5 m by 1.5 m and holds 
water to a depth of 3 m. If the depth is increased by 2 m, what is the increase in the volume 
of the water? 


7 A right rectangular prism has base area 45 cm? and height 15 cm. What is the volume of the 
prism? 

8 A right rectangular prism has dimensions 20 mm x 30 mm x 50 mm. What is the volume of 
the prism in: 
a cubic millimetres? b cubic centimetres? 


9 A right rectangular prism has volume 450 mm+. The height of the prism is 10 mm. Give 
three sets of whole number dimensions for such a prism. 


10 A right rectangular prism has volume 240 m?. The height of the prism is 10 m. Give 
three sets of whole number dimensions for such a prism. 
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9 Time 


Time is different from other measurements because it is not based on powers of 10. 


e There are 60 seconds in 1 minute. 
¢ There are 60 minutes in | hour. 
¢ There are 24 hours in 1 day. 


e There are 7 days in a week. 
+60 +60 +24 +7 


Lf NLNLN 
seconds minutes hours 
a a ee 


x 60 x 60 x 24 x7 


There are two ways of recording the time of day: 


e Using a.m. and p.m. — For example, 5:30 p.m. means 5 hours 30 minutes after midday, 0:30 a.m. 
means 30 minutes after midnight. Remember that a.m. stands for ante meridiem, which is Latin 
for ‘before noon’, and p.m. stands for post meridiem, which is Latin for ‘after noon’. 


¢ Using the 24-hour system — For example, 2235 means 22 hours and 35 minutes after midnight. 
This is the same as 10:35 p.m. 0530 means 5 hours and 30 minutes after midnight or 5:30 a.m. 
1730 is the same as 5:30 p.m. Note that there is no need to indicate morning by using a.m., or 
afternoon by using p.m., when using 24-hour time. By convention, midnight is 0000, not 2400. 


Example 21 


Calculate the number of: 


a seconds in 19 minutes b minutes in 16 hours 
c hours in 6 days d_ days and hours in 560 hours 
| solution 
a 19 x 60= 1140 seconds (60 seconds in a minute) 
b 16 x 60 = 960 minutes (60 minutes in an hour) 
c 6x 24= 144 hours (24 hours in a day) 
a 3 i remainder 8 


So 560 hours is 23 days and 8 hours. 
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91 TIME a 


Adding time 


As time measurement is based on the numbers 7, 24 and 60, calculations involving time need to be 
handled carefully. 


A truck driver drove for 5 hours and 45 minutes on Monday, 4 hours and 50 minutes on 
Tuesday and 6 hours and 30 minutes on Wednesday. What was the total time she spent driving? 


Sh 45 m (Add the minutes, add the hours.) 
+ 4h 50m 
+ 6h + 30m 
15h 125m 


Total time spent driving = 15 hours + 2 hours + 5 minutes 
(Convert the minutes total to hours and minutes.) 
= 17 hours 5 minutes 


Subtracting time and elapsed time 


Calculating elapsed time is a skill that is made interesting by the fact that time is based on the 
numbers 24 and 60. 


a Jane left home at 3:54 p.m. to travel to her aunt’s house. She arrived at 5:40 p.m. 
How long did her journey take? 


b Jane’s father drove from their home to the aunt’s house and it took him 48 minutes. 
How much longer did Jane take to arrive? 


a At 3:54 p.m., there are 6 minutes to 4 p.m., and another | hour and 40 minutes to 5:40 p.m. 


So Jane’s total travel time = 6 minutes + 1 hour + 40 minutes 
= | hour 46 minutes 


b We need to work out the difference between Jane’s travel time of 1 hour 46 minutes and 
her father’s, 48 minutes. 


12 minutes are needed to build up from 48 minutes to 1 hour, and then there are 
46 minutes after that. 
Total = 12 + 46 
= 58 minutes 
Jane took 58 minutes longer to arrive than her father. 
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| TIME 
2g is eee 
Example 24 


Marathon runners take about 3 hours to run 42 km. If a runner started at 11:23:00 a.m. 
(23 minutes past 11, no seconds) and finished at 2:40:49 p.m., what was the time taken to 
complete the marathon? 


The time taken to complete the marathon is calculated by building up to the next whole 
minute or hour. 


Time Hours Minutes Seconds 
Start time 11:23:00 a.m. 
Build up to 12:00:00 p.m. 37 minutes 
Build up to 2:00:00 p.m. 2 hours 
a nee 2:40:49 p.m. 40 minutes 49 seconds 
Total 2 hours 77 minutes 49 seconds 
Total time taken to complete the marathon 
(Convert minutes to hours 3 hours 17 minutes 49 seconds 


and minutes) 


A boat takes 8 days and 5 hours to complete its journey. So far, 3 days and 11 hours have 
elapsed. How much longer will the trip last? 


Hours 


Start time 
Build up to 


Build up to 
finish time 


Time Days 
3 days 11 hours 

4 days 

8 days 5 hours 4 days 


13 hours 


5 hours 


Total 


4 days 


18 hours 


There are still 4 days and and 18 hours to go until the trip is complete. 


e Measurement of time is based on the numbers 7, 12, 24 and 60. 


e Building up to whole minutes, hours or days is helpful when calculating time differences 


and when 
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@ Exercise 9 


TT txampte 21] 1 Calculate the number of: 


a seconds in 23 minutes b minutes in 24 hours 
c hours in 17 days d days and hours in 429 hours 
e minutes in 3 days f hours and minutes in 392 minutes 


g hours, minutes and seconds in 5201 seconds 


2 Convert each of these times to 24-hour time. 


a 2:30 p.m. b 6a.m. 

ce 11:49 p.m. d Eight thirty-five in the evening 
e Twenty-five to six in the morning f Midday 

g Midnight h Five past three in the afternoon 


i Two minutes to midnight 


3 Write each of these 24-hour times in 12-hour time using a.m. and p.m. 


a 1300 b 0600 c 0820 d 2330 

4 Convert: 
a4 3 hours to minutes b 289 minutes to hours and minutes 
c ; of a year to months d 1 week to hours 


5 On one day, four students worked for 3 hours 42 minutes, 4 hours 19 minutes, 1 hour 
26 minutes, and 3 hours 6 minutes, respectively. How many hours and minutes were spent 
working by all four students together? 


6 Mario worked for 17 days 18 hours in January, 28 days 21 hours in February and 25 days 
3 hours in March. What was the total time he worked? 


7 Graham travelled for 3 days 23 hours by boat, then 26 hours by plane and finally 4 days 
18 hours by train to be home for his mother’s birthday. How long did his journey take? 


8 What is the elapsed time, in days, hours and minutes, between: 
a 12 noon and 3:45 p.m.? 
b 6 p.m. and 8:30 p.m. 
c 1200 and 1830? 
d ten past eleven in the morning and three-thirty in the afternoon of the same day? 
e 5:35 a.m. on Tuesday and 6:20 a.m. on the next Wednesday? 
f 2:32 a.m. on Friday and 4:55 p.m. on the following Sunday? 
g 1 p.m. on Thursday and 5:25 a.m. on the following Tuesday? 
9 When it is 3:03:52 p.m. (the last two digits indicate seconds) in Brisbane, the time is 


7:03:52 a.m. on the same day in Madrid. We say that Brisbane is ahead of Madrid. What is 
the time difference between the two cities? 
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10 If I started a train trip at 1430 and finished it at 0625 the next day, how long did the 
journey take? 


11 Three people ran the Canberra marathon; their times were 2:43:52 (2 hours 43 minutes 
52 seconds), 2:46:57 and 2:47:15. What were the time differences between the first and 
second competitors, and between the second and third? 


12 Suppose a child is born at 2349 on one day and his twin brother is born at 0008 the next 
day. How much older is the first child? 


13 The time zone difference from Melbourne to Los Angeles is 19 hours, Melbourne being 
ahead in time. What time would it be in Melbourne if it were 6:27 a.m. on Tuesday in 
Los Angeles? 


14 Sarah takes 4 hours and 45 minutes to read a 200-page novel, while Derek takes 5 hours 
and 2 minutes. Now they both read a 300-page novel. If they read at the same speeds as for 
the previous novel, how much faster than Derek will Sarah finish the 300-page novel? 


Speed 


Speed is a measure of how far something has travelled for a given unit of time. 


Constant speed 


If the speed of an object does not change, we say that the object is moving with constant speed. 

A car travelling at a constant speed of 60 kilometres per hour would travel 60 kilometres in one 
hour. It would travel 120 km in 2 hours and 150 km in 2 + hours. For example, if I travel at a 
constant speed for 100 kilometres and it takes me one hour to complete the journey, then my speed 
is 100 kilometres per hour. This can also be written as 100 km/h. If I travel 100 kilometres in 2 hours 
(at a constant speed), then my speed is 50 km/h. 


The speed of a moving object is defined to be the distance travelled divided by the time the object 
takes to travel that distance. If we use the letter d for the distance travelled and ¢ for the time it takes 
to travel that distance, then we write the formula for speed as: 


distance 


S = : 
peed time 


a1 
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9J SPEED a 


Example 26 


Jung travels at a constant speed for 60 kilometres and it takes 4 hours to complete the 
journey. What is his speed? 


time 


Example 27 


A man runs at 10 m/s for 11 seconds. How far does he run? 


distance = speed x time 
= Jt) 
=110m 

The man runs 110 m. 


Average speed 


When driving a car or riding a bike, it is very rare for our speed to remain the same for a long period 
of time. Most of the time, especially in the city, we are slowing down or speeding up, so our speed 
is not constant. If we travel 20 kilometres in one hour, then we say that our average speed over 

that hour is 20 km/h, even though we must have travelled faster than this at some times and slower 
(perhaps even coming to a complete stop) at others. When we calculate speed, we often mean 
average speed. 


Example 28 


Paul rides 12 km on his bike in three quarters of an hour. What was his average speed? 


distance 
time 

e) 

=12+=-— 

4 


speed = 
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9J SPEED 


Example 29 


Kaelah travelled at an (average) speed of 50 km/h for 3 hours. How far did she travel? 


An average speed of 50 km/h means that in 1 hour Kaelah travelled 50 km. 
Hence, in 3 hours she travelled 3 x 50 = 150 km. 


Example 30 


The speed of light is approximately 300 000 000 metres per second. How far, in kilometres, 
would a light ray travel in one minute? 


In one second, light travels 300 000 000 metres. 
Hence, in 60 seconds light travels 


300 000 000 x 60 metres = 18000000000 metres 
= 18000000 kilometres 


OY cso 


1 Copy and complete this table. 


Example 27 30 m/s 
55 km/h 


60 km/h 


A child cycles for 90 minutes at 8 km/h. How far does he go? 


Example 28 


A taxi drives 5.2 km to the airport in 13 minutes. What is its average speed in km per hour? 


Example 29 


Maxine paddled her surf ski for 30 minutes at 2 km/h. How far did she go? 


A balloon travels at 24 km/h for 4 hours 40 minutes. How far does it travel? 
An aircraft travels 3650 km in 5 hours. What is its average speed? 


A train travels for 36 minutes at 80 km/h. How far does it go? 


ean ana ua F Ww NY 


A boat travels 120 nautical miles in 5 hours. What is its average speed? 


268 ICE-EM MATHEMATICS YEAR 7 . a 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


ee 


9 


= 0 


11 


12 


13 


14 
15 


A plane is flying at a speed of 840 km/h. How far will it travel between 10:30 a.m. and 
11:15 a.m.? 


A top athlete’s average sprinting speed is recorded at 39.6 km/h. 

a What is this speed in m/s? 

b At this speed, how far could he travel in 18 seconds? 

Lucas took 25 minutes to walk 2.5 km and then 15 minutes to travel 17.5 km by train. 
a What was the total distance Lucas travelled? 

b What was his average speed when he was walking? 

c What was his average speed on the train trip? 

d What was his average speed for the entire trip? 

Henry travels 50 km by train in : of an hour, and then cycles for 10 km in : of an hour. 
a How long, in hours and minutes, did his whole trip take? 

b What is his average speed, in km/h, during the train trip? 

c What is his average speed, in km/h, during the bike trip? 

d What is his average speed over the whole trip? 


Linda rode 20 km uphill, which took her an hour. She then spent 40 minutes riding downhill 
the same distance. What was her average speed? 


Convert 60 km/h to metres per second. Convert x km/h to metres per second. 


A standard triathlon race involves 1500 m of swimming, a 40 km bike ride, and a 10 km 
run. If a competitor took 20 minutes for the swim, 55 minutes for the ride and 35 minutes 
for the run, what was his average speed, in km/h, for the event? 


Review exercise 


1 


CHA 
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Complete these conversions. 


a 1607mm=__ m b 1607 mm =__ cm c 197 mm=____cm 
d197mm=_ im e 230cm=_ ss mm f230icm— eee 
@ 55 cm = ___ mm IN 55) Cin =i) tele) kins Cha) 
i) 163 kin = mi k 83m=_ cm l s.3= km 
Complete these conversions. 

a3kg=___—s mg b3kg=___g c48g=_ kg 
d48g= mg e 1029mg=___g {1029 mg = Se 
g329kg=__—g h 329kg=___—s mg i4L=_ mL 
2 ke — ee k 2950 m= I 20km=_ um 
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REVIEW EXERCISE 


a 


10 


11 


270 


A 2.3 m length of timber is cut into 5 equal pieces. How long is each piece, in 
centimetres? 


42.8 kilograms of fruit is shared between 8 families. How much fruit does each family 
receive? 


A fence is required for a rectangular block of land that measures 51.6 m down each of 
the two sides and 16.85 m across the back, with no fence at the front. How long is the 
fence in total? 


If 35 lollies cost $5.25, how much do 18 lollies cost? 


I use 980 ¢ of flour to make 14 dim sims. How much flour is needed for 17 dim sims? 
How much is needed for 3 dim sims? 


Calculate the perimeter and area of each of these figures, assuming that the non-slanting 

lines are either horizontal or vertical. 

a ai b 
1m 


6m 
4m 10 km 


6 km 


Calculate the time that is 3 hours, 23 minutes and 59 seconds after each of these times. 
Express all answers as a.m. or p.m. 


a 2:30 p.m. b 11:43 p.m. 
ce 1:26:03 am: d 1800 


e Three forty-five in the afternoon 


At a supermarket, 250 g of chocolate costs $4.50, while the price is $12 for 1 kg 50 g of 
the same chocolate. Which is the more economical option? 


Find all 6 triangles in this figure and rank them by area. 


A 
B 3-5iem C 3.5cm D E 
< 10.5 cm > 
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12 
13 


14 


15 
16 


17 


18 


19 
20 


21 


22 


23 


24 
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REVIEW EXERCISE 


A right-angled triangle has sides of 5, 12 and 13cm. Find its area. 


If 200 m? of grass is required for the healthy grazing of 3 sheep, how much grass is 
needed to raise 15 sheep? How many healthy sheep can 2.5 hectares of land support? 


What is the perimeter, in metres, of a regular pentagon (all sides are equal), with side 
length 1.3 mm? 


Samantha runs at a speed of 8 m/s for 30 seconds. How far does she run? 


Yolanda runs 400 m in 52 seconds. What is her average speed in m/s? 
Louise rides 53 km in : of an hour. What is her speed in km/h? 


Find the area of each shaded region. 


a 1m 


1m 1m 


Fim 


6m 


What is the perimeter of a regular hexagon with side length 8.2 cm? 


Sole drives for 2 hours at 65 km/h and then at 80 km/h for 3 hours. What is Sole’s 
average speed for the 5 hours? 


Jane’s average walking speed is 8 km/h. If she walks for 3 hours and 20 minutes, how 
far has she walked? If she then hikes 10 km in 4 hours, what is her average speed for the 
entire journey? 


In bygone days, the imperial system of measurement was used. In this system, distance 
is measured in inches, feet, yards and miles. There are 12 inches in a foot, 3 feet ina 
yard, and 1760 yards in a mile. Given that 2.54 cm equals 1 inch, how many kilometres 
is a mile? 


A square of side length 8 cm has a triangle removed from it, 8.cm 


as shown on the right. What is the remaining area? 


A yacht race started on Monday at 13:49:30 and finished when the last yacht arrived at 
its destination on Friday of the same week at 07:15:29. How long was the race in hours, 
minutes and seconds? 
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25 Elephants often weigh as much as 3 tonnes, while the heaviest mass a person can lift 
(usually in the Olympic games) is about 250 kg. What is the minimum number of people 
needed to lift an elephant? 

26 ‘Triangle ABC has side lengths AC = 4cm, AB = 3 cm and BC = 5 cm. 

ZBAC = 90°. The point X is on BC and AX is perpendicular to BC. Find: 
a the area of triangle ABC 
b the length AX 


27 a Find the volume of a right rectangular prism with dimensions 5.2 cm X 6 cm x 10 cm. 


b A right rectangular prism has volume 625 mm’. The height of the prism is 12.5 cm. 
Find the area of the base. 


c The areas of the faces of a right prism are 35 cm, 50 cm? and 10 cm”. Find the 
volume of the prism. 


Challenge exercise 


1 My dad told me that there are more microseconds in a minute than minutes in a century. 
Was he telling the truth? 


2 Draw three figures, based on rectangles and triangles, that have the same area but 
different perimeters. 


3 Draw three figures, based on rectangles and triangles, that have the same perimeter but 
different areas. 


4 A path 1 metre wide is being placed around the grassed area of a garden, as shown 
below. What is the area of the grassed part of the garden? What is its perimeter? What 
will the area of the path be? 
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CHALLENGE EXERCISE 


5 If four days before tomorrow is Friday, what day is three days after yesterday? 


6 If birthday cards cost $2.50 for a box of 12, $1.25 for a packet of 3, or 50c each, what is 
the greatest number of cards that you can buy if you have $14.90? 


7 If it takes 4 people 5 days to clean up the rubbish alongside a 180 km stretch of freeway, 
how many people will be needed to clean 250 km of freeway in 6 days? (Assume they 
all work at the same pace.) 


8 Athow many different times are all the digits on a digital clock, which runs from 0:00 
to 23:59, identical in a 24-hour period? 


9 I took my baby to the clinic to be weighed, but he would not keep still, so I held him 
and stood on the scales and the weight recorded was 75 kg. Then the nurse held the 
baby and stood on the scales, and the weight recorded was 69 kg. Finally, the nurse 
and I both stood on the scales, and the weight recorded was 137 kg. What did the 
baby weigh? 


10 A man plants 12 rows of beans in rows that are 10 m long. The plants in each row are 
spaced 50 cm apart. If the first and last plants in a row are 25 cm from the ends of the 
row, what is the total number of plants? 


11 Nine bus stops are equally spaced along a road. The distance from the first to the third 
stop is 600 m. How far is it from the first stop to the last? 


12 If 14 January 2006 was a Saturday, what day of the week will 14 January 2025 be? 


13. My average walking speed up a mountain was 3 km/h. I then ran down the same 
mountain at a speed of 12 km/h. What was my average speed for the entire trip up and 
down the mountain? 


14 Find the perimeter of the shape below. Once you figure out the trick, look at some of the 
previous perimeter exercises and see how quickly you can do them! 


| 


10m 


16m 
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CHALLENGE EXERCISE 


15 


16 


17 


18 


19 
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Find the area of the following figure, using two different methods. 


4cm 


4cm 


Imagine you have 16 tiles, each 1cm square. Draw on grid paper some different 
rectangles that use all 16 tiles. You know that the area of each rectangle you have drawn 
is 16 cm*. What is the perimeter of each rectangle, in centimetres? 


Imagine that you have a piece of string exactly 24 cm long. On grid paper, draw some 
different rectangular shapes that can be made using the entire 24 cm piece of string. You 
know that each of these rectangles has a perimeter of 24 cm. What is the area of each, in 
square centimetres? How small can you make the area of a rectangle with whole number 
side lengths? How large? 


Investigate the possible perimeters for a rectangle of area 64 m7. Which of the 
alternatives has the smallest perimeter? 


Chase and Lana have 108 m of fencing with which to enclose an area of the schoolyard 
for a rectangular garden. Explore the possible areas of their garden, and state which 
alternative has the largest area. 
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1 O Review 


Chapter 1: Whole numbers 


1 Evaluate the following, using the mental strategies described in Chapter 1. 
a 23+ 45+ 27 b 214+ 18+ 11 e 22423 +75 
d 56+ 11+ 19+ 14 e 36+19+78+21 f 99+274+11+43 


2 Evaluate the following, using the addition algorithm, or try to do them mentally if you can. 


a 692 + 149 b 3964 + 3829 c 1099 + 2058 + 4589 
d 36 + 820 + 87 e 109 + 36 + 29985 f 438 + 999 + 1053 

3 Evaluate the following, using the subtraction algorithm, or try to do them mentally if 
you can. 
a 856 — 302 b 11884 — 10333 c 496 — 394 
d 236 — 198 e 1403 — 1378 f 18443 — 9876 
g 1000 — 297 h 10012 — 9999 i 10101 — 8207 


4 Deon earned $126, $235, $154 and $165 over four Saturdays mowing lawns. How much 
did he earn in total? 


5 The lengths of material required for new curtains were 18 metres, 27 metres, 83 metres, 
12 metres and 89 metres. What total length of material was required for all the curtains? 


6 The distance from Adelaide to Uluru is 1550 km, and the distance from Adelaide to Darwin 
via Uluru is 3050 km. How far is Uluru from Darwin? 


7 Jacqui is 183 cm tall, David is 152 cm tall and Adrian is 147 cm tall. How much taller than 
each of the others is Jacqui? 


8 Insert <, > or = to make these statements true. 


a 434+7 (0) 25 +25 b 63-17 0 264-19 

c 18+184+ 18 1) 17+18+19 d 298 + 546 L] 1000 — 154 
9 Calculate: 

az xo +27 x95 b2x43x5 c 25x 82x4 

d 125 x6 e 138 x7 f 143 x 12 
10 Use either the short or the long multiplication algorithm to calculate: 

a 24x9 b 87 x8 ec 43x7 

d 198 x6 e 1035 x 8 f 22486 x 3 

g 333 x 21 h 6434 x 12 i 423 x 23 

j 744 x 34 k 85739 x 37 1 50746 x 26 

m 930 x 385 n 294 x 382 0 7584 x 4723 
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10A REVIEW ye 


11 All of the 32 rows of seats are filled for the school assembly. If there are 17 seats in each 
row, how many children and teachers attend assembly? 


12. Each of 38 rabbit burrows has 19 rabbits in it. What is the total number of rabbits? 


13 Fizzoes come in packets of 11. There are 43 packets in a box, and 29 boxes in a carton. 
How many Fizzoes are there in each carton? 


14 A hotel has 17 rooms on each floor. If the hotel consists of three buildings, each with 
27 floors, how many rooms are there in the hotel? 


15. Calculate each of the following, using the short division algorithm. 


a 444+2 b 844+ 4 c 969 +3 

d 497 +7 e 248 + 8 f 729+9 

g 198 +3 h 176+ 8 1 567+9 

j 2416+8 k 1805 + 5 1] 4554+6 

m 432+ 4 n 840+ 8 0 924 +3 

p 8948 +5 q 48567 +7 r 39573 +5 

16 Evaluate: 
a5x4+6+2-1 b5x(4+6)+2-1 c5x4+(8+2-1) 


Chapter 2: Factors, multiples, primes and divisibility 


1 Find all the factors of: 
a 39 b 48 ce 144 d 420 e 1272 f 1250 


2 Which of the following numbers have 8 as a factor? 
14, 24, 37, 38, 144, 196, 232, 333 
3 Which of the following numbers are multiples of 19? 
47, 48, 76, 95, 109, 119, 127, 142, 152, 199 
4 Which of the following numbers have 186 as a multiple? 
2,35, 340, 18; G2, 74s 86,93 
5 List the prime numbers between 44 and 144. 
6 Find two prime numbers that sum to: 
a 48 b 88 c 108 d 114 e 204 f 240 
7 Write in expanded form and evaluate: 
a the powers of 4 up to 4° b the powers of 10 up to 10° 


8 Express each number as a product of its prime factors. 
a 24 b 96 ce 150 d 162 e 324 f 392 
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9 Evaluate: 
a 5° b 9? elt d 287 e 507 f 1007 
10 Write the square root of: 
a 36 b 400 c 196 d 441 e 729 f 1000000 
11 Write each of these numbers as the sum of 3 or 4 squares. 
a 29 b 105 c 70 d 299 


12 Find three numbers for which the square of the number has none of the same digits as the 
cube of that number. One such number is 9, as 9? = 81 and 9° = 729, and the number 81 has 
none of the same digits as 729. 


13. Find the highest common factor of: 


a 12 and 8 b 9 and 24 c 10 and 8 
d 45 and 35 e 124 and 72 f 100 and 48 
14 Find the lowest common multiple of: 
a 7 and 4 b 5 and 8 c 4and6 
d 4 and 8 e 15 and6 f 24 and 18 
15 Fill in the gaps in the 6-digit number 4__0__3___ to make a number that is divisible by: 
a2 b 10 c 3 
d 2 and 5 e 3 and 8 f 3, 4and6 
g 3 and 10 h 5 but not 10 i 2 but not 4 


16 Two factors of 403, namely 13 and 31, can each be written by reversing the digits of the 
other. Find three other numbers with this property. 


Chapter 3: An introduction to algebra 
1 Use algebra to write each of the following. 
a The product of 6 and z 
b The product of x and y 
c The difference of x and 8 (x is greater than 8) 
d mis multiplied by 5, and 3 is added to the result 


2 A packet of chocolates contains n chocolates. How many chocolates are left in the packet if 
5 are removed? 


3 There are 6 boxes, each containing x mice. How many mice are there in all? 
4 Write each product without multiplication signs. 

a4dxxx6xx bSxXxx7xx ec3xmxmxnxnxXn 
5 Rewrite each quotient, using fraction notation. 


a 2x+y b 3q + 2p c 5w+x d x+3y 
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6 Write each of the following in standard algebraic notation. 


a The product of z with itself b The product of 5a and b 
c The product of 4b and 3b d The quotient of x divided by 7 
e The quotient of 2p divided by g 
7 Ifx=5, evaluate: 
a 2x+4 b5-x c 2x* +3 d 20 — 2x e 7(x- 3) 


8 The profit in selling n crates of apples is 5n dollars. What is the profit if 100 crates of 
apples are sold? 


9 Simplify: 
a 3x+ 7x-x b 2a+ 3a-a 
ce Txy — 3xy + 2xy d lixy + 3xy — 2yx 


10 Rewrite each statement, using algebra. 
a A number, x, is multiplied by 6, and 2 is subtracted from the result. 
b 3 is subtracted from a number, x, and the result is multiplied by 5. 
11 Write each statement, using algebra. 
a A number, a, is squared, and the result is multiplied by 3. 
b A number, a, is multiplied by 3, and the result is squared. 
12 Rewrite each expression without brackets. 
a (3x)? b (2z)? ¢ (15x)? d (7c)? 


13 Assuming that a is a multiple of 5, what are the next two multiples of 5? 


Chapter 4: Fractions — part 1 


1 Draw a number line marked with the whole numbers from 0 to 3, and indicate on it where 


the markers for 7 :. _ 12 and : are located. 


2 Draw a number line marked with the whole numbers from 0 to 3, and indicate on it where 


the markers for :, . -, 22, F and e are located. 


3 Write the fraction that represents each of these situations. 
a 8 of 11 grandchildren visit their grandmother. 
b Twenty minutes out of one hour are spent reading. 
c One leg of a spider is broken. 
d Four children out of a set of septuplets are girls. 


e Only seven sailing boats of a fleet of 23 make it to the finish line before the storm. 
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4 Write two equivalent fractions for: 


4 3 15 2 sie 
as 2 © 20 "3 ae 
5 I 1 «: 55 ee 
5 In each part, find the value of n that makes the statement true. 
40 20 40 n Is “75 
q2e28 e 18 _ 90 p 4-28 
8 on n 100 n 49 
6 Reduce each fraction to its simplest form. 
4 9 8 12 165 18 
a 2 ad 22 paints — 
~ tp ar * 99 34 * 200 48 
25, nh 26 ; 49 . 500 , 448 1 196 
2 195 104 105 J 125 64 184 
7 Convert the following improper fractions to mixed numerals, and reduce them to 
simplest form. 
8 3 I? 45 120 O7 
i Esl a aad aes <= 
"3 ae: 5 * 40 * 700 32 


8 Find the next four numbers in each of the following sequences. (In each case, to go from 
one term to the next, you add the same fraction.) 


& 48 eo al 
a Ce I; 23, 33, ° > ° 
D. 43-ai Ge 
b et LF 275 275 o) o) bd 
oil12 
6 ? 3 ? p) >? 3 ? a + + J 
9 Convert these mixed numerals to improper fractions. 
1 4 2 21 7 2 


10 Write a fraction that: 


a is closer to | than f 


: 1 2 
b is bet — and = 
iS biween, an 3 


c is equivalent to > but has a denominator greater than 50 


d is between 4 and 5 


e is larger than : but smaller than : 


f is larger than 2 but closer to 2 than IS 
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11 Order these fractions from smallest to largest. 


lirad p33 119 14532 
2 63’ 10° 4 4 8 8°48 3°0°6' 63 
1 16 9 17 5 7453 3 13 ,3 ,-n2 41 
Le p23 13.224 
dts 17 18° 19° 16 * Bs 6 a 8 v5 10 “6 °5 


12 Evaluate these sums, writing each answer as a fraction in simplest form. 


1 4 6.1 4 2 4 5 3 i 3 
ee — ee = eS — 
ta a DB 8 “To io “43 eae 12 12 
14 3 4 g | #4 32 3 9 
11 hae 81 4 1 k 342 eee 
eta 12 6 1973 J574 773 10. 11 
13. Evaluate: 
2 1 4 3 27 «19 301 ii 7 2 
ei rs et _de 21 i_t pif 
4373 ba-4 “Rm 4 a 8 a ae g 4 
ee ee es ey ae 
4.2 37 5 57 73 10.4 6.9 


14 Write an algebraic expression for each of the following. 


a Three different fractions that sum to exactly 2 
b Two fractions with a difference that is a little more than ; 
c Three different fractions that sum to exactly I 


d Two fractions with a difference of exactly : 


15 Ella picks half a basket of grapes, Jonah picks 2; baskets and Barry picks ‘ of a basket. 
How many baskets were picked in total? 


Chapter 5: Fractions — part 2 


1 When Evelyn took ; of the chocolates, there were four chocolates left in the box. How 


many chocolates did Evelyn take? 


2 Evaluate: 
a5Kg b Exe CRF 4i5%s 
ceded  debek  ghebd abe 
exe 2 j 3x2 k Sixt eee 
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3 Evaluate: 


Sn 8 
a-+-— 


4 8 


4 Evaluate: 


1 
4x— 
a 


1 
I 
ane 


1.5 
1 
4+— 
Y 4 
1 
f 3x= 
5 
1 

—x 1 
J a. 7 
ew 2 
a 3 

2 

b= 

3 

‘ie 

te 

ee 

9 

b> 

12 


i. #4 i, ait 
c b+ 24 d 15 +3! 
2 
243 a243 
: 3 
gis2 h-x2 
2 
2.3 2 3 
koe ioe 
a4 374 
4.7 A. 
3 5-3-1 
2.4 t zor 
6 6 3°49 
2.4 a4 
4°27 
uu c 3,8 
4 4° 9 
1 224 
6 3 6 


7 A tank that is 3 full contains 1341 L of water. How many litres does it hold when it is full? 


8 After cycling 2 of a journey, a cyclist has 32 km further to go. What is the length of the 


journey? 


9 If I spend one-third of my money, then one-quarter of what is left, and finally one-fifth of 
the remainder, what fraction of my original money do I have left? 


10 


Four bells start tolling together and ring every 1, 1 > 


what period of time will they first ring all together again? 


Chapter 6: An introduction to geometry 


1 a Write down the complement of: 


i 20° 


ii 45° 


b Write down the supplement of: 


i 140° 
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2 Find the angle between the hour hand and the minute hand at: 
a 3 p.m. b 9 a.m. c 4p.m. d 3 a.m. 
e 8 p.m. f 9p.m. g ll am. h 5a.m. 


3 a Use your protractor to find the size of each angle. 


b Write down the size of the reflex angle for each angle in part a. 


4 Copy the diagram below, leaving about 6 cm of space above the diagram for angles to be 


drawn. 


° o 
A P 


Use your protractor to construct rays, pointing upwards from A, that make angles with the 
ray AP of: 


a 35° b 150° c 80° 


5 Find the values of the angles a, B, y and 0 in each diagram below. Give careful reasons for 
all your statements, and name the relevant parallel lines. 


a 


> 
120° 0 
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6 Ineach diagram below, give a reason why AB || CD. Hence, find the values of «, B, y and 0. 


a O b A B 
s A5° 302 
: 
A 38° D V 
55° 
C C D 
c 


Chapter 7: Algebra with fractions 
1 Write each of these expressions using algebraic notation. In each part, use x as the 
pronumeral. 
a A number is divided by 5, and 6 is added to the result. 
b Five is added to a number, and the result is divided by 3. 
c A number is divided by 8, and 5 is subtracted from the result. 
d 4 is added to a number, and the result is divided by 11. 
e 12 is subtracted from a number, and the result is divided by 12. 
f A number is divided by 10, 4 is subtracted from the result, and the result of this is 
multiplied by 7. 


g 7 1s added to 2 of a number. 


h 12 is added to a number multiplied by a 


i A number is divided by 8, then 5 is subtracted from the result, then the result of this is 
multiplied by 9. 


2 For x = 20, find the value of: 


x x x+2 
5 Pave Cc 3 
ait e f +10 

x — 20 3x : 360 


3 A tank contains n litres of water. 70 litres of water are added to the tank. 
a How many litres of water are there now in the tank? 


b The water is divided into 150 containers. How much water is there in each container? 
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4 Write each of the following expressions using algebraic notation. 


a A number, a, is divided by 12, and 5 is subtracted from the result. 
b 7 is added to a number, a, and the result is divided by ‘ 

c 11 is subtracted from a number, b, and the result is divided by 5. 

d A number, b, is subtracted from 10, and the result is divided by 15. 


5 Substitute m = 16 and n = 20 to evaluate: 


m nN m+n n= mm 
an bs Cc 4 . - 
m 20 m+n 144 
rr f- +3 g 3 hoa 


6 Write each of these expressions using algebraic notation. 
a A number, x, is multiplied by 7 and divided by 2. 
b A number, x, is multiplied by 11 and divided by 3. 


1 
c —ofx. 
5 of x 
d A number, y, is multiplied by > 


e A number, y, is divided by 7, 11 is added to the result, and the result of this is multiplied by 13. 


7 Evaluate each of these expressions for x = 35. 


2x ax 2(x + 7) 
a 3 b 7 c a 


8 A piece of string is x m in length. It is divided into 7 equal parts. 
a Find the length of each part in terms of x. 
b Find the length of each part for the following values of x. 
L £e21 li x= 42 iii x = 100 


Chapter 8: Decimals 


1 Write the place value of the 6 in each of the following numbers. 


a 26.308 b 610.495 c 1.6 d 2.9996 

e 2.64 f 5.126 g 4.06 h 3.5396 
2 Write the larger number in each pair. 

a 0.8 or 0.43 b 0.7 or 0.96 ce 3.5 or 3.45 

d 2.1 or 2.0987 € 9.8 or 9.21523 f 10.3 or 10.45 

g 1.00003 or 1.03 h 4.56 or 4.92 i 0.39 or 0.21 


3 Write each set of numbers in order from smallest to largest. 
a 3.45 3.061 3.059 3.1 3.009 
b 4.32 4.203 4.22222 4.0002 4.3 
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4 Express these decimals as fractions, simplifying where possible. 


a 0.3 b 0.25 c 0.6 d 1.87 
e 4.3456 f 2.05 e735 h 10.306 
i 0.0004 j 4.007 k 9.9029 1] 10.375 
5 Express these fractions as decimals. 
ae 7! ell 45, 
4 2 10 100 
6 234 2 4 
2 22 ca h3—2 
* 700 1000 es 20 
~ 2) 2 5 5 
Pat eal ke i 
15 13 3 7 
6 Complete these calculations. 
a 4.938 + 3.85 b 34.692 — 28.85 ce 2.9032 + 83.184 
d 28.5 x 12 e 234.008 — 198.34 f 78.45 + 0.5 
g 5.205 x 100 h 67.0296 + 344.3222 i 27.55 + 0.3 
j 12.0034 + 1.295 773 k 26.093 x 6 ] 289.5914 + 0.04 
7 Copy and complete the table with the equivalent fraction or decimal. 
Fraction Decimal 
a 0.375 
b 
c 
d 
e 
8 Write each fraction as a recurring decimal. 
1, 2 3 a> e 
me MG eT 6 7 


Chapter 9: Measurement 


1 The diagrams below show the readings for measurements taken using different measuring 
tools. The arrow indicates what the measurement was in each case. Read each scale and 
write down the reading. Include the unit of measurement. 


a 
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2 Complete these conversions. 


al2mm= cm b 143 mm=_ cm or_ im 
e2.3m=_ cm or___ mm d0.8km=_ =m 

e Scm=___mm f3kg=___—s_g 

g324¢g= _  ~mgor___ kg h25L= mL 

i 2305 mL =___siL 1 32> — mL 
k04m=_ cm 


3 Three different packets of muesli were purchased. Packet A contained 785 g, 
packet B contained 1.2 kg and packet C contained 1050 g. If these were mixed together 
in one large container, what would be the total mass of the muesli, in both kilograms 
and grams? 


4 Aled knows that 1 mL of water has a mass of 1 g. If he has the following items in his school 
bag, which itself weighs 1.2 kg, what is the mass of Aled’s bag and its 


contents? 

¢ Laptop computer (3.4 kg) ¢ Apple (55 g) 

¢ Sandwich (230 g) ¢ School books (945 g) 

¢ Water bottle (bottle 15 g, 375 mL of ¢ Pencil case (387 g) 
water) 


5 If 4 chocolate blocks cost $9.48, how much do 3 chocolate blocks cost? 
6 Ifa generator needs 32 L of fuel to run for 5 days, for how long can it run on 112 L? 


7 Which is the best value, 8 apples for $2.72 or 53 apples for $19.61? 
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8 Find the perimeter and area of this figure. 


5cm 


2cm 


2cm 


9 What are the perimeter and area of a rectangle with length and width: 
a 112 and 18 centimetres? b 5 and 8 metres? 
c 82 and 34 mm? d 5x and 3y? 


10 Calculate the time elapsed, in hours, minutes and seconds, between: 
a 6 p.m. on Sunday and 6:25 a.m. on Tuesday 
b 8:25 a.m. and 3:08 p.m. on the same day 
c two finish times for a race: 03:34:21 and 04:25:56 


11 What is the time: 
a 3 hours, 24 minutes and 30 seconds after 2:30 p.m.? 
b two days, 17 hours and 3 minutes before midnight on Tuesday? 


ce 3 hours, 18 minutes after 11:28 a.m.? 


10 Problem-solving 


Evens and odds 


Two whole numbers are added together. If their sum is odd, which statements below are always true? 
Which are always false? Which are sometimes true and sometimes false? 


1 Their quotient is not a whole number. 
2 Their product is even. 

3 Their difference is even. 

4 Their product is more than their sum. 


5 If 1 is added to one of the numbers and the product is found, it will be even. 
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The Collatz conjecture 


Choose any whole number to start with. 
If it is odd, multiply it by 3 and then add 1. 
If it is even, divide it by 2. 
Then repeat this process on the number just obtained. Keep repeating the procedure. 
For example, if you start with 58, the resulting chain of numbers is: 
58, 29, 88, 44, 22, 11, 34, 17, 52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1, 4, 2, 1, ... 


The Collatz conjecture, made by Lothar Collatz in 1937, claims that, if you repeat this process over 
and over, starting with any whole number greater than zero, eventually you will finish up with the 
sequence ... 4, 2, 1, 4, 2, 1. 


A conjecture is a statement that is thought to be true but has not been proved mathematically to be 
true for all cases. Although the Collatz conjecture has been shown to work — often very quickly — 
for many whole numbers, there are some quite small numbers that take a very long time to come 
down to... 4, 2, 1, 4, 2, 1. 


Apply this process to all the whole numbers greater than zero and less than or equal to 30. For each 
one, find: 


¢ how many steps it takes to reach | the first time 


¢ the largest number in the sequence. (For the sequence above, 58 takes 19 steps and reaches a 
maximum of 88.) 


Look for shortcuts and work with a partner if you like. 


Totient numbers 


1 A totient number is the number of fractions between 0 and 1 (not including 0 or 1) for a given 
denominator that cannot be reduced to a simpler equivalent fraction. The totient number of 2 is 1, 


since we have * of 3 itis 2, since we have ; and = and of 4 it is also 2, since we have ; and ; 


(2 can be reduced to 1), The totient number of 5 is 4, since we have 7 S : and = and of 6 it is 2, 


since we have ; and > Find the totient numbers for all denominators up to 12. 


2 For any denominator n, there are n fractions between 0 and 1 (including 0 but not 1). Of these 
fractions, some will be counted towards the totient number of n, but others will cancel down and 
count towards the totient number of one of the factors of n. Using this information and the totient 
numbers from the previous question, calculate the totient numbers for 15, 18, 20 and 24. 


3 The totient number is related to the prime factors of the original number, since these will 
determine which fractions can be cancelled. Using this information, calculate the totient numbers 
of 72, 81, 98 and 100. 


Last digits of powers 
Square numbers 
Without using a calculator, can you say which of this set of numbers could not be square numbers? 


8 116801, 251 301 659, 3 186 842, 20 720 704 
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Yes, you can, just by checking the last digit of each number. 
Square numbers can only end in six different digits. 


Do a bit of experimentation with a calculator and find the four different digits that square numbers 
never end in. (This eliminates the third number in this set.) 


Now check out the pairs of digits that your odd square numbers end with. What digits are possible in 
the tens column of an odd square number? (This should eliminate the second number in this set.) 
Complete these sentences, using what you have discovered. 

e Ina square number, the last digit can only be one of__,___,___—«,__=—s«,__—sor 


e The second-last digit of an odd square number is always ___ 


Cube numbers 
Cube numbers behave rather differently. 


A bit more experimentation will show that a cube number can end in any digit. This digit depends on 
the last digit of the number being cubed. 


Complete this table: 


Fourth powers 

Fourth powers are in fact just square numbers that have been squared. 

For example, 77=7X7* 7% 7T=7 x7 =49 x49 = 2401, 

Since 4? = 16 and 9? = 81, the last digit of a fourth power can only be 0, 1, 5 or 6. 


Fifth powers 


Fifth powers have a magic of their own. Do a bit of experimentation to find out what it is. 


Obstinate numbers 


An odd number can usually be written as the sum of a prime number and a power of two. This is true 
for all odd numbers greater than | and less than 100. 


For example, if we choose 23, we can say that it is equal to 19 + 27 (19 is prime and 2? = 4, and 
19+ 4 = 23). 


We could just as easily have said that it is 7 + 24, as 7 is prime and 7 + 16 = 23. 
But 21 + 2! and 15 + 2? do not work, as 21 and 15 are not prime numbers. 

Some odd numbers can be expressed like this in many ways. 

For example, 61 = 59 + 2! = 57+ 27 =53 + 23 = 29+ 2°. 

But others are more difficult to express in this way. 

Try to find as many pairs as you can for these numbers: 

a 45 b 29 c 59 d 95 
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There are some odd numbers that cannot be expressed as the sum of a prime and a power of two. 
These have been called obstinate numbers. 


An example of an obstinate number is 251, as the working out below shows. 


251=2'=249 251 — 27 =247 251 — 23 = 243 
=3 x 83 =13x19 =3~x8l 
251 — 24 =235 251 —2°=219 251 — 26= 187 
=5x47 =3. 73 Stlsel7 
ho 2' =] 123 
=3~x4l 


The next power of 2 is 28 = 256, which is too large to subtract from 251, so 251 is obstinate. 
In fact, 251 is the third obstinate number. The first two are between 100 and 150. 


Find these two numbers, keeping track of how you eliminated the other 23 odd numbers 
between 100 and 150. 


Remember to be systematic. Making a list of the powers of two up to 27 = 128 might be a good 
place to start. Look for shortcuts and patterns as you go. 


Areas 


1 ABCD isa square with side length 3 cm. X is the midpoint of side CD and Y is a point on 
BC such that BY = 2 cm. 
B \ ae ¢ 


Ww x 


A D 

a Find the area of triangles BWA and CWX. 

b Find the area of triangle BAC and hence the area of triangle BWC. 
c Find the area of the shaded region. 


2 Each square in the diagram below has side length 4 cm. 


ee 


x 


a Find the total area of the nine squares. 


b Find the area of triangle PAX and the area of triangle PBX. 
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c In the figure below, find the position of point Q on line interval AB such that the shaded 
region is half the area of the nine squares. 


x 


3 Draw a line through P that splits the 5 squares below into equal areas. 


| | 


P 


Prove that your answer is correct. 


The grid method of multiplying decimals 


Many different ways of multiplying have been used over the centuries. 
The grid (or lattice) method was used extensively. Here we adapt it to multiply decimals. 


Consider the product 24.3 x 8.96. Follow the procedure outlined to fill in the grid. The first few 
numbers have been entered. 


3 X 8 = 24: The 2 is placed in the top position. F 
4 x 8 = 32: The 3 is placed in the top position. PAVAA ° 


Notice the arrows in the grid extending inwards 
from the decimal points. The diagonal on which 
these arrows meet (shown as a bold line) separates 
numbers greater than or equal to 1 from numbers 
less than 1. Now fill in the grid and extend the 
diagonals. 
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Next, add along the diagonals, starting at the 
bottom right. The sum for the first diagonal is 8. 


This 8 represents 


8 
1000" 
Check your answers using another method for long 
multiplication. 


The sum for the second diagonal is 7 + 1 + 4 = 12. 
; 12 1 2 ' 

This 12 t = — + —.. The 1 
is 12 represents 70 = 79+ jp: The 1 is 


carried to the next diagonal. 


The grid is now complete. The answer is 217.728. 
Note that the decimal point in the answer appears 
at the end of the bold diagonal. 


Try these problems using this method. 
1 0.243 x 0.896 2 4.567 x 8.32 


10 Number bases 


The number system we use is the decimal system. The word decimal comes from the Latin word 
decem, which means ‘ten’. As we saw in Chapter 1, we can write any number in expanded form 


using powers of 10. For example: 
45=4x10+5x1 
3412 =3x 10° +4x 10°+1x10+2 


3 6.892 x 5.789 


Another way to describe this is to say that it is a place-value system with base 10. 
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10 C NUMBER BASES 
= us neo 


If we have a number of buttons, they can be arranged in groups to show the place values base 10. 


@ee0e0000080 
@eeee0e08008080 
@@eee0e000080 ecoee5e5eeee 
@oeee0e000080 
@@eeee080800680 
@ee0e0000080 
@©@e@e@0e000080 80 eee 
@©@e@ee0e0008080 
@©@ee@e000080 80 
@@e2e@e00000800 eceeeeeeee 
@@e@e@e0000800 
@@e@e@0e000008080 
@©@e@e0e00000800 
1 x 10° 5 x 10 3x1 


The number is 1 x 107+ 5x 10+3x1=153. 


Suppose we now use powers of 8 instead of powers of 10. Since 87 = 64 and 8° = 512, we cannot 
form any groups of 8? out of 153 buttons. Two groups of 87 gives 128. This leaves 25 buttons, which 
is 3 groups of 8 and | single button. 


@@e@ee00080 0 @@e@e@e0e00 0 
@o@e@e@eee8 @ @o@e@eee0080 80 
@o@e@ee0080 0 @o@e@e@e0080 80 
@o@e@e@ee@e80@ @o@e@eee@e0 80 Se ee e 
@o@e@ee@eee @ @o@e@e@ee0e80e800 eceooe5ue5ee 
@o@e@ee@eee @ @o@e@eee80800 
Co oe me me me oe @o@e@e@eee08@ 
@o@e@eee00 0 @o@e@@ee@e8e80@ 
1 x 82 1 x 82 3x8 ie a 


This can be written as 2 x 87+ 3x841. 


The number is 231 in base 8. We write this as 231,. We read this number as ‘two three one, 
base eight’. 


We have shown that Lig = 231, 


The largest digit to be used in base n is n — 1. For example, in base 10 we use the digits 0 to 9, in 
base 8 we use the digits 0 to 7, and so on. 


Example 1 


Consider 17 base 10. Rearrange the dots to show the base 8 groupings of dots. 
@©e2e2e0e00000 @©e2ee0e00 


There are 2 lots of 8 and one lot of 1. We can write the number as 21,. 
DN 2 os 
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10 C NUMBER BASES 


Example 2 


Write 39 base 10 in base 4. 


First note that 42 = 16 and 43 = 64. 


There are two lots of 16 in 39, as 2 x 16 = 32. This leaves 7, which is one lot of 4 and three 
lots of 1. 


39=2x47+1x44+3 
We can write 39 (base 10) = 213 (base 4) or 39,9 = 213,. 


This is read as ‘three nine base 10 is equal to two one three, base 4’. 


An algorithm for changing base is shown below. 


The number in the previous example is used to illustrate this. 


4 |39 i 9 remainder 3 
4)9 a 2 remainder 1 
4/2 O remainder 2 


The remainders, in reverse order, give the base 4 number (39, = 213,). Can you explain why this 
works? 


Example 3 


Write the base 7 number for: 
a 27 b 52 


A Mi = 3 <7) bo XX Il 
Therefore, the number is 36 base 7. That is, 27,, = 36,. 


b 52=1x77+0xX7+3x1 
Therefore, the number is 103 base 7. That is, 52,,. = 103,. 
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BN 
@ ) Exercise 10C 


1 Write the base 4 number for each of the following (which are in base 10). 
a 34 b 56 c 78 d 100 e 130 
2 Write the base 8 number for each of the following (which are in base 10). 


a 20 b 34 c 70 d 100 e 512 f 600 


3 Write each of the following as a base 10 number. 
a 546, b 323, ¢e 201, d 121,, 


10 Binary numbers 


Base 2 is a very useful base. Computers use base 2 for their calculations because a logic, digital or 
computer switch (like a light switch) usually has only two positions: ‘on’ and ‘off’. ‘On’ can be 
represented by 1, and ‘off’ by 0. 


Base 2 has a special name: the binary system. It has only 2 digits: 0 and 1. 
For example: 
101 (base2) = 1 x 27+0x2+1=5 (base 10) or101, = 5,, 
100111, =1x2°+0x 24+0x 234+1x2?+1x2+1=39(base10)or10111, = 39,, 


Example 4 


Write 24 in binary form. 


24=1x24+1x234+0x22+0x 2! +0 = 11000 (base 2) 


Converting from binary to decimal 
Consider the binary number 10101,. 


a a 22 2 units 
1 fe) 1 fe) 1 


OIL = 1a 20s 2 e1S FP 40x21 =21,, 
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10D BINARY NUMBERS 


Addition and subtraction 


The setting out for binary addition and subtraction is the same as for base 10 addition and 
subtraction. 


The following are a few simple additions: 
L,+1,=10, 
I, +1,+1,=11, 
10, + 10, = 100, 
10, + 10, +1, = 101, 
10, + 10, + 10, = 110, 


Find: 
a 11, +101, b 1011, + 11111, 
a i il b (ribet all 
ar oe sr iy 0, il 
1000 I1@ i Gi @ 


The ‘carry’ process follows the same principle as is used in base 10. 
So 11, + 101, = 1000, and 11111, + 1011, = 101010,,. 


Example 6 


Find 1101, — 11,. 


eke 20. 1 70 1 
= ile =n) Ail al 
ToL o town 


Mains 10, = 1h, = ile, 
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~ 10D BINARY NUMBERS 
eg Weer 
Example 7 


Calculate 1101, + 11101, + 10011.,. 


Thatis MOS 101) + 1001 Sao. 


f ) Exercise 10D 


1 Write the binary number for each of the following numbers, which are in base 10. 
a5 b 10 ce 12 d 16 e 45 


2 Write the base 10 number for each of the following numbers, which are in base 2. 
a 1001 b 111 c 1011 d 1100 e 1001001 


3 Find the result of each of the following additions in the binary system. 
a 11+4101 b 1111+ 101 ec 1010+ 11 d 1010+ 1010 


4 Find the result of each of the following subtractions in the binary system. 
a 11101 — 101 b 11011 — 1100 e 111-11 
d 1001 —- 111 e 110011 -1111 


5 Find the result of each of the following additions in the binary system. 


a 111 b 1010 e& L211 
ae! rm 101 i 111 
TTT Ciid 1000 


6 A binary number is added to 10100 to give 111111. Find this binary number. 


7 A binary number is added to 111 to give 1000. Find this binary number. 
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CHAPTER 


Number and Algebra 


You have probably come across examples of negative numbers already. These 
are the numbers that are less than zero. They are necessary in all sorts of 
situations. For example, they are used in the measurement of temperature. 


The temperature O°C is the temperature at which water freezes, known as the 
freezing point. The temperature that is 5 degrees colder than freezing point is 
written as —5°C. 


In some Australian cities, the temperature drops below zero. Canberra's lowest 
recorded temperature is -10°C. The lowest temperature ever recorded in 
Australia is -23°C, at Charlotte's Pass in NSW. Here are the lowest recorded 
temperatures at some other places: 


Alice Springs qf "GC 
Paris —24°C 
London —21°C 


Negative numbers are also used to record heights below sea level. 


For example, the surface of the Dead Sea in Israel is 424 metres below sea level. 
This can be written as -424 metres. This is the lowest point on land anywhere 
on Earth. The lowest point on land in Australia is at Lake Eyre, which is 
15 metres below sea level. This is written as -15 metres. 
continued over page 
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Brahmagupta, an Indian mathematician, wrote important works on mathematics and 
astronomy, including a work called Brahmasphutasiddhanta (The Opening of the Universe), 
which he wrote in the year 628 CE. This book is believed to mark the first appearance of 
negative numbers. Brahmagupta gives the following rules for positive and negative numbers 
in terms of fortunes (positive numbers) and debts (negative numbers). By the end of this 
chapter, you will be able to understand his words. 


A debt subtracted from zero is a fortune. 

A fortune subtracted from zero is a debt. 

The product of zero multiplied by a debt or fortune is zero. 
The product of zero multiplied by zero is zero. 

The product or quotient of two fortunes is a fortune. 

The product or quotient of two debts is a fortune. 

The product or quotient of a debt and a fortune is a debt. 
The product or quotient of a fortune and a debt is a debt. 


1 1 Negative integers 


The whole numbers, together with the negative whole numbers, are called the integers. These are: 
weep 9, 4, -3, —2, -1, 0, 1, 2, 3, 4,5, ... 

The numbers 1, 2, 3, 4, 5, ... are called the positive integers. 

The numbers ...,-—5, —4, -3, —-2, —1 are called the negative integers. 


The number 0 is neither positive nor negative. 


The number line 


The integers can be represented by points on a number line. The line is infinite in both directions, 
with the positive integers to the right of zero and the negative integers to the left of zero. The integers 
are equally spaced. 


An integer a is less than another integer b if a lies to the left of b on the number line. The symbol < 
is used for less than. For example, —3 is to the left of —1, so -—3 < -1. 


An integer b is greater than another integer a if b lies to the right of a on the number line. The 
symbol > is used for greater than. For example, | is to the right of —5, so 1 > —5. 


a b 
e e 


a<b and b>a 


A practical illustration of this is that a temperature of —8°C is colder than a temperature of —3°C, 
and —8 < —3. Also, 0° is warmer than —5°C, and 0 > —5. 
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11 A NEGATIVE INTEGERS 


Example 1 


List all the integers less than 5 and greater than —3. 


=) 10,12 3,4 


a Arrange the following integers in increasing order. 
0.0.0. 100) — 000°— 5.10008 

b Arrange the following integers in decreasing order. 
—25, 1000; 500) 26553, 100, 56 


a 1000) 100) 6, 51067 5.2100. 
b 1000; 1100; 56; 53; —25;—26, —500 


Draw a number line and mark on it with dots all the integers less than 6 and greater 
than —5. 


Example 4 


a The sequence 10, 5, 0, —5, —10, ... is ‘going down by fives’. Write down the next four 
numbers, and mark them on the number line. 


b The sequence —16, —14, —12, ... is “going up by twos’. Write down the next four 
numbers, and mark them on the number line. 


a The next four numbers are —15, —20, —25, —30. 
-45 -40 -35 -30 -25 -20 -15 -10 -5 (0) 5 10 
b The next four numbers are —10, —8, —6, —4. 


=—I6 4 —12 —10 <3 =o -—~ = 0 2 4 6 
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Example 1 ; 


Example 4 | 


11 A NEGATIVE INTEGERS 


The opposite of an integer 


The number —2 is the same distance from 0 as 2, but lies on the opposite side of zero. We call —2 the 
opposite of 2. Similarly, the opposite of —2 is 2. 


The operation of forming opposites can be visualised by putting a pin in the number line at 0 and 
rotating the number line by 180°. 
The opposite of 2 is -2. 


The opposite of -2 is 2. 


Notice that the opposite of the opposite is the number we started with. For example, —(—2) = 2. 


Note: The number 0 is the opposite of itself. That is, -O = 0. No other number has this property. 


@ Exercise 11A 


1 a List the integers less than 3 and greater than —5. 
b List the integers greater than —8 and less than —1. 
c List the integers less than —4 and greater than —10. 
d List the integers greater than —132 and less than —123. 


2 a Arrange the following integers in increasing order. 
=10, 10,0, 100, =100, 6, =1000, 5 


b Arrange the following integers in decreasing order. 
—30, 45, -45, -550, —31, 26, -26, 55 


3 a Draw a number line and mark on it the numbers —2, —4, —6 and —8. 


b Draw a number line and mark on it the numbers —1, —3, —5 and —7. 
c Draw a number line and mark on it the integers less than 0 and greater than —8. 


d Draw a number line and mark on it the integers less than 3 and greater than —3. 


4 The sequence —15, —13,—11, ... is “going up by twos’. Write down the next three terms. 
(Draw a number line to help you.) 


5 The sequence 3, 1, —1, ... is ‘going down by twos’. Write down the next three terms. (Draw 
a number line to help you.) 


6 The sequence —50, —45, —40, ... is ‘going up by fives’. Write down the next three terms. 
(Draw a number line to help you.) 
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11 A NEGATIVE INTEGERS Ve 


7 Give the opposite of each integer. 


a5 b -4 c -10 d —12 
e 7 f -8 g —4 h -3 

8 Simplify: 
a —(-2) b -(-7) ¢ —(-—20) 
d-(-(-10)) e —(—(-30)) f =(—-C(-40)) 


9 Insert the symbol > or < in each box to make a true statement. 
a3L]s b 3L]-s e -7L]-4 d 2] - (3) 


10 Write down the reading for each thermometer shown below. 


a c 


CHAPTER 11_ INTEGERS 303 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


4 4 Addition and subtraction 


of a positive integer 


If a submarine is at a depth of —250 m and then rises by 20 m, its final position is —230 m. This can 
be written —250 + 20 = —230. 


Joseph has $3000 and he spends $5000. He now has a debt of $2000, so it is natural to interpret this 
as 3000 — 5000 = —2000. 


These are examples of adding and subtracting a positive integer. 


The number line and addition 


The number line provides a useful picture for addition and subtraction of integers. 


Addition of a positive integer 


When you add a positive integer, move to the right along the number line. 


5 > ee ae. ee? aes 0 1 2 3 4 5 
For example, to calculate —3 + 4, start at—3 and move 4 steps to the right. We see that 
—3+4=1. 
We can interpret —3 + 4 in terms of money: 


I start with a debt of $3 but I then earned $4. I now have $1. 


Subtraction of a positive integer 
We will start by thinking of subtraction as taking away. 
When you subtract a positive integer, move to the /eft along the number line. 


For example, to calculate 2 — 5, start at 2 and move to the left 5 steps. We see that 
2-5=-3. 


We can interpret 2 — 5 in terms of money: 
I had $2 and I spent $5. I now have a debt of $3. 
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11B ADDITION AND SUBTRACTION OF A POSITIVE INTEGER 


Write the answers to these additions. 


Ay eS sete Dee © lls 20 


a Se ee a a 0) 1 

—3+6=1 (Start at —5 on the number line and move 6 steps to the right.) 
b -74+12=5 (Start at —7 on the number line and move 12 steps to the right.) 
ci 209 (Start at —11 on the number line and move 20 steps to the right.) 


Example 6 


Find the value of: 
a 2-3 b 6-9 ec 4-11 d 3-12-8 


Start at —2 and move 3 steps to the left. We see that —-2 — 3 = —5. 


b 6-9=-3 (Start at 6 and move 9 steps to the left.) 
e —-4-11=-15 (Start at —4 and move 11 steps to the left.) 
d 3-12-8=-17 (Start at 3 and move 12 steps to the left and then 8 steps to the left.) 


| @ Exercise 11B 


You may wish to visualise these calculations on a number line. 


1 Calculate these additions. 


Example 6 


CHA 
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a-5+7 b—2+3 ec —5+10 d-1+4 

e -124+ 16 f 542 g -6+12 h -5+ 10 

i -11+4 j -12+4 k —8 + 10 ] -1+12 
2 Calculate these subtractions. 

a5-6 b 6-12 ¢ -5-10 d -11-10 

e -7 - 16 f-5-2 g¢-6-2 h 5-10 

i -11-4 j —-12-5 k -10-9 1-5-8 
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3 Work from left to right to calculate the answer. 


a 15-6-8 b6-—12—5 c -8- 10-11 d -11 + 10-20 
e -7- 16-20 f5-2-10 g -6-2-20 h5-10+20 
i -11- 4-30 j -12-5+20 k —20 — 30 - 10 1 -5+6-7 

4 Work from left to right to calculate the answer. 
a 11-10-20-15 b—2-3-4-5 c 20-9-7-4 
d-1l+14+2+841 é¢ -—20-2-4+6 


5 a Johanne has a total amount of $3400 and spends $5000. What is Johanne’s debt? 


b Francis has a debt of $4670, but earns $3456 and pays off a portion of the debt. How 
much does Francis owe now? 


c David has a debt of $3760, but earns $4000 and pays off the debt. How much does David 
have now? 


6 a Asubmarine is at a depth of —320 m and then rises by 40 m. What is the new depth of the 
submarine? 


b The temperature in a freezer is —17°C. The freezer is turned off and in 10 minutes the 
temperature has risen by 8°C. What is the temperature of the freezer now? 


7 Place either a plus (+) or a minus (—) sign in each box to make these statements true. 
ail]2L] 3L] 4 =-2 
b3L] 10L] 9L] s=7 
e 1L] 2LJ 3L) 4L) s=-1 


4 4 Addition and subtraction of a 


negative integer 


In the previous section, we considered addition and subtraction of a positive integer. In this section, 
we will add and subtract negative integers. 


Addition of a negative integer 


Adding a negative integer to another integer means that you take a certain number of steps to the left 
on a number line. 


The result of the addition 4 + (—6) is the number you get by moving 6 steps to the left, starting at 4. 


<1 l l l eNO NEN ™ — 
6 5 -4 -3 -2 -1 0 1 2 3 4 5 


4+ (-6) =-2 
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11 C ADDITION AND SUBTRACTION OF A NEGATIVE INTEGER a 
Example 7 


Pind—2 + (—3); 


—2 + (—3) is the number you get by moving 3 steps to the left, starting at —2. That is, —5. 
Notice that —2 — 3 is also equal to —5. 


All additions of this form can be completed in a similar way. For example: 


4+ (-7) =-3 and note that 4-7=-3 
-11+ (3) =-14 and note that -11-3=-14 


This suggests the following rule. 


ic To add a negative integer, subtract its opposite 


For example: 


4+ (-10)=4-10 fPH12Z)S-/ 312 


Subtracting a negative integer 


We have already seen that adding —2 means taking 2 steps to the left. For example: 


a a (| CNN) SRN) Ane | 
0 5 7 


7+ (-2)=5 


We want subtracting —2 to be the reverse of the process of adding —2. So to subtract —2, we take 2 
steps to the right. For example: 


A A \ 
0 7 9 


f=G2)=9 


There is a very simple way to state this rule: 


> To subtract a negative number, add its opposite 


For example: 


307 


CHAPTER 11. INTEGERS 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


N 11 C ADDITION AND SUBTRACTION OF A NEGATIVE INTEGER 
=a 
Example 8 


Evaluate: 
a 12+(-3) b -3 + (-7) c 6-(-18) 
d -—12 - (-6) e 4-(-15) f —25 — (-3) 


ade a3) 42 3 
=9 

bya 3-7 
=-10 

c 6— (-18) =6 + 18 
=24 

d -12 — (6) =-12 +6 
=-~6 

@4=Clsy=4 415 
=19 

£95 C3) =-95 43 
=-22 


Example 9 


Calculate: 
a 6-(-3) + (-8) b -14+ (-7) - (15) 


a 6-3) 1 C8=649 8 


=9-8 
=| 
b -14+ (-7) — (-15) =-14-74+ 15 
=-21+4+15 
=-6 


Example 10 


The temperature on Saturday at 1 a.m. was —13°C and the temperature at 2 p.m. was —2°C. 
Calculate the rise in temperature. 


Rise in temperature = —2 — (—13) 
=—2+ 13 
= IC 
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11 C ADDITION AND SUBTRACTION OF A NEGATIVE INTEGER io 
8 Exercise 11C 


1 Find: 
a 5 + (-2) b-6+2 c —5 +10 d -11 + (-4) 
e -12+ 16 f —5 + (-2) g -6 + (-2) h —5 + (-10) 
i 11+(-4) j -12+4 k —20 + (—30) 1 -110+ 100 
2 Find: 
a 5 — (-6) b 6-(-12) ¢ -5 - (-10) 
d 11 - (-4) e —12 — (-16) f —5 — (-2) 
g -6 -— (—2) h 5 — (-10) i -11-4 
j -12-C4) k —15 — (-20) ] -—30 — (-100) 
3 Evaluate: 
a 15 -— 26+ (-25) b -10-12+8 ec -39+ 54-1 
d 31 - 41 - (9) e6+12-16 f —28 — 35) - (-2) 
g -36 —- 17+ 26 h 5- (-21) + 45 i 16+ (-4)-(4) 


j 92 +54 — (-82) 


k —900 + 1000 — (—100) 


4 Write the answers to these subtractions. 


a 23 — (—20) 
5 Evaluate: 
a 45 — 50 


d 4-11-21440 
eT = i195) 400 
j -34+460- (5) + 10 


b —78 — (—56) 
b 30 — (5) 
e 12=20 +30 


h -11 - 10-(-4) 
k 43 + 50 — (23) 


1 —500 + 2000 — (—50) 


¢ 65 = (78) 


c 60 — (-5) 

f 7-10-20 

i —30 + 50 — 45 — (-6) 
1 -10—45 + 30 


6 The temperature in Moscow on a winter’s day went from a minimum of —19°C to a 


maximum of —2°C. By how much did the temperature rise? 


7 The temperature in Ballarat on a very cold winter’s day went from —3°C to 7°C. What was 


the rise in temperature? 


8 The table below shows temperatures at 5 a.m. and 2 p.m. for a number of cities. Complete 


the table. 


Temperature at 5 a.m. 


Temperature at 2 p.m. 


Rise in temperature (°C) 
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9 A meat pie in the microwave rises in temperature by about 9°C for each minute of heating. 
If you take a frozen meat pie out of the freezer, where it has been stored at —14°C, how long 
does it have to be in the microwave before it reaches 40°C? 


10 The temperature in Canberra on a very cold day went from 11°C to —3°C. What was the 
change in temperature? 


11 The table below shows the temperatures inside and outside a building on different days. 


Temperature inside (°C) Temperature outside (°C) 
20 25) 
18 


For each day, calculate (Temperature inside — Temperature outside). What does it mean if 
the result of this calculation is negative? 


12 Jane has just received her first credit card, and has already used it to buy some clothes. The 
balance is —$140. She spends another $70 at the grocery store the next day. At the end of 
the week, she will be paid $280. If she uses this to pay off her credit card, how much will 
Jane have left? 


1S Fund l=-243=445 =6 fice +99'= 100; 


4 4 Multiplication involving 


negative integers 


Multiplication with negative integers 
5 x (—3) means 5 lots of —3 added together. That is: 

o% (=3) =(=3) + (3) +3) + (3) + G2) 

=-15 

Just as 8 X 6 = 6 X 8, we will take —3 x 5 to be the same as 5 x (—3). 
All products such as 5 x (—3) and —3 x 5 are treated in the same way. 
For example: 

—6 x 3 =3 x (-6) -15x4=4~x (-15) 

=-18 = -60 


The question remains as to what we might mean by multiplying two negative integers together. 
We first investigate this by looking at a multiplication table. 


In the left-hand column below, we are taking multiples of 5. The products go down by 5 each time. 
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11D MULTIPLICATION INVOLVING NEGATIVE INTEGERS 


In the right-hand column, we are taking multiples of —5. The products go up by 5 each time. 


2 x (-5) =-10 
1x (-5)=-5 
Ox (-5) =0 
-1x (-5) =? 
—2 x (-5) =? 


The pattern suggests that it would be natural to take —1 x (—5) to equal 5 and —2 x (—5) to equal 10 
so that the pattern continues in a natural way. 


All products such as —5 x (—2) and —5 x (—1) are treated in the same way. For example: 
—6 x (-2) = 12 —3 x (-8) = 24 


We have the following rules. 


> The sign of the product of two integers 


The product of two positive numbers is a positive number. 
The product of a negative number and a positive number is a negative number. For example: 


-4x7=-(4~x 7) 
=-28 


The product of two negative numbers is a positive number. For example: 


—-4x (-7)=4x7 
=28 


Example 11 


Evaluate each of these products. 


as <(-20) b -6 x 10 c —25 x (-30) 
d 15 x (-40) e -12x8x2 f -4x (-8) x (-3) 
a 3x (20) =-60 b -6 x 10=-60 
¢ —25 x (-30) = 25 x 30 d 15 x (-40) = -600 
= 750 
e -12xX8x2= (96) x2 f -4x (-8) x (-3) = 32 x (3) 
= —192 =—96 
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a 
{ +) Exercise 11D 


1 Calculate each multiplication. 


a-1x5 b 6x (-1) c -6 x -1) d 16 x (-1) 
e 0 x (-3) f -—3 x (2) g 6x (-3) h -3 x 8 
i -7x8 j 9x0 k —2 x (-5) 1 -4x6 
2 Calculate each multiplication. 

a 5 x (-2) b 6 x (-2) ec 5x (C1) d 11 x (-4) 
e 12 x (-16) f -5x2 g-6x2 h —-5 x 10 
i -11x4 j -12x4 k —20 x (-6) 1] 16 x (-3) 
m —7 x (—18) n —13 x (-13) o -19x8 p 15 x (-4) 
q -17 x (-9) r -6 x (-17) s -14x 20 t -12x (15) 

3 Evaluate: 
a 3 x (-2) x (-6) b —4 x (-7) x (-6) c 60 x (-4) x (-10) 
d —45 x (-7) x 20 e 45 x (-3) x (-20) f —34 x (-3) x (2) 
g -3 x (1) x -4) h 6x (-3) x --1) i -1 x Cl x C6) 

4 Copy and complete these multiplications. 
a2xX...=-30 b5x...=-65 ¢-7x..=42 d ... X 8) = 56 
e5x...=-30 f ... x (-6) =30 g-7x... =—84 h (-1) x... =-8 
i... x (-9)=0 j -8x... =—96 k ...x3=-81 ] -5 x... =80 


4 4 Division involving negative 


integers 


Division with negative integers 


Every multiplication statement, for non-zero numbers, has equivalent division statements. For 
example, 7 x 3 = 21 is equivalent to 21 + 3 = 7 or 21 + 7 = 3. We will use this fact to establish the 
rules for division involving integers. 


Here are some more examples: 


7 X 6 = 42 is equivalent to 42 + 6 =7 7 X (-6) = —42 is equivalent to -42 + (-6) =7 
x6 x (-6) 


, ie 
2 { -F 


Us 


+6 +(-6) 
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11E DIVISION INVOLVING NEGATIVE INTEGERS a 


—7 x 6 = —42 is equivalent to —-42 + 6 = —7 —7 X (—6) = 42 is equivalent to 42 + (-6) = —7 
x6 x (-6) 


ic The sign of the quotient of two integers 


¢ The quotient of a positive number and a negative number is a negative number. For example: 
28 + (--7) =-4 

e The quotient of a negative number and a positive number is a negative number. For example: 
-28+7=-4 


e The quotient of two negative numbers is a positive number. For example: 
-28 + (-7) =4 


Notice that the rules for the sign of a quotient are the same as the rules for the sign of a product. 


Example 12 


Evaluate each of these divisions. 


a4 9 b —20 + (-4) © 65 (-9) 
a45- 9) ——5 b —20+ 4) =5 © 63(-9) —— 7 


oe si : -1 
As before, we use another way of writing division. For example, —16 + 2 can be written as =e 


Example 13 


Evaluate: 
a ene) b m0 c 60° 
9 —4 -12 
—45 —36 60 
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N 11E DIVISION INVOLVING NEGATIVE INTEGERS 
=e, 0G SI Se none e cian ges 


e@ Exercise 11E 


1 Calculate each division. 


a -15+3 

e -120+3 

i 21+ (7) 

m —100 + (—50) 
q —39 + (-13) 


Evaluate: 


ee 
-I 


Example 13 ) 2 


3 Calculate each division. 


48 


eae 


a 50+...=-10 
d ....+ (-13) =-13 
g -60+....=-5 
5 Evaluate: 
a 45 x (-10) +3 
d —10 x 20 + (-5) 


b —26+2 ec -35+7 
f 15 +(3) g 36 + (-2) 
j 456 + (-1) kb 51% G3) 
w=121 #11 0 64 + (-A) 
r —500 + (10) s -162+6 
5 6 
b— s 
“1 re) 
1 50 
oe eels 
=i 8 
2 _9 
= k 
13 2 
52 60 
bo o-5- 
¢ 600 225 
Pee IeT EAM g Saeed 
5 15 
. 696 196 
ay 14 
3 256 3798 
“4 7 
p—-45<...=9 
e .... + (-20) = 20 
h ... #15 =-30 


b —34 x (-3) x (-2) 


e—-5x 12+ 


(-6) 


d=21 +3 

h 45 + (—5) 

] -72 + (-12) 
p —144 + (-6) 

t -396 +11 


— 


ec 6x (-10) +5 
f 16+ (-8) x (-25) 


6 Put multiplication (Xx) or division (+) signs in each box to make each statement true. 


asLl4L] -»O013=-2 
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4 4 Indices and order of 


operations 


You need to be particularly careful with the order of operations when working with negative integers. 


For example, —47 = —16 and (-4)? = 16. In the first case, 4 is first squared and then the opposite is 
taken. In the second case, —4 is squared. 


Notice how different the two answers are. 
Remember that multiplication is done before addition unless there are brackets. For example: 
=12+2*5==12+ 10 and (-12 + 2) x 5) =-10x 5 
=—2 =-50 


The same general conventions that we have previously stated for whole numbers also apply when 
dealing with negative integers. 


> Order of operations 


e Evaluate expressions inside brackets first. 
e In the absence of brackets, carry out operations in the following order: 


— powers 


— multiplication and division from left to right 


- addition and subtraction from left to right. 


Example 14 


Evaluate: 
a (-6)? b -62 c 6-5+4 d 6x (-2)+8 
e —20+2x 10 f 2x (-4)+8 g -6+3~x (2) h 11 -(-3) x G5) 
a (-6)2=-6 x (-6) Dr=67 = 16 <6) 
= 36 = —36 
ec -6-5+4+4=-11+4 d 6x (-2) +8=-12+8 
=F =-4 

e -—20+2x10=-10x 10 f 2x (4) +8=-8+8 

= -100 =-| 
g -6+3x (-2)=-6+ (6) h 11-(3)x(5)=11-15 

=-12 =—-4 
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11F INDICES AND ORDER OF OPERATIONS 


Evaluate: 

a 3x (-6+ 8) b 6-(5+4) 

c —3+6x (7-12)? d 3 x (-6) +3 x 8 

a 3x (6+ 8)=3x2 b 6-(5+4)=6-9 

=6 = 3 

Ce 3 oe) = 3 Gs x) d 3x (-6) +3 x 8=-18 + 24 
3 25 =6 
=-—3 + 150 
— 47) 


Example 16 


Evaluate: 

a 4x (-6) +243 b -7+ 36+ (-2)?+4 

a 4% (-6) +24 3=—24 2+ 3 b -7+ 36+ (-2)?+4=-7+ (36+4)+4 
=-12+4+3 =-74+94+4 


6 Exercise 11F 


1 Evaluate: 


a -6+ 20-15 b —4 — (-10) + 20 ec -6+12-15 

d —4+ 11 — (15) e -15+7-8 f 65 — (-34) +50 

g -12+ 20-50 h —50 — 23 - 47 i -—20— (-25) + 60 
2 Evaluate: 

a -3 x (-16)+8 b-4+6 x 11-14 

c -6-18 x 4 d -6 x (-3)+ 12 

e —2 x (-6+4+ 16) — 25 f -15+5~x (-3) +12 

g -11+5x 12+ (-15) h -18-4 x 26- (-12) 
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11F INDICES AND ORDER OF OPERATIONS a 


a -—(3 - 17) b —(27 — 54) ec 12+ (4-16) 
d —43 + (6 - 11) e 15-—21+4 x (-3) f -3 x (56-87) 
g -14x 2-11) h 5 x (13 - 41) i -7 x (11 - 18) 
j G44 34) -— (5) x (-120) k (50+ 70) x (3) -5 x (2) 
4 Evaluate: 
a (-8)? b -(11)? c 2x (-4)? d -9 x (-3)? 
eCcly <=) f<-12) 2) h (-2)* 
i 2) j (-2)° k (-1)° I Ci 
5 Evaluate: 
a 2 x (-2)° b 3 x (2) c 4x (-4) d 5 x (-2)? 
e 3x (4)? f 2x (1) g 4x (-3)3 h 7x (-1)?3 
6 Evaluate: 
a —3 x (-16+ 8) b -4+6.x (11 - 12) 
c¢ -6- (15+ 4) d —6 x (-2 + 12) 
e —2 x (-6+ 16) — 20 f -89 +5 x (-32 + 12) 
g —714+5 x (51+ -35)) h -18 —4 x (26 — (-12)) 
7 Evaluate: 
a 40 + (-5) +8 b 80 x (-3) + 10 
¢ 50+10x2 d 60 x (-5) + 25 
8 Evaluate: 
a (-10)? + 2 x (-10) b (—10)? x (-10)? 
c¢ 2x (-10)3 + 102 d —2 x (-10)? x (-10) 
9 Evaluate: 
a 3x (-12)+4+41 b -5 + 49 + (-7)? +2 c -4x6+8-5 
d 3-50+ (3-8)?-2 e 14-3 x 6+ (2) f 7-3?x (1-3)? 
g 5x (-14) + (-7) -3 h 16+ 12+ (-2)?-4 


10 A shop manager buys 200 shirts at $16 each and sells them for a total of $3000. Calculate 
the total purchase price, and subtract this from the total amount gained from the sale. What 
does this number represent? 


11 A man puts $1000 into a bank account every month for 12 months. Initially, he had $3000 
in the bank. 


a How much does he have in the account at the end of 12 months, given that he has not 
withdrawn any money? 


b At the end of the 12 months, he writes a cheque for $20 000. How much does he now 
have left? 
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12 A pizza shop runs a delivery van at a cost of $200 a day to deliver pizzas from the shop to 


13 


its customers. Each pizza costs $3 to make and sells for $9. 
a If the pizza shop delivers 90 pizzas in a day, how much money does it make? 


b The price of a pizza increases to $10 and the cost of making a pizza is unchanged. How 
much money does the pizza shop make if 90 pizzas are delivered? 


c If the price of a pizza decreases to $8 and the cost of making it increases to $4, how much 
does the pizza shop make or lose if it delivers 45 pizzas in a day? 

The local charity is planning to run a fair, and is trying to decide how much to charge for 

entry. The hall where it plans to hold it will cost $500 to rent for the day. It plans to charge 

$5 per person for entry, and to give each person a show bag that costs $2 to produce. 

a If 120 people come to the fair, how much money will the charity make? 


b If the charity decides instead to charge $8 per person, and 120 people attend, how much 
will it make or lose? 


c If it charges $5 per child and $8 per adult, and 60 children and 60 adults attend, how 
much will it make or lose? 


Review exercise 


1 
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Complete each addition. 


oe) b -36 + 22 c -35 +50 
dhe) e -32 + 16 f 15-523) 

g —160 + (-20) h —50 + (-10) i 110 (10) 

j -120 + 40 k 35 + (3) eee) 

m —75 + 50 n -91 + (44) 0 -65 + 59 

p -60 + (-25) qi-1654) (25) 55-10) 

s 115 + (45) t-125 243 W332 (215) 


In an indoor cricket match, a team has made 25 runs and lost 7 wickets. What is the team’s 
score? (A run adds | and a wicket subtracts 5.) 


The temperature in June at a base in Antarctica varied from a minimum of —60°C to a 
maximum of —35°C. What was the value of: 


a maximum temperature — minimum temperature? 


b minimum temperature — maximum temperature? 
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REVIEW EXERCISE 


4 The temperature in Canberra had gone down to —3°C. The temperature in a heated house 
was a cosy 22°C. What was the value of: 


a (inside temperature) — (outside temperature)? 


b (outside temperature) — (inside temperature)? 


5 Complete each multiplication. 


a 125 x (2) b —36 x 11 35) 6 5) 
d —51 x (40) 8 ie f —50 x (23) 
g —160 x (-20) h —50 x (10) i 11x (40) 
j —120 x 20 k —20 x ($5) ] —25 x(-4) 
6 Complete each division. 
ais 3) |i) S80 ee! a) 
sill 8) e164) f -—50 + (-10) 
f —160 20) he 1500] Ep) i 110+ (-40) 
j —-120+ 20 k —196 + (-14) ] 625 + (-25) 
7 Evaluate each expression. 
a -4x (6-7) b 7 x (11 — 20) C3 x (6-7 15) 
d -6 x (4-6) e -—12 x (-6 + 20) f —(-4) 
g 3-7) x (1-15) h (10 — 3) x (3 + 10) i (-5 - 10) x (0-4) 


8 Start with the number —5, add 11 and then subtract 20. Multiply the result by 4. What is the 
final result? 


9 Start with —100, subtract 200 and then add —300. Divide the result by 100. What is the final 


result? 
10 Evaluate: 
a (-8)? b -87 ec -11-15+ 14 
d 16 x (-2)+ 10 e —3 x (-8) + 100 — 150 f -—200 +2 x 10 
g 2x (6) +8 h 4 x (-6) + (-3) 
11 Evaluate: 
a 5x (-7+ 18) b -13+ 16 x (7 - 12) 
ec 16-— (15+ 14) d 16 x (-12+ 8) 
e —3 x (-16 + 20) — 25 f 3x (-8)+3x 18 
g 5x (-7*) +3 x 42 h 7 x (-3)? + 3 x (-4) 
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Challenge exercise 


1 What is the least product you could obtain by multiplying any two of the following 
numbers: 


—8, —6, -1, l and 4? 


2 Evaluate: 
a - 1) 1000 


b (—1) 1! 


3 The integers on the edges of each triangle below are given by the sum of integers which 


are to be placed in the circles. Find the numbers in the circles. 


-34 


4 Put the three numbers 4, —2 and —7 into the boxes below 


a le 


so that the answer is: 


a -l 
b9 
ec -13 
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CHALLENGE EXERCISE 


5 Put the three numbers 5, —5 and —4 into the boxes below 
ee 
so that the answer is: 
a6 
b -14 
c 4 


6 Find the number that must be placed in the box to make the following statement true. 
3-[ ]+(5)=0 


7 Place brackets in each statement below to make the statement true. 
a5+(-3)x3+4=14 
b5+(-3)x3+4x2=4 
¢e5-5x6+7x6-5=37 


8 This is a magic square. All rows, columns and diagonals have the same sum. Complete 
the magic square. 


2 =5) 0 


4 


9 a Find the value of 2-—4+6-8+ 10-12 by: 
i working from left to right 
ii pairing the numbers ((2 — 4) + (6 — 8) + (10 - 12)) 
b Evaluate2-4+6—-—8+10—- 12+ 14—16+... + 98 — 100. 


10 Evaluate 100 + 99 —- 98 —-97+...4+44+3-2-1. 


11 The average of five numbers was 2. If the smallest number is deleted, the average is 4. 
What is the smallest number? 


12. Find the value of: 
a (1 -3)+(5-7)+ @- 11) + G3 - 15) + 7-19) 
b1-—-34+5-74+9-11+...4+ 101 — 103 
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~ CHAPTER \\ 


Me 


Number and Algebra 


This chapter deals with the substitution of negative numbers into algebraic 
expressions. The following example illustrates why this is important. 


In the United States, temperature is measured on the Fahrenheit scale, while 

in Australia we use the Celsius scale. It is useful to be able to convert from one 
scale to the other. For example, if the temperature in a town in the US is —5°C, 
what is the temperature in degrees Fahrenheit (°F)? The rule for converting to °F 


is to multiply the Celsius temperature value by 3 and add 32 to the result. 


We can write this in algebraic notation as F = 2 C + 32, where F and C are the 


temperature values in the Fahrenheit and Celsius scales, respectively. 
In the formula F = 2C + 32 substituting C =—5 gives: 


F=2x (5) +32 


=-9+ 32 

=23 
In this chapter, we will also see how such situations can be illustrated on the 
Cartesian plane. 


The Cartesian plane is used to combine algebra and geometry. The Cartesian 
plane is very important in mathematics. The idea is simple but extremely useful. 
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12 Substitution with integers 


In Chapter 3, we substituted positive whole number values for pronumerals. In Chapter 7, we 
substituted positive fractions. We will now look at how to substitute negative integer values, as 
illustrated in the following examples. 


Example 1 


Evaluate each expression for x = —5. 


a 4x4+3 b -4x+3 c 4a%+3) 
d -4(x + 3) e —4x? f (-4x)? 
a 4x+3=-20+3 b 4x+3=20+3 c 4(x+3)=4 x -2) 
=-17 23 =-8 
d -4(x + 3) =—-4 x (2) € 477 = 1 25 fe) = (20)- 
5 =-100 = 400 


Example 2 


Evaluate each expression for m = —5, n = 6 and p = -10. 


a m+n b m+p c m-p 
P 
d mp e np f = 
a m+n=-5+6 b m+p=—s + (-10) ¢ m—-p=-5-— (-10) 
=5 
d mp=-5 x (-10) e np=6x (-10) 2 0) 
0) =-60 m =) 
=e) 


Problems in words can often be translated into algebra. 


Example 3 


The temperature is now 12°C. 


a What is the new temperature if the temperature drops by 15°C? 
b What is the new temperature if the temperature drops by x°c? 
c Find the new temperature if: 

ea 6) Mx 20 
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N 12 A SUBSTITUTION WITH INTEGERS 
eg Bet somata mma 


a Newtemperature = 12°C — 15°C 
=—3°C 
b Newtemperature = (12 — x)°C 


c i Ifx= 10, newtemperature = (12 — 10)°C 
= 
li If x = 20, newtemperature = (12 — 10)°C 
= —8°C 


Example 4 


Christina has $100 in a bank account. She takes $x from the bank account every day. 
a How much money does she have in the account after 4 days? 
b How much does she have left in the account after 4 days if: 

ee 0? lx = 207 Me = 257 


c Interpret the outcome in words if x = 30. 


a Amountleft = $(100 — 4x) 
b i Amountleft = 100 — 40 


= $60 
ii Amountleft = 100 — 80 
= $20 
iii Amountleft = 100 — 100 
= $0 
c Amountleft = 100 — 120 
=—20 dollars 


Christina has overdrawn her account by $20. 


f >) Exercise 12A 


==> 1 Evaluate each expression for x = —2. 


a 2x b -x ¢x+2 dx-3 

e 2x+3 f x g —x3 h (-x)? 

i 3-x j 3-2x KS 2e ] 2-5x 
2 Evaluate each expression for x = —30. 

a 2x+3 b-—-x¥+6 c 2x-4 d5-x 

e 6-2x f 54x 2-% nas 
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3 Substitute m = —4, n = 3 and p = —24 to evaluate: 


am+n bm+p c m-p d mp 
e np f o g mnp h t 
4 Evaluate each expression for x = —2. 
a5x+4 b -5x+4 c 5x +4) 
d —S(x + 4) e —5x? f (—5x)? 
5 Evaluate each expression for a = —3. 
a5+2a b 6-—3a ce 2a+3 
d4-a e (-a)? f -a? 
g (—2a)? h (-2a)3 i a+2 
6 Evaluate each expression for z = —3. 
a —3z b zt ec 5-2z 
d (2z)3 & a)’ f =27 
7 Substitute m = —20, n = —10 and p = 50 to evaluate: 
am+n bpt+m cn-p d mn 
e mp f 7 g - h mnp 
8 Evaluate each expression for w = 10. 
a —40w b -w+ c 10-2w 
d (-2w)3 e (-w)? + w* f w> — 10w* 


9 Evaluate each expression for w = —2. 
a —20w b -w* c 10-2w 
d (-2w)? e (-w)? + w? f w> — 10w? 
10 Buffy has $1000 in a bank account. She takes $x from the bank account every day. 
a How much money does she have in the account after: 


i 1day? ii 5 days? 
b Find the value of her bank account after 5 days if: 
i x=100 ii x = 200 iii x = 250 


cannes) 11 The temperature in a room drops by x°C every hour. The temperature in the room at 
12 p.am.is 25°C. 
a What will the temperature be at: 
i |p.m.? ii 6p.m.? 


b If x = 6, what will the temperature be at 5 p.m.? 
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12 The Gartesian plane 


We have previously represented numbers as points on the 
number line. This idea can be extended to represent points in the 
plane by pairs of numbers. 


We start with two perpendicular straight lines. They intersect at 
a point O called the origin. We leave the right-angle sign out for 


clarity. 


Each of the lines is called an axis. The plural of axis is axes. 


Next we mark off internals of unit length along each axis, and mark 
each axis as a number line with 0 at the point O. The arrows are 
drawn to show that the axes extend infinitely, in both directions, and 
to indicate which is the positive direction. 


The axes are called the coordinate axes or sometimes the Cartesian 
coordinate axes. They are named after the French mathematician 


and philosopher René Descartes (1596-1650). He introduced coordinate 


axes to show how algebra could be used to solve geometric problems. 
Although the idea is simple, it revolutionised mathematics. 


Now we can imagine adding vertical and horizontal lines to the diagram 
through the integer points on the axes. We can describe each point where 


the lines meet by a pair of integers. This pair of integers is called the 


coordinates of the point. The first number is the horizontal coordinate 


and the second number is the vertical coordinate. 


For example, the coordinates of the point labelled A are (1, 4). This 
is where the line through the point | on the horizontal axis and the 
line through the point 4 on the vertical axis meet. We move | unit to 
the right of the origin and 4 units up to reach A. 


The point D has coordinates (2, —4). We move 2 units to the right 
of the origin and 4 units down to get D. 


The point B has coordinates (—2, 1). We move 2 units to the left of 
the origin and | unit up to get B. 


The point C has coordinates (—4, —3). We move 4 units to the left 
of the origin and 3 units down. 
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12 B THE CARTESIAN PLANE a 


On a number plane, plot the points with the given coordinates. 


aA? 2) b B(-3, 0) eed =n 
d D(-3,3) e E(0, 3) f 7G?) 


Remember, the first coordinate tells us where to y first coordinate (x-coordinate) 
go from the origin in the horizontal direction. If it 4 y 
is negative, we go to the left of the origin; if it is 3 (4, ; 
positive, we go to the right of the origin. 2 
. 1 second coordinate (y-coordinate) 
The second coordinate tells us where to go from the 
origin in the vertical direction. If it is negative, we A321 0 O 1.23.45 ca 
go below the origin; if it is positive, we go above “il 
the origin. -2 
We have labelled the horizontal axis the x-axis, and ] 


the vertical axis the y-axis. 


The first coordinate is usually called the x-coordinate and the second coordinate is usually called 
the y-coordinate. 


Example 6 


Plot the following points on the grid and join them with straight-line intervals in the order 
they are given to complete the picture. 


Shape 1: Join (2, 4) to (4, -1) to (2, -1) to (2, 4). 
Shape 2: Join (1, 4) to (1, —1) to (+4, -1) to C, 4). 


Shape 3 Jomi(s)—2) 104. —3)le(-2 ito (5. 2 ito 
(5, —2). 
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N 12 B THE CARTESIAN PLANE 
Eg BO WEE SSSA ue 


| @ Exercise 12B 


1 Give the coordinates of points A to G. 
2 Ona number plane, plot the points with the given 

coordinates. 
a A(5, 1) b B(-2, 4) 
¢ C-3,-3) d D(3,-1) 
e E(2,4) f F(O, -4) 
g G(-5, 1) h A(-5, —2) 

3 Ona number plane, plot the points with the given tc 
coordinates. 
a A(-4, -1) b B(-2, -3) ¢ C(2, -2) d D(4, -1) 
e E(-1, 4) f F(-3, -2) g G(-3, 2) h H(0, —4) 


4 Plot these points on a grid and join them in the given order to draw three pictures. 
a (2, J) (2 2)s (=I, 2) (=1, 0), (1, 0), (1, =1); (=, =I); (=1, =o) (2, =3); (2, —4), 
(—2, 4), (—2, 3), (2, 3). 
b (3; 0),(2, DC, a), (1; 2). (0, 3s (=L, 2); (=3; a5 (<2, 1); (=3, 0), (=2, =i), (=3, = 3); 
(-1, -2), (0,-5), (1, -2), G, -3), 2, -1), G, 0). 
c Shape 1: Join (2, 4) to (2, 2) to (O, 2) to (0, 4) to (2, 4). 
Shape 2: Join (3, 0) to (2, 1) to (2, —1) to (0, —1) to (0, 1) to (-1, 0) to (2, 1) to C1, 2) 
to (4, 1) to (3, 0). 
Shape 3: Join (2, —1) to (3, —4) to (2, —4) to (1, —2) to (0, —4) to (-1, —4) to (0, -1) 
to (2,-1). 
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12 B THE CARTESIAN PLANE ye 


5 Write down the coordinates of the points labelled A to G in each diagram. 


a 


E : b 


6 Draw coordinate axes and mark on them the integer points 1 cm apart. 


a Plot the points A(0, 1), B(3, 1), C(3, 4) and D(0, 4), and join them to form AB, BC, CD 
and DA. Describe the shape formed and evaluate its area. 


b Plot the points A(—2, 0), B(4, 0) and C(1, 4), and join them to form AB, BC and CA. 
Describe the shape formed and evaluate its area. 


c Plot the points A(-4, —4), B(7, —4), C(7, 1) and D(-4, 1), and join them to form AB, BC, 
CD and DA. Describe the shape formed and evaluate its area. 


d Plot the points A(—6, 4), B(—1, 4) and C(—6, 1), and join them to form AC, CB and BA. 
Describe the shape formed and evaluate its area. 


e Plot the points A(0, 2) and B(1, 4), and draw the line passing through them. Now plot the 
points C(—2, 5) and D(0, 4), and draw the line passing through these points. Describe the 
relationship between the lines. 


f Plot the points A(0, 1), B(4, 3), C(10, 3) and D(6, 1), and join them to form AB, BC, CD 
and DA. Describe the shape formed and evaluate its area. 


7 a Ona grid, join (0, 0) to (3, 1) to (4, 2) to (4, 4) to (2, 4) to (1, 3) to (0, 0) to draw one 
petal of a flower. 


b Complete, and then plot, the following list of points to form a second petal the same 
shape as the first. 


Join (0, 0) to (3, -1) to (_, —2) to (4,__) to (_, 


c Draw the remaining two petals of the same shape to complete the flower. 


d Write down the ordered list of points required to draw each of the petals in part c. 
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1) Completing tables and 
plotting points 


The following examples show how an understanding of the number plane can help us with algebra, 
and vice versa. 


Two students play a simple game to improve their multiplication of integers. Liam calls out a 
number and Andrea multiplies it by 2. Liam starts at —2 and calls out to Andrea each integer up to 2. 
Their results are recorded in a table. 


We can write the rule as: 


Andrea’s number = 2 x Liam’s number 


and the table is: 


If we denote Liam’s number by x and Andrea’s number by y, then we can write the rule as: 
yo 2x 


and the table can now be written as: 


The points (—2, -4), (-1, —2), (0, 0), (1, 2) and (2, 4) are plotted. What do you notice about 
these points? 


A line can be drawn through all of the points. Try it! 


We can follow the same kind of procedure for any similar rule — a table can be formed and the 
corresponding points plotted. 
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12 C COMPLETING TABLES AND PLOTTING POINTS a 
Example 7 


For each given rule, complete the table, list the coordinates of the points, and plot the points 
on a number plane. 


a y=-x 


The points are (3, 3), (2, 2), (-1, 1), (0, 0), (1, -1), (2, -2) and (3, -3). 


Ihe poimtsate(—3.—2).(-2- 1). (8 0) (On) (le 2) (2 2 and (354), 
Check that a straight line can be drawn through all the points. 
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N 12 C COMPLETING TABLES AND PLOTTING POINTS 


( ) Exercise 12C 


1 For each given rule, complete the table, list the coordinates, and plot the corresponding set 
of points on a number plane. Check that each set of points lies on a line. 


a y= 3x 


x =3} =! =| fe) 1 


x =3) =2 =| 0) {| 


x =3} =22 =| ) 1 


x =3) =2 =| 0) {| 


x =3} =2 =| ) 1 


3 
N N N N N N N 
Ww Ww WwW Ww Ww WwW Ww 


2 For each given rule, complete the table, list the coordinates, and plot the corresponding set 
of points on a number plane. 


1 
ay=x+— 
yux 5) 


x =? =1 fe) 1 2 3 4 
ay, 


img 
< 
I 
a 
| 
Nie 


x =3} =2 =| ) 1 


coe 
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1 

ce y=2x+- 

PSee 
D) = 0 1 2 3 
1 

d y=-x+= 

ae, 


3 Complete the table for each given rule. 


ay=5x-7 


4 Complete the table for the rule, list the coordinates, and plot the corresponding set of points 
on a number plane. Note that they do not lie on a straight line. 


In the previous section we looked at completing tables and plotting the corresponding points. In this 
section we will find a rule that fits a table or a plot of points. 


Example 8 


Find a rule for each of the following tables and then express the rule in algebra. 


: et eee ee b =) (e206 1 2 
Ele iole leis zones =A fatale? Bane 
d= 
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12D FINDING RULES 


a Each x value is multiplied by 5 to obtain the corresponding y value. 
A tule for the table is y = 5x. 

b Each ¢ value is multiplied by 3 and 2 is added to it to obtain the corresponding d value. 
A tule for the table is d = 3t + 2. 


Example 9 


Tiles are formed into the letter “X’ as shown below. 


Diagram 1 Diagram 2 Diagram 3 


a Copy and complete the table below, where n is the number of the diagram. 


Diagram number (7) 1 p. 3 4 5 6 
Number of tiles (2) 5 9 13 


b How does the number of tiles increase as we move from one diagram to the next? 
c Plot the points (n, f) for values of n from | to 6, using your table of values. 
d Write a rule that tells us the number of tiles we need for the nth diagram. 


Diagram number (n) 1 2 3 4 a 6 
Number of tiles (¢) 5 9 13 7 21 DS) 


b We need an extra four tiles each time we make a bigger ‘X’. 


Od 234 5 © n 
d Multiply the n value by 4 and add 1. 
A rule for the number of tiles is t= 4n + 1. 
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12D FINDING RULES Ve 


Sometimes the patterns involve negative numbers. 


Example 10 


Plot the points (—2, 4), (1, 2), (0, 0), (1, —2) and (2, —4) on a number plane and give a rule 
connecting the y-coordinate to the x-coordinate. 


JY 


The rule is y = —2x. 


| @ Exercise 12D 


1 Say in words how to find the y value given the corresponding x value and then write the rule 
in algebra. Each of these tables gives a set of coordinates that lie on a straight line. 


a nw 4 b 


Ww 
On 


me —2|/-1/ 0; 1 | 2 


2 A pile of matchsticks is used to make the following pattern of shapes. The first diagram 
uses three matches to form one triangle. The second diagram uses five matches to form two 
triangles. 


Diagram 1 Diagram 2 Diagram 3 Diagram 4 
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N 12D FINDING RULES 
SN 


a Count the number of matches used to make each diagram, and complete the table below. 


b How many matches do we add each time to create an extra triangle? 
c Plot the points (¢, m) for values of t from 1 to 6, using your table of values. 


d Write a rule that tells us the number, m, of matches we need to make any number of 
triangles. 


3 The first diagram shows four chairs placed around one square table. The second diagram 
shows six chairs placed around two square tables. The third diagram shows eight chairs 
placed around three square tables. Consider the number of chairs needed each time an extra 
table is added to the row. 


lax iY GY OY OH 
eo E> i! 

7 Ae? he 
Diagram 1 Diagram 2 Diagram 3 


a Count the number of chairs used to make each diagram, and complete the table below. 


b How many extra chairs are needed each time a table is added? 
c Plot the points (f, c) for values of ¢ from 1 to 6, using your table of values. 


d Write a rule that tells us the number, c, of chairs we need to place around any number, 
t, of tables. 


4 Tommy the terrible 2-year-old emptied the kitchen cupboards and used all the cans of 
food to make a tower as in diagram |. When his mother discovered what he had done, she 
noticed the tower was in the shape of an ‘L’. Not wanting to miss an opportunity to teach 
Tommy the alphabet, she proceeded to pack the cans away four at a time as shown in the 
following diagrams. 


Diagram 2 Diagram 3 
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12D FINDING RULES a 


a How many cans of food did Tommy use to build his first tower? 


b Count the number of cans used to make each tower, and complete the table below. 


c Plot the points (n, c) for values of n from | to 6, using your table of values. 
d Write a rule that tells us the number of cans needed to create each ‘L’. 


e How many different ‘L’s can Tommy’s mother make before the tower loses its 
‘L’ shape? 


5 For each of the following, plot the points on a number plane and give a rule connecting the 
y-coordinate to the x-coordinate. 
a (-2,-2), (-1,-1), (0, 0), (1, 1), @, 2) 
b (-2,-1), (-1, 0), (, 1), , 2), @, 3) 
¢ (-2,-4), (-1,-2), (0, 0), (1, 2), (2, 4) 
d (-2,-4), (-1,-3), (0, -2), 1, -1), 2, 0) 
6 Sarah is given $1000 for her 18th birthday. She decides to use it to sponsor a child in Africa 
at a cost of $20 each month. 


a Complete the table below to show how much money Sarah has left at the end of each 
month. 


b Write a rule to show how many dollars, d, Sarah has left after m months. 
c How much money will Sarah have after 10 months? 
d For how many months can Sarah sponsor the child? 
7 Frank recently turned 16 and got his learner’s permit. His mother supervises him driving the 
family car to and from school each day, a trip which takes him 30 minutes each way. Frank 


keeps a log of the total hours he has driven. The table shows the total number, h, of hours 
Frank has driven after w weeks. 


a Complete the table. 


b Write a rule that tells us the number of driving hours, h, after w weeks. 
c How many hours of driving will Frank have done after 12 weeks? 


d How many weeks driving will Frank need to do to complete 45 hours of driving? 
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N 12D FINDING RULES 
= BD I aes 


8 Match each diagram with the correct rule from the list below. 


y = 3x y=-2x y=x+3 


y=-2x-1 y=-2x+1 y=x-4 
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Review exercise 


1 Given that m = —1, n = 2 and p = -46, evaluate: 


amt+n bm+p cm-—p d mp e np fe 
2 Ona number plane, plot each of the points whose coordinates are given below. 

a ACI, 1) b BQ, -3) c-C (0,6) 

d D(-4, 0) e E(-4, -2) f F(-4,5) 


3 Write down the coordinates of each of the points A to G. 


4 Make up a table with integer x values from —3 to 3 for each of the rules given below. 
List the corresponding coordinates and plot the points. Check that a line can be drawn 
through the points. 


ay=3-x b y=2x-3 
5 Evaluate each expression for x = —3. 
a 10-x b 10+x (Sa d x? 
e —x? f—30)- g —25x7 h 5 — 5x 


6 David has $600 in a bank account. He takes $x from the account every week. 
a How much money does he have in the account after: 
i 1 week? ii 5 weeks? 
b Find the value of his bank account after 5 weeks if: 
i x=100 ii x = 200 
7 The temperature in a freezer drops by 2x°C every hour after 6 p.m. until it reaches —5°C. 
The temperature in the freezer at 6 p.m. is 20°C. 
a What will the temperature be at: 
i 7p.m.? ii 11 p.m.? 
Dalieg— . what will the temperature be in 8 hours? 
ce If x = 2, what will the temperature be in 5 hours? 


dlix—2 > when does the temperature reach —5°C? 
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8 ABCD is a square. The coordinates of A, B and C are (0, 0), (0, 6) and (6, 6), 
respectively. What are the coodinates of D? 


9 ABCD is a rectangle. The coordinates of A, B and C are (1, —6), (1, 2) and (7, 2). What 
are the coordinates of D? 


10 Fill in the boxes to give a rule for each of the following tables. 


2 2 3 AP 5 i 06 6—?= 1 2 
mm 3 |/4/5 |6/| 7 6 a | Sue: 
y=x+L] d= lal 

e ll ee Aas i Eyer 
mm 60UC€«d|l(U4l(d|s gl «| «(12 | 46 mm 5 | -3 | 1 | 14 
--8\2 8 g=LIxp-U 

‘i 1 Poise cae a a5 c EEE 2 
mm 12 | 9 | 6 | 3 6 om -1 | -4 ~10 | -13 


Challenge exercise 


1 David and Angela have 10 CDs to divide between them. 
a Copy and complete the following table showing how the CDs can be divided. 


CDs for David 0/1 10 
CDs for Angela 10/9 0) 
Let x be the number of CDs that David has and y be the number of CDs that Angela has. 


b Write coordinates corresponding to each column of the table. 
c Plot these points on a number plane with the x- and y-axes labelled from 0 to 10. 


d Write arule for y in terms of x. 
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CHALLENGE EXERCISE 


2 David and his twin brother Andrew are to share 10 CDs with Angela in such a way that 
the twins receive CDs in pairs, and have at least one pair of CDs. 


a Copy and complete the table below, showing how the CDs can be divided. 


Pairs of CDs for David and Andrew 


Single CDs for Angela 


Let x be the number of pairs of CDs that the twins receive, and y be the number of 
CDs that Angela receives. 


b Write coordinates corresponding to each column of the table. 
c Plot these points on a number plane, with the x- and y-axes labelled from 0 to 10. 
d Write a rule for y in terms of x. 


3. a ABCD isa square. A has coordinates (4, 5), D has coordinates (8, 5) and B has 
coordinates (4, 9). Find the coordinates of C. 


b OXYZ is a square. O is the origin and X is the point with coordinates (0, 5). Give the 
possible coordinates for the points Y and Z. 


c ABCD is a square. A has coordinates (0, 0) and B has coordinates (4, 4). Find the 
possible coordinates of C and D. 


Note: In questions 4, 5 and 6, the number plane axes have markers at 1 cm intervals; that is, the 
point (1, 0) is 1cm from the origin etc. 


4 ABisan interval on the number plane. A has coordinates (5, 0) and B has coordinates 
(10, 0). Describe the points C such that triangle ABC has area 20cm/?. 


5 AB is an interval on the number plane. A has coordinates (0, 4) and B has coordinates 
(0, 10). Points C and D are such that ABCD is a square of area 36cm/. Find the possible 
coordinates of C and D. 


6 AB is an interval on the number plane. A has coordinates (0, 4) and B has coordinates 
(0, 10). Points C and D are such that ABCD is a rectangle of area 42 cm?. Find the 
possible coordinates of C and D. 


7 Avery large garden grows pineapples and mangoes. The manager of the garden insists 
that the fruit is stacked as follows. 


¢ Mangoes are placed in stacks of 10. 
¢ Pineapples are placed in stacks of 5. 
a List all the different ways you can choose 30 pieces of fruit. 


Stacks of mangoes Stacks of pineapples 
3 0) 


Let x be the number of mango stacks and y be the number of pineapple stacks. 
b List the coordinates (stacks of mangoes, stacks of pineapples). 
c Plot these points on a number plane. 


d Write a rule for y in terms of x. 
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CHALLENGE EXERCISE 


8 The admission prices to an agriculture show are: 


Adults: $9 each Children: $2 each 

A group of people arrives at the ticket counter and pays a total of $90. 

Let x be the number of adults and y be the number of children in the group. 
a List the integer coordinates (x, y) that satisfy the rule 9x + 2y = 90. 

b Plot these points on a number plane. 


c Find the number of children and the number of adults if the total number of people in 
the group is: 


i 38 ii 31 
9 A square has vertices with coordinates O(0, 0), A(a, 0), B(a, a), C(O, a). 
a State the area s of the square in terms of a. 


b Complete the table of values. 


c Plot these points on a number plane. Note that they do not lie on a straight line. 
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Measurement and Geometry 


Geometrical constructions are an enjoyable and practical part of geometry. 
They have been used for centuries by builders and others professions. Most 
constructions involve triangles, so we begin with the geometry of triangles. 


The study of triangles was undertaken by the Babylonians as early as 3000 BCE. 
They knew some methods for working out the areas of some triangles. The 
ancient Egyptians also worked on the measurement of side lengths and areas of 
triangles. 


The ancient Greeks introduced systematic methods for investigating the 
properties of triangles. 
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13 Angles in triangles 


In this section, we will prove two useful results about the angles of any triangle. You may have seen 
these two results already, but proving them may be new to you. 


Triangles 


A triangle is formed by taking any three non-collinear points A, B and C and joining the three 
intervals AB, BC and CA. These intervals are called the sides of the triangle, and the three points are 


called its vertices (the singular is vertex.) A 
The triangle to the right is called the ‘triangle ABC’. 


This is written in symbols as AABC. 


Investigating the interior angles of a triangle 


The first important result about triangles is that the sum of the three interior angles of a triangle is 
always 180°, whatever the triangle may look like. Here are three ways of demonstrating this result. 


1 Draw a number of different-looking triangles, measure their three angles and check that their sum 
is 180°. If you have set squares, they provide excellent examples of triangles. 


45° 60° 
= 45° 30° 


90° + 45° + 45° = 180° 90° + 60° + 30° = 180° 


2 Cut out a triangle. Tear the corners off and place them together so that they form a straight angle. 


/*\ TN 
LEN 


3 Cut out a triangle. Fold it without any tearing to demonstrate that the three interior angles form a 
straight angle. 


The third demonstration is close to a proof. 
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13 A ANGLES IN TRIANGLES 


Proving that the sum of the interior angles is 180° 


Doing measurements and experiments on any number of different triangles does not prove a 
general result — however many triangles you check, there are always more. Here is an argument that 
establishes the result for any triangle. 


The statement of the result is called a theorem. This comes from a Greek word meaning ‘a thing 
to be gazed upon’ or “a thing contemplated by the mind’ — our word ‘theatre’ comes from the 
same root. 
Theorem: The sum of the interior angles of a triangle is 180°. 
Proof: Let AABC be a triangle. 

Let ZBAC = 0, ZB =f and ZC = jy. 

We must prove that « + B + y= 180°. 

Draw the line XAY parallel to BC through the vertex A. 


xX A Y 
> 


a 


B Cc 

Then ZXAB = B (alternate angles, XY Il BC), 
and ZYAC = y (alternate angles, XY Il BC). 
Hence, a + B + y= 180° (straight angle at A). 


A shorter notation for angles 


In the above proof, we referred to 7B and ZC, rather than to ZABC and ZACB. We can use this 
shorter notation because there is only one non-reflex angle at each of the vertices B and C. However, 
there are several angles at the vertex A, so we have to use a longer form, such as ZBAC and ZXAB, 
to show precisely which one we mean. 


The exterior angles of a triangle 


Let AABC be a triangle, with the side BC produced to D. (The word ‘produced’ means “extended’.) 
Then the marked angle ZACD formed by the side AC and the extension CD 
is called an exterior angle of the triangle. A 


The angles ZA and ZB are called the opposite interior angles, because they 
are opposite the exterior angle at C. 


An exterior angle and the interior angle adjacent to it are adjacent angles on B C 
a straight line, so they are supplementary: 


ZACD + ZACB = 180° (straightangle at C) 


There are two exterior angles at each vertex, as shown in the diagram to the 
right. Because the two angles are vertically opposite, they are equal in size: 


ZACD = ZBCE (vertically opposite angles at C) c 


ew) 


w) 
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13 A ANGLES IN TRIANGLE 
3 GLES GLES 
The exterior angle theorem 
The vital fact about exterior angles is that an exterior angle of a triangle is equal to the sum of the 
two opposite interior angles. 
This theorem can be proven using the angle sum of the triangle. The argument on the left below 
gives a particular case, while the argument on the right gives the general case. 
A A 
Q 
50° 
70° B 
B iC D B Cc D 
In the diagram above, In the diagram above, 
ZACB + 50° + 70° = 180° ZACB + a+ B = 180° 
(angle sum of AABC) (angle sum of AABC) 
ZACB = 180° — (50° + 70°) ZACB = 180° — (a + B) 
so ZACD = 50° + 70° soZACD=a+6 
(straight angle at C) (straight angle at C) 
= 120° 
The theorem can also be proven without using the angle sum of a triangle result by drawing a 
parallel line. A formal proof of this is given below. 
Theorem: An exterior angle of a triangle equals the sum of the opposite interior angles. 
Proof: Let AABC be a triangle, with the side BC produced to D. 
Let ZA = aand ZB=B. 
We need to prove that ZACD = « + B. 
Draw the ray CZ through C parallel to BA as shown in the diagram. 
A Z 
04 
B 
B Cc D 
Then ZZCD = B (corresponding angles, BA Il CZ), 
and ZACZ = o (alternate angles, BA || CZ). 
Hence, ZACD = o + £ (adjacent angles at C). 
cy Two theorems about the angles of a triangle 
¢ The sum of the interior angles of a triangle is 180°. 
e An exterior angle of a triangle is equal to the sum of the opposite interior angles. 
These two theorems can now be used in geometrical problems. 
Always be specific and name the triangles and angles involved. 
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13 A ANGLES IN TRIANGLES 


Example 1 


Find ZA in the triangle opposite. A 


20° 


ZA + 20° + 70° = 180° (angle sum of AABC) 
so ZA =90 


Example 2 


Find 6 and @ in the diagrams. 


60° 


B Z80° 1202 


a 8 = 60° + 80° (exterior angle of AABC) 


so 8 = 140° 
b + 65° = 120° (exterior angle of APQR) 
so a = 55° 


| @ Exercise 13A 


1 a Draw a large triangle ABC. Then produce (extend) the side AB to D. 
b Measure the three interior angles of the triangle and confirm that their sum is 180°. 


c Measure the exterior angle ZCBD and confirm that it is the sum of ZA and ZC. 
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13 A ANGLES IN TRIANGLES 


2 Use the interior angle sum of a triangle to find a, B, y or 8 in the diagrams below. 


a A b/ ae CC U 
Qa 
B T . 


70° 30° Z 
B C 
d J f 8 T 
f) 
100° 
P 
85° 81° K 
A B Z ‘ 
It. € A_o 
P—X6o° iB 
R B 


3 Use the exterior angle theorem to find a, 8, y or 6 in the diagrams below. 


a A b 20° x CN E L 
E 
60 B 
; 
24° R 
60° Oo. 
B Cc D 
M 
a 
O 
[| 
A TS 
J 
h C 
77° 
K 
20° 
aC 
M 


4 Explain your answers to these questions. 
a Can a triangle have two obtuse angles? 
b Can a triangle have two right angles? 


c What is the minimum number of acute angles a triangle can have? 
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13 A ANGLES IN TRIANGLES 


d Can a triangle have an acute exterior angle? 


e Can a triangle have two acute exterior angles? 


5 Use the exterior angle theorem to find a, B, y and @ in each diagram. Give reasons. 


a p b m c N 
OK112° 
Y\G 
M T 
: 135° 
O65" L B $ 
H 3 
' 108° = 
Vv 


f 7 \4o7v 


F 
_ sa sA w 
6 100° 
5 


1] 
a 
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13 A ANGLES IN TRIANGLES 


7 Find a, B, Y and 0 in the following diagrams, giving reasons. 


Cc A 


aouH O 


v 
R 
eed 
A 
ee) 
° 
> 


H 


h P Q i Q 
O O Vv 
p_A q 
Vv 
J 
70° Cc Ss 
B 
A R 
25° 
B 
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13 Gircles and compasses 


From this section onwards, you will need compasses for your geometrical constructions. Make sure 
that your pencil is very sharp. 


‘Compasses’ is a plural word. We use ‘a pair of compasses’, just as we wear ‘a pair of trousers’ and 
use ‘a pair of scissors’. The singular word ‘compass’ is the instrument that navigators use to find 
magnetic north. 


Using compasses to draw a circle 


You are probably used to drawing circles with a pair of compasses, but here is an exercise just to get 
the language sorted out. 


Copy the interval AB and point O on your page. Open your compasses to the length of the interval 
AB. Then place the point of your compasses firmly into the point O, called the centre. Holding the 
compasses only by the very top, draw a circle. 


A B O 


This is called drawing a circle with centre O and radius AB. Notice that every point on the circle 
is the same distance from the centre O, because the distance between the point and the pencil lead 
never changes. 


Parts of circles 


Here we will identify some important parts of a circle. We start by drawing a circle with centre O. 


Radius 


Draw an interval from any point A on the circle to the centre O. This interval 
AO is called a radius of the circle. Every radius of the circle has the same 
length, because the setting of the compasses remained the same while the 
circle was being drawn. 


The word ‘radius’ is used both for the interval AO and for the length of the 
interval AO. ‘Radius’ is a Latin word meaning ‘a spoke of a wheel’. Its plural 
is ‘radii’. 


Diameter 


Draw a line through the centre O, cutting the circle at A and B. The 
interval AB is called a diameter of the circle. Every diameter has length A 
twice that of any radius, because a diameter consists of two radii put 
together. 


The word ‘diameter’ is used both for the interval AB and for the 
length of the interval AB. It comes from Greek and means ‘to measure 
through’. 
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13 B CIRCLES AND COMPASSES 
=X 
Chord p 


Choose any two distinct points P and Q on the circle, and join the interval PQ. 
This interval is called a chord (from a Greek word meaning “a cord or string’). 


A diameter is thus a chord passing through the centre. 


Arc Q 


Choose two distinct points P and Q on the circle. These two points cut the 


circle into two curved parts called arcs. E 

There are two arcs PQ. The larger arc is called the major are PQ and & S 

the smaller arc is called the minor are PQ. (‘Major’ and ‘minor’ are Ne 3 

the Latin words for ‘larger’ and ‘smaller’; ‘arc’ is from a Latin word for = . 

a bow or arch.) e - 
Q 


Constructing a triangle with given measurements 


In the exercises, you will construct triangles with different side lengths and angle sizes. Here is a 
simple way to construct a triangle whose three side lengths are given. 


Construct a triangle ABC in which AB = 8 cm, AC = 5 cm and BC = 6 cm. 


Step 1: Draw an interval AB of length 8 cm. 


Step 2: Draw a circle with centre A and radius 5 cm. 
Step 3: Draw a circle with centre B and radius 6 cm. 
Let C and C’ be the two points where the circles intersect. 


Then the triangles ABC and ABC’ satisfy the conditions. 
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13 B CIRCLES AND COMPASSES 


> Circles and constructions 


¢ Acircle is drawn by opening the arms of the compasses to some given radius and placing 
the point on some given centre. 


Some words associated with circles: 
centre, radius, diameter, chord, major and minor arcs 


All radii of a circle have equal length. 


Every diameter of a circle is twice the length of the radius of that circle. 


Compasses can be used to construct triangles with given side lengths. 


© Exercise 13B 


1 In the diagram on the right, what parts of the circle are: A 
a the point O? b the interval OP? : 
c the interval PO? d the interval AB? 
e the curve PAB? f the curve POB? 
2 In the diagram on the right, name: A 
a the centre of the circle U 
b two diameters of the circle 
c two chords that are not diameters - 
d four radii R 


e a major arc (there are four) KY 
Ss; 


f a minor arc (there are four) 
3 a Set your compasses to a radius of 8 cm. Then choose a point O in the middle of your 
page and draw a circle with centre O and radius 8 cm. 


b Change the setting of the compasses to 6 cm and draw a circle with the same centre O 
and radius 6 cm. 


c Repeat this process, drawing circles with centre O and radii 4 cm and 2 cm. 
These four circles are called concentric circles because they all have the same centre. 


d Draw a horizontal line through the centre O. From left to right, label the eight points 
where the line intersects the circles with the letters A, B, C, D, E, F, Gand H. 


e Check that the eight intervals AB, BC, CD, DO, OE, EF, FG and GH all have the same 
lengths. 
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N 13 B CIRCLES AND COMPASSES 
oe St atau geri 


4 a Set your compasses to a radius of 3 cm, and do not change the radius again until the final 
part of this question. 


b Choose a point O in the middle of your page and draw a circle with centre O. 

c Choose any point A on the circle, and draw a second circle with centre A. 

d Let the two circles intersect at B and F. 

e With centre B, draw a third circle, cutting the first circle at A and C. 

f With centre C, draw a fourth circle, cutting the first circle at B and D. 

g With centre D, draw a fifth circle, cutting the first circle at C and E. 

h With centre £, draw a sixth circle this circle should cut the first circle at D and F. 
i With centre /, draw a seventh circle this circle should cut the first at E and A. 


j Change the setting of the compasses to 6 cm. Now draw a circle with centre O that just 
touches the outsides of the six outer circles. 


=> 5 Construct a triangle ABC in which the three side lengths are AB = 9 cm, AC = 6 cm and 
BC =5 cmas follows. 


a Draw a horizontal interval AB of length 9 cm, leaving about 6 cm above. 
b With radius 6 cm and centre A, draw an arc above the interval AB. 

c With radius 5 cm and centre B, draw another arc above the interval AB. 
d Let the two arcs meet at C, and join the intervals AC and BC. 


e Measure the sizes of the three angles with your protractor. 


6 a Construct a triangle ABC in which: 
* two of the side lengths are AB = 7 cm and AC = 4 cm 
¢ the angle between these two sides is ZA = 110°. 


b Join the interval BC and measure its length. 


7 a Construct a triangle ABC in which: 
* two of the angles are ZA = 40° and ZB = 30° 
¢ the side joining these vertices has length AB = 8 cm. 
b Explain why the third angle ZC is 110°. 
c Measure the lengths of the sides AC and BC. 


354 


ICE-EM MATHEMATICS YEAR 7 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


13 Isosceles and equilateral 
triangles 


Triangles with two or three sides equal have some interesting properties. At this stage, however, 
we can only give informal proofs of the results in this section. 


Isosceles triangles 
An isosceles triangle is a triangle with two (or more) sides equal. ae 


¢ The equal sides AB and AC of the isosceles triangle ABC to the right are legs 
called the legs. They have been marked with double dashes to indicate 
that they are equal in length. 


e The vertex A where the legs meet is called the apex. 


¢ The third side BC is called the base. base 

¢ The angles 7B and ZC at the base are called base angles. = Q : 7 . 
ase 

The word isosceles is a Greek word meaning ‘equal legs’ — iso means angles 

‘equal’, and sceles means ‘leg’. 

Constructing an isosceles triangle using a circle 

Any two radii AB and AC of the circle opposite are equal. Thus they form the 

equal legs of the isosceles triangle ABC. The chord BC is the base and the 

centre A is the apex. 

Using two radii of a circle is an easy way to construct an isosceles triangle. : £ 

It is used in the investigation below. 


in the Year 8 textbook. 


The base angles of an isosceles triangle are equal 
The base angles of an isosceles triangle are equal, regardless of the size and 
shape of the triangle. This is illustrated in the opposite diagram, and is proved 
iC 


A test for an isosceles triangle 


If a triangle has two equal angles, then the two sides opposite those angles 
are equal and the triangle is isosceles. 


It is possible to give a proper proof of this theorem now, provided that we use 
the previous result that the base angles of an isosceles triangle are equal. See 
the challenge questions for the details. 
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N 13 C ISOSCELES AND EQUILATERAL TRIANGLES 
=e GS Sasa A eins 


Converses of the two results 

The two theorems discussed so far are converses of each other. The first (slightly reworded) says: 
If two sides of a triangle are equal, then the opposite angles are equal. 

The second says: 
If two angles of a triangle are equal, then the opposite sides are equal. 


These ideas were introduced in Chapter 6. 


cc Isosceles triangles 


e An isosceles triangle is a triangle with two (or more) sides equal. 
— The equal sides are called the legs. 
The legs meet at the apex. 
The third side is the base. 
— The angles opposite the legs are called base angles. 
¢ Two radii of a circle and the chord joining them form an isosceles triangle. 


e The base angles of an isosceles triangle are equal. 


¢ Conversely, if two angles of a triangle are equal, then the sides opposite those angles 
are equal. 


Constructing an equilateral triangle using two circles 


An equilateral triangle is a triangle in which all three sides have equal 
length. 


The diagram to the right shows an equilateral triangle ABC. Notice that it is 
an isosceles triangle in three different ways, because the base could be taken 
as AB, BC or CA. 


The word equilateral comes from Latin — equi means ‘equal’ and Jatus means 8 Cc 
‘side’. 


Here is a construction of an equilateral triangle with sides of length 3 cm. 


C 


Can you explain why all the sides of this triangle ABC are 3 cm long? 


356 


ICE-EM MATHEMATICS YEAR 7 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


13 C ISOSCELES AND EQUILATERAL TRIANGLES ye 


The angles of an equilateral triangle are all 60° 


Use a protractor to confirm that all three angles of the equilateral triangle that you drew 
above are 60°. 


We can prove this result, provided that we use the earlier result that the base angles of an isosceles 
triangle are equal. 


Any two angles in the triangle must be equal because they are opposite equal sides. Therefore all the 
angles must be equal. Since they add up to 180°, each angle must be 180° + 3 = 60°. 


Equilateral triangles 


e An equilateral triangle is a triangle with all three sides equal. 


e An equilateral triangle can be constructed using two circles, as described above. 


¢ The interior angles of an equilateral triangle are all 60°. 


Example 4 


O is the centre of the circle. 


Find ZB in the diagram opposite. 


First, AO = BO (radii) 
Hence, ZA = ZB (isosceles) 
ZA + ZB = 180° — 110° = 70° 
Hence, ZB = 35° (base angles of isosceles AABO) 


Find the length of PQ in the diagram opposite. P 


PQ = 6cm (opposite angles ZQ and ZR are equal) 
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13 C ISOSCELES AND EQUILATERAL TRIANGLES 


Example 6 


Find 0 in the diagram. 
A 


First, ZACB = 60° (equilateral AABC) 
Hence, 0 + 60° = 180° (straight angle at C), 
Ne) ©) = aor 


| 8 Exercise 13C 


1 In the isosceles triangle to the right, PQ = PR. 


Pp 
a Name the apex of the isosceles triangle. 
b Name the legs and measure their lengths. 
c Name the base of the isosceles triangle. 
d Name the base angles and measure their sizes. 
Q R 


e What property of isosceles triangles do these angle sizes illustrate? 


2 Determine whether each _ AABC below is an isosceles triangle. Give reasons. 


159° 
54° 27° 105° 
c B 
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13 C ISOSCELES AND EQUILATERAL TRIANGLES 


3 Ineach part, draw a diagram and mark equal intervals and the given sizes of angles. 


a In AABC, AB = AC. Mark D, a point on BC on the opposite side of C from B. 
If ZACD = 110°, calculate the size of ZABC. 


b P and Q are points on a circle with centre O such that ZPOQ = 56°. Calculate the size 
of ZOPQ. 


4 Find the values of the pronumerals in these diagrams. 


5 Find the values of the pronumerals in these diagrams. 


aA D b A c 20° A 


165° B 
Cc F 
B E Oo 
mA Cc D&C 
B C 
d A € c 
110° 
‘oe G 
E 
B 
ue 
A 


D 
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13 Constructions with compasses 


and a straight edge 


Careful constructions with compasses and a straight edge have always been an essential part of 
geometry. These constructions are based on a fundamental fact about circles: 


All radii of a circle are equal. 


Construction — Bisecting an angle 
The word bisect means to divide into two equal parts. 


The diagram below shows the steps to follow to bisect a given angle ZAOB. 


A 


O iB 
Step 1 Step 2 Step 3 


The two arcs in step 2 can have a different radius from the arc in step 1. 


Folding the paper along the constructed line provides an informal proof that the construction 
works. The arms OA and OB then fall exactly on top of each other, so ZAOB has been cut into 
two equal angles. 


The line you have constructed also bisects the reflex angle ZAOB. (Can you prove this?) 


Construction — A right angle at the endpoint of an interval 


A right angle is half a straight angle. Thus bisecting a straight angle using the previous construction 
will give a right angle. We begin by producing (extending) the interval BA. 


es ra ie vr : 
, \ ¥: %, 
/ \ i ‘ 
de \ - Soles. Bs 
i ee — os ‘, fe 
A 'B 4 
se aa ——_—$— ee $ 
A ‘B A B 
Step 1 Step 2 Step 3 


The two arcs in step 2 will need to have a larger radius than the arc in step 1. 


To construct a right angle at a point within an interval, the same construction works. 
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13 D CONSTRUCTIONS WITH COMPASSES AND A STRAIGHT EDGE 


Construction — An angle of 60° at the endpoint of an interval 


The angles of an equilateral triangle are all 60°. Thus constructing an equilateral triangle will give an 
angle of 60°. 


be 
w 
> 
B 
wo 


Step 1 Step 2 Step 3 . 


This time the arcs in steps 1 and 2 must have the same radius. 


Construction — Further angles by bisection 


Many other angles can now be constructed by applying the angle bisection construction to angles 
already constructed. For example: 


¢ Bisecting 90° will produce an angle of 45°. 
— Bisecting again leads to 22 : and 67 x 
¢ Bisecting 60° produces an angle of 30°. 
— Bisecting again leads to 15° and 75°. 


Construction — The perpendicular bisector of an interval 
Use these steps to bisect a given interval AB. 


7% aK 
\N % 
\ \ 
\ \ 
\ \ 
' \ 
\ \ 
ss) ° : 
A B A ; 8B A |B 
/ Fi 
. . / 
% # 7 
ve Peg 
Pia on Pe : 
Step 1 Step 2 Step 3 


The arcs in steps | and 2 must have the same radius. 


Informally speaking, the diagram is symmetric about the line you have constructed, as you can see 
by folding the paper along it. This means that the line bisects AB and is perpendicular to AB. 


Note: You can use the construction above to produce the midpoint of an interval, even if you don’t 
actually need the perpendicular bisector. 
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13 D CONSTRUCTIONS WITH COMPASSES AND A STRAIGHT EDGE 


Construction — Dropping a perpendicular from a point to a line 


Use these steps to construct a line passing through a given point F and perpendicular to a 
given line AB. 


Step 1 Step 2 Step 3 


The two arcs in step 2 can have a different radius from the arc in step 1. 


Informally speaking, the diagram is symmetric about the line you have constructed, so the line is 
perpendicular to AB. 


& Exercise 13D 


In Question 1, make an accurate copy of the diagrams. (You may need to extend the two rays.) 
Use only compasses, a straight edge and a sharpened pencil. 


1 Use the angle bisection construction to bisect each angle. 
a b 


2 Use the equilateral triangle construction to construct an angle of 60° at the endpoint A of 
an interval AB. 


3 Use the construction for bisecting a straight angle to construct a right angle at the endpoint 
A of an interval AB. (First produce the interval BA to a point X.) Do this first with an 
interval that is on a slope, and then with one that is vertical. 


4 Each part below requires a combination of constructions. Draw an interval AB. 
a Construct angles of 30° and 15° at point A. 
b Construct angles of 45° and 22 ° at A. 
ce Construct an angle of 150° at A. 
d Construct an angle of 135° at A. 
5 Draw three different intervals and construct the perpendicular bisector of each interval. 
6 Draw three different intervals and use the construction for dropping a perpendicular to 
construct the line a point P perpendicular to AB. 
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7 a Construct the bisectors of ZAOB and ZBOC. Check that the A 
two bisectors are perpendicular. Do this on your page first with 
AB = 8 cm and DB = 10 cm. 


O B 
D 
Cc 
b Use the angle bisection construction seven times to divide A 
ZAOB into eight equal parts. Do this on your page with 
OA = 10 cm and OB = 10cm. 
B 
O 


8 Draw an interval then construct a square that has that interval as 
one of its sides. 


9 a Draw acircle with centre O. Draw a square ABCD whose vertices lie on the square. 
b Bisect ZAOB and ZBOC. 


c Hence, find eight points equally spaced around the circle. 


13 Quadrilaterals 
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A quadrilateral is a plane figure bounded by four straight sides. 


B 
A A . 
B 
D 
GC D 

The quadrilateral on the left is called a The quadrilateral on the right is called a 
convex quadrilateral because none of its non-convex quadrilateral because one of 
four interior angles is a reflex angle. its interior angles is a reflex angle. 


Note: We do not allow any interior angle of a quadrilateral to be 180° — such a figure is best 
described as a triangle. 
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13 E QUADRILATERALS 


The word quadrilateral comes from Latin — quadri means ‘four’ and /atus means ‘side’. 


A quadrilateral has two diagonals that join opposite vertices. 


A 2 A 


D 
Cc D 
Both diagonals of a convex quadrilateral The quadrilateral above is non-convex — 
are inside the quadrilateral. one diagonal is inside the quadrilateral and 


the other is outside. 


The interior angles of a quadrilateral have sum 360° 


The interior angles of a quadrilateral always add to 360°. Here are two ways to demonstrate this 
result for a particular quadrilateral: 


1 Construct quadrilaterals of different shapes and measure their angles. 


2 Cut out a quadrilateral. Tear off the four corners and show that they fit together to form a 
revolution. 


It is much better, however, and a lot less trouble, to give a proper proof. 


Theorem: The sum of the interior angles of a quadrilateral is 360°. 


Proof: There are two kinds of quadrilaterals, as shown in the diagrams below. Join a 
pair of opposite vertices to form two triangles as shown. The angle sum of each 
triangle is 180°. Hence, the angle sum of the quadrilateral is 360°. 


Example 7 


Find the size of ZC in the diagram opposite. D 
Bhs) C 


ZC + 110° + 55° + 60° = 360° (angle sum of quadrilateral ABCD) 
Ze + 225° = 360" 
soZC = 135° 
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13 E QUADRILATERALS 


» Quadrilaterals 


e A quadrilateral is a plane figure that is bounded by four straight sides and has four 
vertices. 


e A quadrilateral is convex if each of its interior angles is less than 180°. Both diagonals of 
a convex quadrilateral lie inside the figure. 


e A quadrilateral is non-convex if one of its interior angles is greater than 180°. 
One diagonal of a non-convex quadrilateral lies outside it, the other inside. 


e The sum of the interior angles of a quadrilateral is 360°. 


® Exercise 13E 
1 Find a in each diagram. 


a C b R Cp C 
a a 120° 
B Q 
130° : 53° 
75°>D 120° 68° D 
A 
70° 
A P S 
e c fu 
io 
B 51° 
x 
120° 
DB 
D o 
A V WwW 


2 Ineach part, three angles of a quadrilateral are given. Calculate the size of the fourth angle 
of the quadrilateral. Draw a quadrilateral with these angle sizes. 


a 90°, 90°, 120° b 60°, 90°, 120° 
c 70", 150",35° a7 13,15" 
e 10°, 10°, 10° f 80°, 90°, 80° 


3 Find the values of the pronumerals in these diagrams. 
a B Cc 
B a 
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13 E QUADRILATERALS 


c Q R 
/ OL B / 110° 
62° a Y 70° o 
P S 


A 
4 Find the values of the pronumerals in these diagrams. 


v) 


a D c Q R 
C 
B fo) 
~ O2 
43° 115° 
A FE P S 
° f 
d 7 225 
125° “D 
1287 o 6 


> 
DB 
™m 


338° 


T 


5 Find the values of the pronumerals in these diagrams. 


b R c Q 
Q 
A 
N 
P S 
d e Q iz f A B 
120° 3a B 244 
af 20F o 
a 20 D CE C 
5 
A M NE 
6 The diagram below is a plan of the first 
floor of Tony’s house. Kitchen 


a Tony would like to build some ening ser 


wooden shelves at the end of the 
recreation room. Each shelf would be recreation room 
an isosceles triangle. Find the internal 
angles of these shelves. 


T 
| shelves 


b Tony would also like to construct a living room 
TV table in the shape of an isosceles ao" 
triangle in the living room. Evaluate 
the internal angles of the TV table. 


TV table 
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Review exercise 


1 Find a, B, y and 6 in in each diagram, giving reasons. 


b D A 


2 Finda, B, y and @ in each diagram, giving reasons. 


a R b U V c B 
40° 100° 
30° 
7 
w © 
- R 
¢ 
80° x 
; 
S f) 
P 
d x ea f L 


3 Use the diagram opposite to prove that the sum of 
the interior angles of a triangle is 180°. 
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REVIEW EXERCISE 


4 Finda, B, y and @ in each diagram, giving reasons. 


a A 


br 
4 24° 
() 
110° 
252 
Cc 
H 
G 


5 Find the length x in each diagram, giving reasons. 


a A b c : iB 
ile 
110° 
8cm 40° 
3 10cm x x 
R 
M 


i 70° Ss Q 
70 C 
G 
6 Identify any pairs of parallel lines in each diagram, giving reasons. 
a B bom 
Ny x 
20% 2 
Ho ©. 
c P Q 
A B € 
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REVIEW EXERCISE 


7 a Usearuler and compasses to construct a triangle with side lengths 6 cm, 7 cm 
and 8 cm. 


b Use a ruler, compasses and a protractor to construct an isosceles triangle with legs of 
length 6 cm and an apex angle of 110°. 


8 Use a ruler and compasses to construct an equilateral triangle of side length 5cm. 


9 Use aruler and compasses to construct angles of size: 


a 60° b 30° els" d 90° e 45° fe 22 . 


10 a Draw a large obtuse-angled triangle. 
b Use a ruler and compasses to construct the bisector of each vertex angle. 
c These bisectors should be concurrent. Construct the circle with centre at this point 
that just touches each of the three sides. 
11 a Draw a large triangle. 
b Use a ruler and compasses to construct the perpendicular bisector of each side. 
c These bisectors should be concurrent. Construct the circle with centre at this point 
that passes through each vertex. 
12 Find the values of the pronumerals. 


a M b B 
N 38° 


60° 


120° 
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Challenge exercise 


1 This question provides a proof of the following theorem: 


If two angles of a triangle are equal, then the opposite sides are equal. 


It uses the method of proof by contradiction, and relies on the theorem that the base 
angles of an isosceles triangle are equal. 


If the sides AB and AC are not equal, then one of them is longer. Suppose, for example, 
that AB is longer than AC. Mark the point D on AB so that AD = AC. Mark the angles in 
the two triangles as shown in the diagram below. 


a Use angle ZADC as an exterior angle of ABCD to show that B > a. 
b Show that ZACD is also equal to B. Now look at the diagram to see that B < a. 


c Explain how the theorem follows from this contradiction. 


A 


2 a Construct a large circle with centre O. 


b Using ruler and compasses only, construct an equilateral triangle ABC in which all 
three vertices A, B and C lie on the circle. 


3 a Construct a large circle with centre O and draw a diameter AOB. 
b Choose any point P, different from A and B, on the circle and join PA and PB. 


c Prove that ZAPB is a right angle. Do this by drawing the radius OP and working with 
the angles in the two isosceles triangles AOP and BOP. 


4 a Onanew page of your exercise book, draw a large quadrilateral ABCD. Don’t make 
it any special sort of quadrilateral. 


b Use a straight edge and compasses to construct the midpoints of the four sides. 
c Join these four midpoints to form a new, smaller quadrilateral inside ABCD. 


d Use compasses to check that the opposite sides of the smaller quadrilateral are equal. 
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CHALLENGE EXERCISE 


5 a Construct a large circle with centre O. 
b Draw two diameters AOB and POQ, not at right angles. 
c Join up the quadrilateral APBQ. 
d Prove that each angle of APBQ is a right angle. 


6 a Construct a large circle with centre O. 


b Using a ruler and compasses only, construct a square ABCD with all four vertices 
A, B, C and D on the circle. 


7 a Draw an interval AB. 


b Using a ruler and compasses only, construct an isosceles triangle ABC in which the 
angle ZACB is a right angle. 


8 a Construct a large circle with centre O. 


b Mark any four points A, B, C and D going clockwise around the circle and join up the 
quadrilateral ABCD. Make sure the centre O is inside ABCD. 


c Prove that these opposite angles are supplementary. Do this by drawing the radii 
OA, OB, OC and OD, and working with the angles in the four isosceles triangles 
they form. 


d Repeat part b but this time choose points A, B, C and D so that point O is outside the 
quadrilateral ABCD. Now repeat part c. The proof this time will be a little different, 
because you will need to take differences as well as sums of angles. 


9 Explain why a quadrilateral cannot have more than one reflex angle. 


10 Let ZACB= x. In the diagram below show that ZABC = 90°. 


A 


B Cc 


11 Use the exterior angle theorem to prove that B = 30 in the diagram below. 
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4 


Number and Algebra 


In Chapters 4, 5 and 8 we reviewed fractions and decimals. In the same way that 
we extended the whole numbers to negative integers in Chapter 11, we can also 
extend fractions to the negative fractions. Just as the integers can be divided into 


¢ negative integers 
e zero 
© positive integers, 


we have 


e negative fractions 
° zero 
¢ positive fractions. 


We can mark negative fractions on the number line to the left of zero. 
A situation where we see negative fractions and decimals is in temperatures. 


A temperature of —4.5° is 4.5°C below zero. 
continued over page 
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a 


Each positive fraction has an opposite fraction. 
5 i ; 5 
For example, ri has as its opposite “7 


Several negative fractions are marked on the number line below. 


7 4 1 1 4 7 
33 3 S @ 'F 3g 
aces | L. | a eee eae a | a = 
6 5 4 3 2 o 1 2 3 4 = 5 


The arithmetic for the integers, which we have considered in the previous sections, also 
extends to the fractions. 


14 Addition and subtraction of 


negative fractions 


Example 1 


a Arrange the numbers —2 > > 4 ; and —3 ; in increasing order. 
b Draw a number line from —5 to 5 and mark on it the numbers —2 > * 4 ; and —3 * 


4’ oy 3 3 
b 3 4 el 2 
=a =25 3 a 
Dee ee eS 2 EE EE EEE EE EE Ee ees 
5 4 3 —2 -1 0) 1 2 3 4 5 


We combine the techniques for adding and subtracting integers with the techniques for adding and 
subtracting fractions. 


1 1 1 
F le, -——+2=2-—=1- 
or example 5) 5) 2 


Example 2 


Write the answer to these additions. 


1 ‘ 1 2 
Sup Jy Seer --+= 
aS 2 3S 

1 12.1 

Soe bee ee 

2 2 2 Orne 33 
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N 14A ADDITION AND SUBTRACTION OF NEGATIVE FRACTIONS 
When adding or subtracting fractions, first find the lowest common denominator. 


Evaluate: 
2 4 ai 3 3 (2 
-244 b -3+(-1] -(-3 -3-(3) 
eae 5 Be ae ge as 
2 4 10 12 ered 9 5 
W224 252 = = 2 
BS 5 1S 34(-5) 15 -*] 
=4 ees 
is 15 
ale 
15 
3 3 3 2 Ore! 
fa)eae eee 
C Alar! GB WS)a ge 
ae pe 10 
5 ie 16 
mele 
15 


Example 4 


Find: 
1 3 1 1 3 3 1 1 
a ey b 4a \2e) c 23+ (-43) d ST alse, 
3 2 3 1 1 1 1 
a ages ; b abla 
So eee Eye aie 
3 4 Sar 
5 ms 
= 555 
3 
=-6; 
3 Allie 5 3 1 ete ee Ne eel 
c -23+[-43)=2-3-4-3 Gs Ven 17 3 14 5 
303 eal 
2 7 a oe 
ee ee =.37.2 23 
28 28 6 6 
BS 5 
go 5 
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Example 1a ; 


Example 1b \ 


Example \ 
3a, b 


Example \ 
3c,d 
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14 A ADDITION AND SUBTRACTION OF NEGATIVE FRACTIONS 


@ Exercise 14A 


1 Arrange each set of numbers in increasing order. 


1 a 1 7 (Ii 
ake ae a 
cS ege oe ao bes 
2 4 11 12 i 615 
ooo 2 —-1 —,-—,-2,-1 
aS 12°13 e 13’ 43? 
Draw a number line from —5 to 5 and mark on it the numbers 4, 35, ; 
and 1. 
Write the answer to these additions. 
1 1 2: ‘ll 2 5 
= ad =). + = +S = tS 
a> pee se ue d-7ts 
1 1 2 1 2.4 
-1+= f -4+ 1- —l+5 h -=+— 
. 2 2 e373 5° 5 
Write the answer to these additions. 
1 1 1 3 1 (-3 1 1 
eo ee ee Saf. f= =e 
4472 bt a ae d-7t3 
1 | 7 y) | 4) 7 ae | 4 | 2) 
—+ |- f -=+|-- -l+5 h -——+ |-= 
esl 2 3° \ 7 eS 5" \ 9 
3 1 ae | i .2 ) | ! 
= = te k--+= L Sl 
ER 6 a a5 5° \ 4 
Write the answer to these subtractions 
11 p14 1 
4 2 2 5 4 6 
1 1 1 1 2 3 
oe 4-4) 2-44 
73 a a 3 \5 
g -2-(-1) n -4-(-2) 3_1 
5 4 5 8 5 2 
25 | 2) 1 ( 2 1 
tae ae ha oe es -£-- 
6 3 3 5 5 3 
Evaluate: 
1 1 2 1 
=—33 b-1+4+4 es 
a5 2 3-3 
2-2 1 
d--+ = a. 2,4 
east i ——+— 
3 3 "44 a" % 
2 a, i 1 2 3 
et; ee =o 48 
4 4 5 5 4 
‘2 1 3 1 
j-5-3 k-1t4(- 5725 
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x= 


NE —SCSC 


7 Write the answer to each of these additions and subtractions. 


3 2 1 3 1 3 
a “4 [32] b 2.= (-23] c se 25 
1 1 1 4 
da -32-23 e241, eae 
) 1 1 1 ; 1 1 
g-lit 2, h-27- 4; i 31+ (23] 
: 3 3 2 1 
J fis) k -42+ (-1) | -24-|-3}} 
8 The rules for the order of operations are the same as those for the whole numbers and the 
integers. 
Evaluate: 
t2%.4 1 | ! I 
can be Slee] 
"2 3 4 2 \ 3) 4 
1,1 1 { 4 1 
——+ See 
L. 2-4 | 2.3 
CS = f= =-2==— 
23 4 2 3 4 


Multiplication and division of 


negative fractions 


The methods we have used with the positive fractions also work with the negative fractions. We also 
we use the rules for multiplying positive and negative numbers. 


Example 5 


Evaluate: 

pol aie 3 te) 

a P 2 x | s| Posie oy 

Daal 2 2 iS eee one 3 163 te: 

—-—xX -—-=-— = = = — — = 

8 Sis DSi ass i le 4 
el ue 
=3 : 
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14B MULTIPLICATION AND DIVISION OF NEGATIVE FRACTIONS 


Example 6 


Evaluate: 


SE ro 


= (= >) =-(1x3} 62s 
eae ae) & 28, 

15 a me) 
ers ic 5 
aye 


In earlier work we saw that 16 + 2 can also be written as " Similarly, 3 + 4 can be written as * 
This notation can also be used with negative numbers. 


Thus, —3 + 4 can be written as 2 
: -16 
—16 + (—2) can be written as = 
3 + (-4) can be written as a 
_4 


Because of the rules for multiplying and dividing integers: 


-3 3 3 -12 12 
2 = aS SS 22 S22 Saf 
eT a ne ae 
4% -16_16_ 
Also, — 8 and 0 5) =8 


Example 7 


Carry out the following divisions. 


36 =i2. slit =27 

a ai b a c 16 d 54 
eo 2 ay az 8 le =e he = eee 
=) =) 12 16 54 4. 
= 7 eel 
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N 14B MULTIPLICATION AND DIVISION OF NEGATIVE FRACTIONS 
Example 8 


Carry out each of these multiplications and divisions. 


2 1 el 
ee) ia eles 
S) 3 
SA lek a eee Silane ie 
a 2 x ( >) a 5) b ieser 5 
eee” 
= — >< = 
14 a 
13 —-14 


The sign of the product of two numbers 


¢ The product of a negative number and a positive number is a negative number. For example: 


1 
~ 14 


The rules for division are similar. 


The sign of the quotient of two numbers 


¢ The quotient of a positive number and a negative number is a negative number. For example: 
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14B MULTIPLICATION AND DIVISION OF NEGATIVE FRACTIONS ir 
Example 9 


Evaluate: 


rah tel 
Pay fae ag ed (ee eat le i 
ee Va” 8 b (-3) Be +) x 1 

= eA myo 

17 27 

64 7 


c ) Exercise 14B 


Le Ce | 3,3 B pid 
as a= ea ae aa 
_3,, 10 pt ee -3) are -1) 
5 21 8 9 11 5 6 13 
2 1 . 1 4 3 7 1 3} 
eo ae a ral Ie er Ae es Las ie 
"3% ; ie 5) 5 ND os 
2 Evaluate: 
ee (3 1. (5) 
ae ne | ; ea 
2, eu 25 (4 - 3] 
9 27 6 12 13 39 
3 Complete the following divisions. 
28 —15 —81 —24 
ee ec ——s a 
ey sae 9 32 
—18 -14 -9 —52 
se a = he 
a a5) BA 7 
. —34 - —456 —345 87 
i — j — k —— |] — 
a =] 20 -7 
4 Write the answers to these multiplications. 
7 7 1 1 12 3 
a -27x(-17] b-1, x2, eae a 
—5 —2 2 1 1 1 5) 2 
ao | e 13x -2!) x1! f 15x 33) x2 
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NE —SCSC 


5 Write the answers to these divisions. 


{2 - 2 1. n2 
A 2 1. 2 1, 4 
6 Evaluate: 
1\2 1\3 2\2 3\2 
ls le le 
: | , 3 ONG 2 


The methods we have used with positive decimals also work with negative decimals. 


Example 10 


Complete the following calculations. Give your answers as decimals. 


a 0249 b 0204 c —0.6 x 0.7 
d= eo =12 6-103) 
a =02429=18 b —0.2 — 0.4 =-0.6 
6.7 1.2 
20.6<07=—"- x _12+03--14 
c x in 10 al =(2203) 03 
es a 2 
100 8 
= -0.42 =-4 
126 3 
e -12.6+ (-0.3)=-——+ (a or —12.6 _ 12.6 
10 10 He Oe 
126_ _ 126 
= — XK — = __ 
1° 3 3 
_ 126 = 42 
3 
= 42 
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14 C NEGATIVE DECIMALS Ve 
Example 11 


Complete the following calculations. Give your answers as decimals. 


a(-0.2)? b C01)? ¢ (—0.2)? + €0.1)3 
a (-02))=—02 x (0:2) * C02) b C01)? =—01l & (04) x(E0al) 
= —(0.2 x 0.2 x 0.2) = —(0.1 x 0.1 x 0.1) 
=-(2 x22) =-(txtxd) 
10 10 10 Lo 1) WG 
eens 1 
1000 ~~ 1000 
= —0.008 =—0.01 
¢ (€0.2)? + €0.1)° =—0.008 + 0.001) 
= —0.008 — 0.001 
= —0.009 


e Exercise 14C 


=) 1 Complete the following calculations. Give your answers in decimal form. 


_ =D 

a -0.44+3 b -6 + 11.25 c -4.84+6 d -7.2+6 

e-3.54+7 f —2.54+3.2 g -4.64+2.1 h —3.75 + 2.2 
2 Complete the following calculations. Give your answers in decimal form. 

a -0.5 - 0.2 b -3.2 —5 ¢ 3.62 — (—2.5) d 4.6 —5 

e —2.7 -3.1 f 42-6.1 g 3.72 — 1.21) h 7.16 — (—2.31) 
3 Complete the following calculations. Give your answers in decimal form. 

a —0.3 x 0.8 b -0.4 x (-0.7) c —0.3 x (-0.8) d -0.2 x (-0.91) 

e 2.5 x (-0.3) f —0.01 x (-0.2) g —0.12 x (-0.2) h —2.1 x (0.3) 
4 Complete the following calculations. Give your answers in decimal form. 

a —2.5+0,5 b -16.4 + (-0.4) ¢ -12.3 + (0.3) d 12.5 + (-0.5) 

e -6+ 10 f -6.3 + (-3) g -5.5 + (“5) h —21.7 + (0.07) 
5 Complete the following calculations. Give your answers in decimal form. 

a (-0.3)? b (-0.4)? ¢ (-0.3)? + (0.4)? 

d (-0.1)? + (-0.1)? e (-0.2)? + (-0.1)° f (-0.2)? + (-0.2)* 

6 Complete the following calculations. Give your answers in decimal form. 

a -56+ 11 b —26.3 + (-4.1) ¢ -15.72 + (-0.63) 

d —2.7 + (—5.06) e —2.07 + (-0.96) f -17.01 + 2.34 

g —23.56 -— 2.7 h 67 + (-11) i -45+3+6 
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7 Complete the following calculations. Give your answers in decimal form. 


a —0.07 x (—0.3) b —0.025 x (—0.3) c —0.525 x (-0.4) 
d —0.525 x 0.05 e -6.25 x (—0.05) f —5.75 x 0.001 
8 Complete the following calculations. Give your answers in decimal form. 
a 0.1-0.6 -0.9 b 0.2 -— 0.6 — (-0.7) ¢ -0.1 + 0.6 -—0.9 
d -0.1 -— 0.6 — 0.9 e —2,2 — 0.6 — (-1.7) f -0.2 — 0.6 — (-0.7) 
g -0.1 x 0.6 x 0.9 h —0.1 x (-0.6) x 0.9 i —0.3 x 1.1 x (0.1) 


4 4 Substitution involving negative 


fractions and decimals 


In earlier chapters we substituted whole number and positive fractions and negative integers for 
pronumerals. In this section we extend this to include negative fractions. 


Example 12 


Evaluate each expression for x = -2 


a 4x4+3 b -2x+4 ec 5(x+2) 
4 lee ( Ly)? 
ee oft 2 == n= = 
: of: ‘| . a 5 
3 _ 3 
a 4x+3=4~x Ber +3 b -2x+4=-2x 4 +4 
=-3+3 ee 
= (0 2, 
= 55 
(S Serb 2) 5) x =349| d -6(x+4) =-6x(-3+4) 
Se 
-2xI, -6x {214 16} 
5 28 28 
== 
, af 
_ 25 DE 
215 
1 =o 
=; 14 


(continued over page) 
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14D SUBSTITUTION INVOLVING NEGATIVE FRACTIONS AND DECIMALS 


dob} eae) 
e a 5 * A f Xa a A 
1 9 3\2 
=-— xX — = |= 
os 16 (3 
=a ae 
2 64 


e& Exercise 14D 


TT banpte2 ) 1 Evaluate each expression for x = -5. 


a 2x b -x ec x+2 dx-3 
e 2x4+3 f x? g -x h (-x)? 
i3-x j 3-2x k 5+ 2x 1 5+6x 
2 Substitute m = —4, n= } and p=-Ft0 evaluate. 
am+n bm+p cm-p d mp 
P P 
e np f a g mnp h- 


3 Evaluate each expression for x = —0.1 
a5x+4 b -5x +4 c 5(x +4) 
d —5(x + 4) e —5x? f (—5x)? 


4 Evaluate each expression for x = -2. 


a 5x+6 b -5x +6 c 5(x+ 6) 
d -5(x +6) e 5x2 f2 
5 Evaluate each expression for x = — * 
a6o-x b6+x ex dx 
e —x* f (-2x)? g —2x* h 5 — 2x 


6 Substitute a = —0.1, b = —0.9 and c = —5Sto evaluate. 


aat+b bcta cb-c 
d bc e ac f= 
Cc 


7 Substitute m =—4} ans 5 ; and p=-1 to evaluate. 


am+n bm+p cmp d mp 
Pp Pp 
e np | g mnp he 
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8 


10 


Evaluate each expression for x = —1.1. 
a 10-x b 10+x ox 
e —x? f (—4x)? g —5x? 


Substitute a = —0.4, b = —0.15 and c = —4 to evaluate. 


aatbt+c ba-b-c 
d abc e & 
Cc 


Given that p = —0.001, g = 0.02 and r = —0.14, evaluate: 


aprqd=r bp-qtr 
ee eS 
P Pq 


Review exercise 


1 


384 


J lG G56) 2 


Arrange these numbers in increasing order. 


S 1 43 3 
ae ce 15.2% 17,2 


a-5+2 b3i-9 e242 

ciel) eC) ath 
Evaluate the following, giving your answers in simplest form. 
a5~x = b-2% -2) o fx =2?) 
ee ear Crea 


Evaluate the following, giving your answers in decimal form. 


a 4+(—5.75) b -7.42 —9 
d 2.5 — 3.7 e —19.65 — (-13.21) 
g 6x (-2.9) h -42+6 


k -4.5 x (-4) = (-12) 
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dx 
h 10 —- 2x 
b-a 
+r 
5 [=] 
d 7 + 5 
1 4 
h at ae] 
D 
ee 2) 
ee 
6 3 
c —14.6 + (-12) 
f -—9.5 + 3.7 x (-2.1) 
—7 x (-3.2) +4 
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5 Complete the following calculations. Give your answers in decimal form. 

a (-0.7)" b (-0.5)? + (0.4)? Ca) ee) 

di0iG 4 019" (-9) e 4.3 — (-0.01) x 44 f —5.75 + (-0.5)” 
6 Evaluate each expression for x = -3 

a 5x bi =x Cae l= 
7 Evaluate each expression for x = —0.4. 

a [Wskeas Cay is d 6x” 


8 Evaluate each expression for x = —2, y = 0.1 and z= -}. 


a xyz bxt+y Cy 2 d2x+z-y 
ee f y(5.5 +x) g -z—3y ht iy 
Des Zz 


Challenge exercise 


1 Complete the magic square on the right, in which each row, 
column and diagonal must add to the same sum. 
2 Find two fractions between -} and -5. 


3 oe the following numbers in decreasing order. 
a-31, —3.63, -3.63, -3.6 


iil 


br 1445 1435, -1%, = 1435 


4 The average of four numbers is —5 > The average of the same four numbers and a fifth 


number is 6 =. Find the fifth number. 


i 3 8 ivan 1 
5 Place th b 
ace the numbers 5 5 10 5” 10 


of the lines is — a 


10 


in the circle so that the sum along any 


6 The sum of two numbers is —3 : Their difference is 2 : What are the two numbers? 
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~ CHAPTER \ 


4 


Number and Algebra 


We encounter percentages often and they can be very useful in many aspects of 
our lives. For example, we see percentage discounts offered in shops everywhere — 
we definitely need to know how to compare prices if we want the best deal. 


The word ‘percentage’ comes from the Latin per centum, meaning ‘per 
hundred’. A percentage is another way of writing a fraction with a denominator 
of 100. The symbol for percentage is %. For example: 


8 25 99 _ 150 
100° 2” =400' 99% = 499 199% = 499 


In this chapter, you will learn how to do several different types of practical 
calculations involving percentages. 


8% = 


Ratios are usually used to compare two related quantities. For example, salad 
dressing may be made using a ratio of one part vinegar to two parts oil. 


We will see that many practical problems can be solved by working with ratios 
in appropriate ways. Many problems about percentages and ratios can be solved 
by using a familiar and simple idea — the unitary method. 
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4 4h Percentages, fractions 


and decimals 


‘Percentage’ means ‘out of a hundred’. A square that has been divided into 
100 smaller squares can be used to model percentages. 


If we colour in three of them, we say that ‘three out of a hundred’ or 
“3 per cent’ are coloured in. 


If we colour in 50 of them, we say that ‘50 out of a hundred’ or ‘50 per cent’ 
are coloured in. 


; ; || | 
In th , the fract loured eed 
n this case, the fraction coloured in is 00 3 
so half of the smaller squares are coloured in. 


Converting percentages to fractions 


A percentage is a fraction that has a denominator of 100. To convert a percentage to its fraction 
equivalent, write it as a fraction with a denominator of 100 and then simplify it. For example: 


65 150 
65% = 150% = 705 
il 
_13 =i 
20 


Converting percentages to decimals 


Similarly, a percentage can be converted to a decimal by first writing it as a fraction with a 
denominator of 100, and then converting this to a decimal. 


65 150 _ 37.5 
65% = +59 150% = +59 37.5% = Tan 
= 0.65 =15 = 0.375 


Converting fractions and decimals to percentages 
using equivalent fractions 


Fractions with denominator 100 can be converted easily to percentages. For example: 


2 a7 17 _ 100 | 
100 = 2% 100 37% 100 = 175% i— 100 = 100% 


Equivalent fractions can be used for some fractions with denominators that are not 100: 


220 31S 3_ 60 5 _250 
10 100 20° +100 5 100 2 100 
= 20% =15% = 60% = 250% 
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N 15 A PERCENTAGES, FRACTIONS AND DECIMALS 


Decimals can also be changed to percentages in this way. 


Converting fractions and decimals to percentages using the rule 


To convert a fraction or a decimal to a percentage, multiply by 100%, which is the same as 
multiplying by 1: 


22 oe 3.2 =3.2 x 100% 
_~_* 100% a7 e* 100% = 320% 
2. 100 _ 100 
og a0 0.6 = 0.6 x 100% 
5 3 
= 40% 


Here are some commonly used percentages and their fraction equivalents. It is very useful to know 
these. 


ic Percentages 


e A percentage is another way of writing a fraction that has a denominator of 100. For example: 


5 
62 
° 400 


¢ To convert a percentage to a fraction, write the percentage as a fraction with a 
denominator of 100 and then simplify. 


¢ To convert a percentage to a decimal, write the percentage as a fraction with a 
denominator of 100 and then convert to a decimal. 


¢ To convert a fraction or a decimal to a percentage, multiply by 100%. 


Example 1 


Convert each percentage to a fraction. 


a 4% b 85% c 235% d 7% 
1 
85 235 1 4 
4 = = SS = 71 -% 
a 4% a b 85% ind c 235% 0s OG re 
25 ~ 20 ne 400 
Eee 
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15 A PERCENTAGES, FRACTIONS AND DECIMALS a 


Convert each percentage to a decimal. 


a 55% b 5% € 235% d 6.5% 
55) BS) DBS) 6.5 
a 55% 100 b 5% 100 ce 235% 100 d 6.5% 100 
— 05) = 0.05 ~7 35 = 0.065 
~ 100 
= 235 


Express each fraction as a percentage. 


a Sey b Se c oS 
100 10 20 
es hy 2 2 lo 
100 meee 10 10x10 

ae 
100 
= 30% 
¢ 23_23x5 or 23 _ 23 , 10, 
20 205x5 20 3 1 
alls, = 115% 
100 
= 115% 


Example 4 


Write each decimal as a percentage. 


a 0.35 b 1.03 
35 :. 
A epee or 0.35 = 0.35 x 100% 
100 See 
= 35% 
i or 1,03 = 1.03 x 100% 
100 = 103% 
= 103% 
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N 15 A PERCENTAGES, FRACTIONS AND DECIMALS 
EC Us MINS eS 


Write each fraction as a percentage. 


2 5 1 
we ie Pi 
Solution 
22100 5 5. 100 11. 100 
Pe ee aed Die == ee @ 2e2 52 
a ne Bre ee 7 a 
_ 200, _ 500 _ 100 
== aaa = % 
= 662% = 835% = 142% 


6 Exercise 15A 


1 What percentage of each square is shaded? 


2 Convert each percentage to a fraction or mixed numeral. 


a 8% b 15% c 75% 
d 60% e 30% f 80% 
g 120% h 165% i 210% 
j 450% k 125% 1] 448% 
3 Convert each percentage to a decimal. 
a 7% b 25% c 75% 
d 35% e 90% f 127% 
g 410% h 460% i 170% 
j 12.5% k 6.2% 1 37.5% 
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15 A PERCENTAGES, FRACTIONS AND DECIMALS a 
4 Express each fraction as a percentage. 
a, 


py 97 13 229 
ae b= oe d= 
100 100 * 100 100 
. a f 2 7 327 
10 10 ® 1000 1000 
5 Express each fraction as a percentage. 
3 17 6 23 
= ae aes A 
me » 50 * 25 50 
19 19 53 a2 
ge. f a4 ee ho 
© 25 20 5 50 25 
; 87 5 KZ , 17 
20 40 40 40 
6 Write each decimal as a percentage. 
a 0.35 b 0.27 c 0.73 d 13 
e 5.6 f 1.29 g 0.125 h 0:375 
7 Write each percentage as a fraction. 
a 25% b 55% c 65% d 875% 


8 Complete the table, using decimal, fraction and percentage equivalents for each value. 


9 Write as percentages. 


1 1 3 2 5 
= he = az 2 
a 8 8 7 ar 
2 5 7 .5 ti 
| ay hos is in 
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15 One quantity as a percentage 
of another 


Percentages can be used to compare quantities. 


Example 6 


There are 50 people in a swimming club, and 35 of these people go to squad training. 
Calculate the number of people who go to squad training as a percentage of the number of 
swimming club members. 


The fraction going to squad training is 50° 


Percentage going to squad = = x 100% 
Boe 0) 
=—x 


So 70% of the swimming club members go to squad training. 


ic One quantity as a percentage of another 


To express one quantity as a percentage of another, write the first as a fraction of the 
second, and then convert to a percentage by multiplying by 100%. 


Example 7 


Express the first number as a percentage of the second. 


a 30, 50 b 35, 40 
30 60 30 30. Tee 
50 100 oF oe 
= 60% = 60% 
pi! 
b 2=7 or 35-3 Hy, 
87 1% ™ 
= 87 5% ioe 
2 
= 875% 
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15 B ONE QUANTITY AS A PERCENTAGE OF ANOTHER ir 
Example 8 


Express each quantity as a percentage of the second. 
a 70cents, $1 b 350m, | km c 340 grams, 2 kg 


a_ Using 100cents = $1: 


70 
= = 70 
100 ip 
b Using 1km = 1000 m: 
350 _ 35, 350 _ 350, 100, 
1000 100 eee 1000 1000° 1 
= 35% = 35% 
c Using 1000 grams = | kg: 
340 _ 17 340 _ 340 _ 100 
2000 100 2000 2000°° 1 
= 17% =17% 


& Exercise 15B 


1 Express the first number as a percentage of the second. 


a 40, 50 b 25, 40 ¢ 21,75 
d 17, 20 e 3, 10 f 15, 40 
g 100, 80 h 75, 80 i 80, 40 
j 56, 64 k 30, 150 1 25, 8 
2 Express each quantity as a percentage of the second. 
a 60 cents, $1 b 750 m, 1 km c 340 grams, 4 kg 
d $1.20, $5 e 23 mm, 5cm f $1.50, $10 
g $4.80, $20 h $3.60, $8.00 i 1250m,2km 
j 200 cm’, 5 m? k $23 500, $100 000 1 $34.20, $60 


3 Express each amount as a percentage of the total. 
a 18 boys in a class of 25 students 


b 160 women in a train carrying 200 people 
c 15 people out of 125 people in a restaurant ordering lasagne 
d 54 marks out of a total of 80 marks on a test 


e 100 marks out of a total of 160 marks on a test 
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15 Percentage of a quantity 


In Chapter 5, we found fractions of a quantity. In this section, we use percentages for the same 
purpose. 


Example 9 


25% of people in a small town watched the tennis final. Calculate how many people watched 
the tennis final if there are 3220 people in town. 


25% of 3220 people watched the final. 


Number of people watching = 25% of 3220 
ae 3270 
100 
1 
=— x 3220 
7 x 


= 805 


Example 10 


Calculate: 
a 20% of 415 b 63% of 200 © 150% of 600 d 200% of 5.2 
20 415 63 _ 2002 
a 20% of 415== =x 5° b 63% of 200= 37, x 5 
1 415 = 126 
== << 
Go a 
= 33 
© 150% of 600 == x 20 d 200% of 5.2=2x52 
3. 600 = 10.4 
a 
= 900 
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ee 
DY cies 


1 Johan spends 25% of his wages on rent. He earns $888 a week. How much rent does he pay 


a week? 

2 Calculate: 
a 20% of 100 b 20% of 200 ce 20% of 1000 
d 50% of 300 e 50% of 30 f 50% of 3 
g 150% of 100 h 150% of 500 i 150% of 30 
j 200% of 100 k 200% of 118 1 200% of 3.5 


3 Use your knowledge of fractions equivalent to given percentages to calculate these 


amounts. 
a 50% of 368 b 25% of 144 ¢ 12.5% of 328 
d 33 5% of 621 e 20% of 750 f 40% of 255 


4 Celine receives $200 as a gift from her grandparents. She decides that she will spend 13% 
of the money purchasing CDs. How much does she spend on CDs? 


5 Daniel earns $400 a week. He pays 15% of this in tax. How much tax does he pay every 
week? 


6 Nick works out that there are 168 hours in each week. He spends 37.5% of this time 
sleeping, 20% at school, 2% at his part-time job and 5% doing homework. The rest of his 
time is leisure time. 


a How many hours each week does Nick work at his part-time job? 
b How many hours homework does he do each week? 


c What percentage of his week does Nick have as leisure time? 


1 5 Ratios 


Ratios provide a way of comparing two or more related quantities. Ratios are closely connected to 
fractions, but in many problems they are more convenient to use than fractions. 


Suppose I have 4 red jelly beans and 11 yellow jelly beans. The ratio of the number of red jelly 
beans to the number of yellow jelly beans is written as: 


number of red jelly beans : number of yellow jelly beans = 4: 11 
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15D RATIOS 
SE 
Example 11 


A family has 3 males and 7 females. Write down: 


a 
b 
c 


the ratio of the number of males to the number of females 
the ratio of the number of females to the number of males 
the ratio of the number of females to the total number of people in the family 


number of males : number of females = 3 : 7 
number of females : number of males = 7 : 3 
number of females : total number of family members = 3 : 10 


Now, suppose that I mix 200 mL of cordial and 700 mL of water in a jug. The mixture then contains 
two parts of cordial to every seven parts of water. This is written as: 


OF as: 


cordial : water = 2 : 7 (Read this as “The ratio of cordial to water is 2 to 7.’) 


= 7: 2 (Read this as ‘The ratio of water to cordial is 7 to 2.’) 


In this example, ‘one part’ is 100 mL. Another mixture of identical strength could be made by taking 
‘one part’ to be 1 L, and mixing 2 L of cordial with 7 L of water. This idea of parts can be very 
useful in dealing with problems involving ratios. 


Example 12 


A mixture contains 30 litres of fruit juice and 50 litres of water. What is the ratio of fruit 
juice to water? 


We will solve this using the language of parts. 


Take 10 litres as | part. 


30 litres of fruit juice = 3 parts each of 10 litres 


50 litres of water = 5 parts each of 10 litres 


Hence, the ratio of fruit juice to water = 3: 5. 


Ratios and fractions 


If you cut a rope into two equal lengths, the ratio of the two parts is | : 1. In this case, each of the 
shorter lengths is half the total length. Can you see a connection between the ratio | : | and the 


Dae | 
fraction —? 
raction ~ 


In the following examples, we explore this link between ratios and fractions. 
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Example 13 


The ratio of butter to to flour in a biscuit dough is 2 : 7. What fraction of the biscuit dough 
is flour? 


There are 2 + 7 = 9 equal parts, 7 of which are flour. 


Hence, the fraction of flour in the dough = : 


Reducing a ratio to simplest form 


A ratio involving whole numbers can be reduced to simplest form — just like a fraction — by dividing 
all the terms by their highest common factor (HCF). Sometimes doing this can make it easier to 
understand the situation we are looking at, as in the next example. 


Example 14 


The number of students enrolled at a school is 1200. Of these, 625 are male. What is the 
ratio, expressed in simplest form, of the number of males to the number of females in the 
school? 


There are 1200 — 625 =575 females in the school. 
We simplify the ratio in stages. 


Number of males : number of females = 625 : 575 
= 125-115 (Divide by 5. } 
= 25.223 (Divide by 5.) 


The HCE of 625 and 575 is 25 and we could have divided through by 25 directly. 


Equivalent ratios behave like equivalent fractions. 1:3 =2:6=3:9=4:12andso on. 


e@ Exercise 15D 


1 Ina bowl of fruit, there are 11 oranges and 7 apples. Write down: 
a the ratio of the number of apples to the number of oranges 
b the ratio of the number of oranges to the number of apples 


c the ratio of the number of oranges to the number of pieces of fruit. 
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N 15D RATIOS 
SN 


2 For the diagram opposite, write down: 
a the ratio of the number of triangles to the number of circles 


e) 
b the ratio of the number of red circles to the number of blue o 
IN 


circles 

c the ratio of the number of blue triangles to the number of red 
triangles © 

d the ratio of the number of blue triangles to the number of red ‘A 
circles. = = 


=) 3 Reduce each ratio to simplest form. 
a 3:6 b 8:12 c 64: 48 d 96: 144 
e 1233 fF 33:22 g 60:70 h 88 : 96 


=) 4 A rope is cut into sections so that the resulting lengths are in the ratio 3 : 2. 


a Express the length of the shorter piece of rope as a fraction of the total length 
of rope. 


b Express the length of the longer piece of rope as a fraction of the total length. 


5 A bowl contains green and blue marbles. There are 24 green marbles and 72 blue marbles. 
What is the ratio of the number of green marbles to the number of blue marbles? 


6 Ina bus, 27 of the 63 passengers are male. What is the ratio of the number of male 
passengers to the number of female passengers? 


7 One-third of the flowers in a garden are blue. What is the ratio of the number of blue 
flowers to the number of flowers of other colours? 


8 In February Jennifer measured her height to be 125 cm. By the end of December she was 
130 cm tall. 


a What is the ratio of her height in February to her height in December? 


b Find the ratio of the amount Jennifer had grown in this period to her height in 
February. 


9 A rectangle has length 15 cm and width 6 cm. A second rectangle has length 18 cm and 
width 24 cm. Find the ratio of: 


a the lengths of the rectangles 
b the widths of the rectangles 
c the perimeters of the rectangles 


d the areas of the rectangles 
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15 Solving problems with ratios 


Ratio problems are often best solved using the language of parts. The rest of the working is just 
another form of the unitary method. 


Example 15 


There are 48 blue and red marbles in a box. The ratio of red marbles to blue marbles is 3 : 5. 


How many blue marbles are there? 


There are 3 + 5=8 parts. 

8 parts = 48 marbles 

Thus, | part = 6 marbles 

The red marbles are 3 of the parts and the blue marbles 5 of the parts. 
There are 3 x 6= 18 red marbles and 5 x 6=30 blue marbles. 


Example 16 
There are sheep and goats in a paddock. The ratio of the number of sheep to the number of 
goats is 7 : 3. There are 24 goats. 


a How many sheep are there in the paddock? 
b How many sheep and goats are there in the paddock? 


There are 10 parts in total. 
Three parts are goats and there are 24 goats. 
So 3 parts = 24 
1 part = 8 
a There are 7 xX 8 =56 sheep. 
b There are 10 x 8 =80 sheep and goats. 


6 Exercise 15E 


1 a Divide 45 in the ratio 4 : 5 b Divide 96 in the ratio 9 : 7. 
c Divide 72 in the ratio 3: 5. d Divide 144 in the ratio 5 : 7. 
e Divide 100 in the ratio 3 : 2 f Divide 132 in the ratio 9 : 2. 
g Divide 256 in the ratio 3 : 5. h Divide 99 in the ratio 3: 8. 
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Example 16 2 


10 
11 


12 


It is known that the ratio of petunias to pansies in a garden bed is 3 : 5. If there are 
138 petunias in the garden bed, how many pansies are there? 


There are 64 blue and red marbles in a box. The ratio of red marbles to blue marbles is 
3 : 5. How many blue marbles are there? 


A bowl contains green and red glass balls. The ratio of the number of green balls to the 
number of red balls is 1 : 4. If there are 28 red balls, how many green balls are there? 


The ratio of the number of girls to the number of boys in a class is 3 : 4. If there are 
20 boys, how many girls are there? 


A piece of string 256 cm long is to be divided in the ratio 5 : 3. How long is each part? 


A piece of string is to be divided in the ratio 5 : 3. The shorter length is 222 cm. What is the 
length of the other part? 


An interval AB is 10 cm in length. C is a point on AB such that the ratio of the length AC 
to the length CB is 3 : 2. Find the lengths of AC and CB. 


A rectangle has perimeter 56 cm. The ratio of the length to the width is 5 : 2. Find the 
length and the width. 


A piece of string is cut into two lengths so that the longer length is 25 cm. The ratio of the 
lengths is 5 : 2. What is the length of the string? 


The length of a rectangle is 69 cm. The ratio of the length to the width is 3 : 5. Find the 
perimeter of the rectangle. 


The ratio of length to width in a rectangle is 5 : 3. The length is 6 cm longer than the width. 
Find the area of the rectangle. 


15 | Best buys 


In this section we apply the unitary method to help us compare prices. 


Example 17 


400 


Packet | of lentils contains 240 grams of lentils and costs $6. 
Packet 2 of lentils contains 220 grams of lentils and costs $5. 


Which packet is the cheaper? 
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15 F BEST BUYS Ve 


We take | part to be 10 grams. 

For the first packet 

There are 240 + 10 = 24 parts. 

The cost of 1 part = 6.00 + 24 = 0.25, 

so the cost of one part is 25 cents. 

For the second packet 

There are 220 + 10 = 22 parts. 

The cost of 1 part = 5.00 + 22 = 0.2272..., 

so the cost of one part is approximately 23 cents, correct to the nearest cent. 


The second packet is cheaper, but only by a little more than 2 cents per 10 grams. 


In Australia supermarkets are required to display unit prices on some items. For volume, the unit 
price is given per 100 millilitres. For items sold by weight, it is usually per 100 grams. For the above 
example, the unit price is $2.50 per 100 grams for the first packet, and approximately $2.27 per 

100 grams for the second packet. The calculation above could have been carried out with 100 grams 
as the unit. 


Calculating unit prices is an application of the unitary method. 


& Exercise 15F 


1 A box of mangoes contains 24 mangoes. The cost of the box is $20. What is the cost per 
mango (rounding correct to the nearest cent)? 


2 One store at the market advertises oranges at 15 for $2.00 and another at 20 for $2.40. 
Calculate the price per orange for each store (rounding correct to the nearest cent). 


3 Detergent is offered at a cost of: 
a $6 for 2.4 litres 
b $12 for 5 litres 


What is the cost per litre of each offer? 


4 Shop A has a special offer on a type of confectionery: $7.50 for 400 grams 
Shop B also has a special offer: $16 for a kilogram of the same type of confectionary. 
What is the cost per 100 grams from each shop? 


5 A stationery dealer advertises 400 A4 pages for $5.60 and also 1000 A4 pages at $12. 
Which is the better offer? 
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6 Brand A of fruit juice is priced at $4.50 for a bottle containing 1000 millilitres = 1 litre of 
juice. Brand B of juice costs $4.00 for a bottle containing 750 millilitres of the same type of 
juice. Calculate the unit price (rounding correct to the nearest cent) using: 


a the price of each per 50 millilitres 


b the price of each per 100 millilitres 


7 In the schoolyard marble market, Alice and Carol offer different exchange rates: 
Alice: 3 blue marbles are worth 5 red marbles 
Carol: 5 blue marbles are worth 8 red marbles 


You have 15 blue marbles. Explain how to get a free red marble. 


Review exercise 


1 Convert each percentage to a fraction or mixed numeral. 


a 25% b 56% c 3% d 140% 

e 108% f 999% g 25% h 125% 
2 Convert each percentage to a decimal. 

a 34% b 99% c 23% d 2% 

e 9% f 123% g 250% h 383% 
3 Convert each number to a percentage. 

aa b 0.45 em d 0.2 eS 

f “ g 1.8 he ey j * 

k 0.03 12 mi na © 0.0004 
4 Calculate: 

a 33% of 100 b 89% of 100 c 24% of 50 

d 12% of 150 e 15% of 120 f 50% of 18 

g 15% of 488 h 39% of 285 i 87% of 34 

j 12.5% of 1888 k 25% of 1200 1 37.5% of 4000 


5 a Express $2.40 as a percentage of $5.00. 
b Express 250 metres as a percentage of 4.5 kilometres. 
c Express $23 678 as a percentage of $200 000. 
d Express 345 grams as a percentage of 4 kg. 
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REVIEW EXERCISE 


6 Twenty-three of the students in a maths class of 25 students completed their test. What 
percentage is this? 


7 At the final of a tennis tournament, 15% of the reserved seats are vacant. If there is a total 
of 860 reserve seats, how many are vacant? 


8 There are 750 students in the school and 200 are in Year 7. What percentage of the school 
population is in Year 7? 


9 Ina bowl of fruit, there are 11 pears and 8 apples. Write down: 
a the ratio of the number of pears to the number of apples 
b the ratio of the number of apples to the number of pears 


c the ratio of the number of pears to the number of pieces of fruit 


10 A bowl contains green and blue marbles. There are 14 green marbles and 70 blue marbles. 
What is the ratio of the number of green marbles to the number of blue marbles? 


11 Reduce each ratio to simplest form. 


a We iz! b9:12 ec 108: 63 d 108: 144 

e 24:3 if 55) 2 33} g 80:70 h 56: 96 
12 a Divide 108 in the ratio 4: 5. b Divide 90 in the ratio 8 : 7. 

c Divide 144 in the ratio 1 : 2. d Divide 144 in the ratio 5 : 7. 


13 It is known that the ratio of carrots to turnips in a vegetable garden is 3 : 2. If there are 138 
turnips in the vegetable garden, how many carrots are there? 


14 There are 132 blue and red marbles in a box. The ratio of red marbles to blue marbles is 
3 : 8. How many blue marbles are there? 


15 A bowl contains green and red balls. The ratio of the number of green balls to the number 
of red balls is 7 : 4. If there are 244 red balls, how many green balls are there? 


16 The ratio of the number of boys to the number of girls in a class is 3 : 4. If there are 
21 boys, how many girls are there? 


17 A box of apples contains 20 apples. The cost of the box is $15. What is the cost per apple? 


18 One store at the market advertises pears at 20 for $6.00 and another store 15 for $5.00. 
Calculate the price per pear at each store. (Round to the nearest cent.) 
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Challenge exercise 


1 Raylee gives 60% of her weekly wage to her mother, and 25% of the remainder to her 
brother. She still has $240 left. How much does she earn in one week? 


2 Felicity spent 20% of her savings on a bicycle and 15% of the remainder on a book. 
What percentage of her savings did she have left? 


3 Calculate: 
a 20% of 30% of 100 
b 10% of 50% of 100 
ce 5% of 30% of 200 


4 Ana went ona shopping spree. She spent $24 of her pocket money on a dress and 20% 


of the remainder on a shirt. She still had 5 of her money left. How much did she have 
before she began spending? 


5 Judith’s salary is $800 per week. She receives a pay increase of 12% in January but then 
has a pay decrease in July of 8%. What is her salary after this decrease? 


6 Ina lottery, only 0.0008% of tickets won prizes. If there were five prizes, how many 
tickets were sold? 


7 Gary makes up a drink so that 10% of the drink is pure orange juice. The remaining 
90% of the fluid has no orange juice in it. Gary has 400 mL of the drink in a jug. He 
wants to add orange juice to the drink so that 12% of the drink is orange juice. How 
much extra orange juice does he need to add to the jug? 


8 Researchers are trying to estimate the number of penguins in a colony. One day, they catch 
40 penguins, tag their legs, then set them free. The next day, they catch 33 penguins and 
5 of these have tagged legs. Estimate the number of penguins in the colony. 


9 Bottle 1 contains water and cordial in the ratio 2 : 5. Bottle 2 has the same total volume 
and has water and cordial in the ratio 3 : 7. If the contents are combined, what is the 
ratio of water to cordial? Hint: It is not 5 : 12. 


10 In the previous question, what would the combined ratio of water to cordial be if bottle 
2 had twice the volume of bottle 1? 
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_ CHAPTER <- 


0 


Number and Algebra 


What number plus 5 gives 18? 


We can write this question as x + 5 = 18, where the pronumeral «x is the 
unknown number. This is called an equation. 


While we can guess the solution is x = 13, more complicated questions give rise 
to harder equations. 


For example, in the introduction to Chapter 12 we discussed the use of algebra 
to convert a temperature from the Celsius to the Fahrenheit scale. 


We substituted C = —5 in the expression 2C+ 32. The result was 
x (—5) + 32 = 23, which means that — 5°C is the same as 23°F. 


In Australia, where we use the Celsius scale, it is more likely we would want to 
convert a temperature from the Fahrenheit to the Celsius scale. For example, 
what does a temperature of 86°F in the United States mean to us in Australia? 


We ask: what value of C makes 2C + 32 = 86a true statement? This statement 


is an equation, and 30 is the solution of the equation. 


So 86°F corresponds to 30°C, a fairly warm day! 


In this chapter, we develop a systematic approach to solving equations. 
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4 6 An introduction to 

equations 
Joe has a pencil case that contains a certain number of pencils. He has three other pencils, and in 
total he has 11 pencils. How many pencils are in the pencil case? 


Let x be the number of pencils in the pencil case. We know that: 
x+3=11 
This statement is called an equation. 
The solution is x = 8, because 8 + 3 = 11 and no other number makes the statement true. 
This means that there are 8 other pencils in the pencil case. 


The process of finding the pronumeral in an equation is called solving the equation. 


Finding a solution by trial and error 
Here is another equation: 
2x+4=10 
We can find a solution to this equation by trying a few numbers as values of x. For example: 


2x1+4=6 
2x2+4=8 
2x3+4=10 


So the solution of this equation is x = 3. 


We have found this solution by trial and error. This is an unsystematic way to solve equations and 
only very simple equations can be solved in this way. In the rest of this chapter, we begin to develop 
systematic methods for solving equations. 


Example 1 


Solve each equation mentally. 
a x+4=6 b 
c 6x+7=19 d 


a For the equation x + 4 = 6, the solution is x = 2, because 2 + 4 = 6. 
b For the equation 10 — a = 6, the solution is a = 4, because 10 —- 4 = 6. 
c For the equation 6x + 7 = 19, the solution is x = 2, because 6 x 2+ 7 = 19. 


d_ For the equation : = 5, the solution is x = 15, because 2 = 5), 
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a Exercise 16A 


1 Three pencil cases each have x pencils in them, and there are four loose pencils. We know 
that there are 31 pencils in total. 


a Write down an equation for x. 


b Write down the solution of this equation. 


c How many pencils are there in each pencil case? 


Deanne) 2 Solve each equation for x mentally. 


ax+3=10 bx-4=11 ex-5=10 d 2x = 10 
ex-14=7 b227 g2x+3=11 h 17-x=10 
i 2x+6=15 j 18-2x=0 k 7=6 1 == 20 

3 Solve each equation for a mentally. 
aa+3=11 ba-7=23 c 2a = 30 d 5a = 30 
c=7 f 5a+7=22 g15-a=8 h 2a + 10 = 30 


4 Twenty-three boxes of chocolates each have a chocolates in them. There are also 17 loose 
chocolates. In total there are 707 chocolates. 


a Write an equation for a. b Solve the equation for a. 


5 Tom has 10 bags of marbles, each containing x marbles. He tidies his room and finds 
23 more marbles under his bed. He knows that he now has a total of 523 marbles. 


a Write an equation for x. b Solve the equation for x. 


6 Acompany runs minibuses, each of which carries n passengers. There are six minibuses 
and they hold a total of 72 passengers. 


a Write an equation for n. b Solve the equation for n. 


7 Craig has six packets of chocolates, each of which holds c chocolates. He also has seven 
chocolates that are not in a packet. He has a total of 127 chocolates. 


a Write an equation for c. b Solve the equation for c. 


8 Sally has 19 stickers and gives x stickers to her sister. She counts the remaining stickers and 
discovers she now has 12. 


a Write an equation for x. b Solve the equation for x. 
9 If y = 3x, what is the value of x when y = 33? 
10 If y=2x+ 1, what is the value of x when y = 11? 


11 If y=x—5, what is the value of x when y = 19? 
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1 6 Equivalent equations 


Consider the equation: 


2x+3=9 (1) 


Suppose we add 2 to each side. 
Qx+5=11 (2) 


Equation (2) is obtained from equation () by adding 2 to each side of the equation. 
Equation Q) is obtained from equation (2) by subtracting 2 from each side of the equation. 
Equations () and (2) are said to be equivalent equations. 
Here are same more equations equivalent to equation (1): 
2x=6 3) 
x=3 (4) 


Equation 3) is obtained from equation a) by subtracting 3 from each side of the equation. 


The value x = 3 satisfies each of the above equations. 


Equation (4) is obtained from equation GB) by dividing each side of the equation by 2. You can 
obtain equation GB) from equation (4) by multiplying each side by 2. Once again, we say that 


equations 3) and (4) are equivalent. So equations (), (2), 3) and (4) are all equivalent. 


Intepretation with scales 


Imagine a pair of balanced scales, as shown in the diagrams below. Two different weights are used: 
1 and x. You could think of the numbers as representing weights in kilograms, so 1 means | kg. 
When we have simple scales like the ones shown, in which the arms are of equal length, then they 
are balanced when the weights are equal. 


The equation x + 3 = 7 can be used to represent the fact 1 
that the scales in the first diagram are balanced. ; ; 7 
1 | 1 
x 1 1 1 

Subtract 3 from both sides to show that x = 4 is the 5 

solution to the equation x + 3 = 7. 
| 
a 
EX: 1 
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16B EQUIVALENT EQUATIONS a 


Consider another example. In the diagram below, the 
equation 2x = 4 represents the fact that the scales are 


balanced. 
1 1 
x: EX: 1 1 
Divide both sides by 2 to show that x = 2 is the 
solution of the equation 2x = 4. 
1 
EX: 1 


From the examples above, we can see the following general rules. 


Equivalent equations 


Given an equation we can form an equivalent equation by: 


e adding the same number to, or subtracting the same number from, both sides of an equation. 


¢ multiplying or dividing both sides of an equation by the same non-zero number. 


Equivalent equations have the same solution. 


Example 2 


Solve each equation for x. 


a xt+3=5 b x-4=7 e 3x=23 d 7=7 
a ya a5 
—-3) x+3-3=5-3 (Subtract 3 from both sides of the equation.) 
ee 
b x-4=7 
ae All| se al ah Al 9) os (Add 4 to both sides of the equation.) 
je Jil 
c She = 23} 
=o 3x _ 23 (Divide both sides of the equation by 3.) 
3 3 
x= 7: 
d * = 
4 
i ed TA (Multiply both sides of the equation by 4.) 
eS 


The notation |x 4, |+ 3} and so on is recommended as a way of recording your work. You do 
not need both the box and the comment in parentheses. 


409 


CHAPTER 16 SOLVING EQUATIONS 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


YN 16B EQUIVALENT EQUATIONS 
= OP Seu eewamies 


In each case below, write an equation and solve it. 

a A number x has 7 added to it and the result is 35. 

b A number x is multiplied by 15 and the result is 165. 

c A number x has 10 subtracted from it and the result is 3. 
d A number x is divided by 9 and the result is 12. 


a x+7=35 
= v= 35-7 (Subtract 7 from both sides of the equation.) 
— 26 
The number is 28. 
b 15x = 35 
+15 ee pe (Divide both sides of the equation by 15.) 
= 1 
The number is 11. 
c x-10=3 
+10 x =3+10 (Add 10 to both sides of the equation.) 
= 12 
The number is 13. 
d = ie 
x) Pale Gee (Multiply both sides of the equation by 9.) 
= 108 


The number is 108. 


@ Exercise 16B 
1 Solve each equation for m. 


am+3=6 bm+5=16 c m+8=10 

dm--5=11 em-6=11 f m-10=6 
2 Solve each equation for n. 

a 2n=6 b 3n=9 ¢ 5n = 25 

d 3n= 16 e 12n = 100 f 18n = 46 

g Sn=17 h 6n=51 i 3n=17 
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16B EQUIVALENT EQUATIONS a 


Example 2d » 3 


> 
Example 3 5 


H 
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Solve each equation for x. 


x x x 
—=12 b==15 —=16 
ae 2 “5 
as =3 a 4 f 228 
10 © 3 4 
Solve each equation for x. 
ax+3=7 b 5x=27 c= 
dx-4=5 e 3x = 36 f x+2=6 
g 2x = 18 hx+5=11 i g=2 
jx-3=11 kx-5=2 lL 34=7 
m4x =9 n 7x = 15 0 6x=17 


In each part below, write an equation and solve it. 

a A number x has 5 added to it and the result is 21. 
b A number x is multiplied by 7 and the result is 35. 
c A number x is multiplied by 5 and the result is 37. 
d A number x is divided by 3 and the result is 23. 


e A number x has 15 subtracted from it and the result is 37. 


In each part below, write an equation and solve it to find the number. 
a A number z has 7 added to it and the result is 12. 

b Twelve is added to a number z to give 19. 

c Six is subtracted from a number z and the result is 14. 

d A number z is taken away from 9 and the result is 6. 

e A number z is multiplied by 3 and the result is 5. 

f Five is multiplied by a number z and the result is 45. 


g A number z is divided by 6 and the result is 7. 
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16 Solving equations involving 
more than one step 


We cannot solve 2x + 3 = 7 in one step, although mentally the solution x = 2 is easy to find. We need 
two steps to solve the equation. 


First, subtract 3 from both sides of the equation. 


2x+3-3=7-3 
2x =4 


Now, divide both sides of the equation by 2. 


2x _4 
2 2 
aw 


A similar method is used to solve the equation 3x — 5 = 13. 
First, add 5 to both sides of the equation. 

3x = 18 
Now, divide both sides of the equation by 3. 

x=6 


Example 4 


Solve each equation for x and check the result by substitution. 


a 2x-3=11 b 4x+3=10 
a se — 3 = 11) b 4x+3=10 
a3 a 33 51143 26 4x =7 
2x =14 age 
+4 
3] = 
Check: LHS =2 x 7 —3 Check: LHS = 4 x 124+3 
=11 
=RHS =4xi43 
=10 
= RHS 


Solve each equation for x. 
a 6+ 4x =22 b et7=22 
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16 C SOLVING EQUATIONS INVOLVING MORE THAN ONE STEP a 


a 6+ 4x= 22 b Beg pss) 
5G 4x = 16 5 
i x=4 -7 pa 
x # = 1X5 
= 75 


Example 6 


In each part below, write an equation and solve it. 


a A number x is multiplied by 15, and 5 is added. The result is 170. 
b A number x is divided by 11, and 6 is added. The result is 13. 


a The equation is 15x + 5 = 170. b_ The equation is a +6= 13. 
Wiles 11 
+15 2 ies S< JL ge = JUL SK 7 
=11 aT 


The number is 11. The number is 77. 


t ) Exercise 16C 


1 Solve each equation for x. Check your solutions to parts c, f and i. 


a2azril=7 b 5x-1=11 eta 
d 4x+2=18 él sx=21 f 5+ 20x = 100 
g 2+ 10x=44 h 5x- 11 =30 i 10x + 23 = 100 
2 Solve each equation for z. Check your solutions to parts ¢ and f. 

Zz Zz Zz 

=+5=11 b-—-5=10 —-—7=8 
24 3 id 

Zz Zz kd 

7 f= —+11=2 f =-12= 
dz; 7=10 ara 0 g 8 

rd _ Z_ gL 2k = 
& 5+ 13=16 h- 8=17 i nt? 84 

3 Solve each equation. 

a 2x-4=5 b 3a -— 6 = 36 ec 11b+4=121 
d 4x + 18 = 30 e 2b-6=12 f 3a-—16=19 
g 12z7-18=12 h 11k + 22 =43 i 10a+ 16=42 
a oe x Zz 

—-2=1 k —-3=12 1] =+6=18 
? : 16 7 
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NE —SCSC‘ 


4 Ineach part below, write an equation and solve it to find the number. 
a A number x is multiplied by 7, and 6 is then added. The result is 20. 
b A number x is divided by 4, and 11 is then added. The result is 20. 
c A number x is divided by 3, and 4 is then subtracted. The result is 23. 
d A number x is multiplied by 4, and 6 is then added. The result is 30. 
e A number m is divided by 7 and 11 is subtracted. The result is 20. 
f A number m is multiplied by 6 and 14 is subtracted. The result is 10. 


Equations with negative 


solutions 


The methods we have developed in the previous section can be used to solve equations whose 
solutions are negative numbers. 


Example 7 


Solve each equation for x. 


ax+3=-2 b —2x = 10 

c a= d 2x+5=-6 
a x+3=-2 b —2x = 10 
=i YS a= + (-2) mle 
= —5 x =) 
=-5 
c X__s5 d 225 — 0 
x3) x==5x3 2x = -l1l1 
=-15 il 
a x= 5 
=-5! 


c) Exercise 16D 


1 Solve each equation and check your solution. 


ax+3=-6 bx-5=-ll ce x+6=-l1 d x- 10=-5 
ex-5=-5 f x-15=-10 gx-6=—-10 hx+10=10 
l ¢=3=-9 jxt+2=-5 k x-6=—-15 1 m—-15=-15 
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ee 


Example 2 
7b, ¢ 


Solve and check. 


a 2x=-6 b —3x = 15 3x =-9 
Xx Xx XxX 
ae re 7 
g —5x=-15 h -3m =-27 i 7m =—98 
Z a Dp 
Iq 8 9 
3 Sol 
a 2x+8=-6 b 3x -6 =—15 e 5x-10=-5 
d 4x +27 =21 e 20 — 4x = 30 f 5x—11=-60 
g 15 — 2x =-30 h 7-12x=-77 i —15x+30=—45 
j 23x+ 13 =-33 k -5m+7=13 3p +19 = 12 
4 Solve 
XxX XxX XxX 
x4 b ~=-6 ae, oe 
a3 2 3 
d ~+12=-16 *~410=5 fo See) 
| 6 
m m m 
MF 45 = 30 h 10-“=20 at 215 = 17 
nD) 3 


Expanding brackets and 


solving equations 


In Chapter 1, we saw that: 
2(334+5)=2x3+2x5 


This can be illustrated with a diagram of a rectangle, broken into two rectangles as shown below. 
3 5 


The total area can be found by multiplying 2 by (3 + 5) or by finding the area of each of the smaller 
rectangles and adding them to give2x3+2x5. 


This idea can also be used in algebra. For example: 


2(x+5)=2xx+2x5 
=2x+10 
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N 16 E EXPANDING BRACKETS AND SOLVING EQUATIONS 


Again, we can use a diagram with rectangles to illustrate this. 


x 5 


Area = 2(x + 5) 
=2x+10 


The process is called “expanding the brackets’. 


Example 8 


Expand the brackets. 
a 4(x+ 5) b 3 - 4) c 6(2x — 4) dixie 2) 
a 4¢+5)=4xx+4x5 b 3@-4)=3xx-3x4 
= 4x + 20 =3x— 12 
c 6(2x-—4)=6x2x-6x4 d x(x+2)=xxx+xx2 
= 12x — 24 oy 


From now on we will drop the middle step in the expansion of brackets. 


Brackets can appear in equations. In this section, we expand the brackets first, then solve the equation. 


Example 9 


Expand the brackets and solve the equations for z. 


a 2(z+4)=11 b 2(z-5)=13 
a 2(z+4)=11 b Jig—>)i—wi8 
2z + 8= 11(Expand) 2z— 10 = 13(Expand) 
—8 2z =3 +10 2z = 23 
1 — i 
+2 Bol, +2 z= 11; 


Example 10 


In each case below, write an equation and solve it. 


a_ 5 is added to the number x, and the result is multiplied by 5. The result is 32. 


b 3 is subtracted from the number x, and the result is multiplied by 7. The result of 
this is 47. 
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16 E EXPANDING BRACKETS AND SOLVING EQUATIONS ir 


a The equation is 5(x + 5) = 32. b The equation is 7(x — 3) = 47. 
ox +25 =32  “(Expand.) 7x-—21=47  (Expand.) 
—25 Sie = 7/ ——= Tx =47 +21 
+5 x=12 eel Tx = 68 
+7 19) 2 


6 Exercise 16E 


1 Expand the brackets. 


a 4(x + 5) b 3(x - 4) c 6(2x — 4) 
d 5(3x — 5) e 7(2a — 4) f 6(4 + 3x) 
g 9(6x - 11) h x(x — 3) i x(x +4) 

j x@x- 1) k x(3 — x) 1] x(2x +1) 


2 Expand the brackets and solve each equation for z. 
a 3(z+2)=11 b 5 — 6) =21 ¢ 3Qz-11)=10 
d 4(z-1)=11 e 7(z + 6) = 13 f 23z+1) =15 


3 Expand the brackets and solve each equation. 


a 5(2x — 4) = 37 b 6(3m + 5) = 61 ¢ 577m — 11) =21 
d 6(x — 7) = 12 e 12(12m — 4) =52 f 7(4n—- 10) =11 
g 7(2m — 11) =30 h 14(7n + 1) = 100 i 116m + 2) =30 


4 Ineach part below, write an equation and solve it. 


a A number x has 4 added to it and the result is multiplied by 3. The final result of this 
is 32. 


b A number x has 2 subtracted from it and the result is multiplied by 5. The final result of 
this is 42. 


c A number x has 3 subtracted from it and the result is multiplied by 2. The final result of 
this is 15. 


d A number z has 5 added to it and the result is multiplied by 6. The final result of this is 42. 


e A number 7 has 11 added to it and the result is multiplied by 12. The final result of this 
is 150. 


f A number z has 8 subtracted from it and the result is multiplied by 6. The final result of 
this is 100. 


5 A farmer has an unknown x number of lambs in a paddock. When 4 more lambs join the 
paddock, he counts 100 legs of lamb. Find the value of x. 
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16 Gollecting like terms and 
| solving equations 


If Tim has 3 pencil cases with the same number, x, of pencils in each, he has 3x pencils in total. 


If Sarah then gives him 2 more pencil cases with x pencils in each, then he has 3x + 2x = 5x 
pencils in total. This is because the number of pencils in each case is the same. 


Like terms 


The terms 2x and 3x in the above example are called like terms and they have been collected 
together. (In contrast, the terms 2x and 3y are not like terms, because the pronumerals are different.) 
Like terms have been discussed in Chapter 3. 


Adding and subtracting like terms 


Like terms can be added and subtracted, as shown in the examples below. 


Example 11 


Simplify each expression by adding or subtracting like terms. 
a 2x+3x+5x b 3x+2y+5x+/7y 
ec 3x+4x+7Ty -3y d 2x+1+3y-3-x+4y 


a 2x+3x+5x= 10x b 3x+ 2y + 5x + 7y = 8x + Dy 
ec 3x+4x+ Ty —3y = 7x + 4y dG 2x+1+3y-—3-x+4y=x+7Ty-2 


Example 12 


Simplify each expression by first expanding the brackets and then adding or subtracting 
like terms. 


a2 4) + 3x b 4(5x — 3) + 10 C 23% =4) +345 — 7) 


a 2(%+4+ 4) + 3x=2x +8 + 3x b 4(5x -— 3) + 10= 20x - 12+ 10 
=5x+8 = 20x — 2 
ce 2(3x -—4)+3(4% -—7) =6x —- 84+ 12x - 21 
= 18x — 29 
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16 F COLLECTING LIKE TERMS AND SOLVING EQUATIONS a 
Example 13 


Collect like terms and solve each equation for x. 


a 5x+3x+4= 36 b 10x -—4x+6= 24 
a 5x + 3x+4=36 

— 8x +4 = 36 (Collect like terms.) 

me 8x = 32 

+8 el 
b 10x — 4x + 6 =24 

6x + 6=24 (Collect like terms.) 
[= 6] 6x = 18 
+6 =e 


Example 14 


Expand the brackets, collect like terms and solve each equation for z. 
a 2(3z+4)+5=20 b 5z+2(z- 4) =20 


a 2(3z +4) +5 =20 
6z+8+5 =20 (Expand brackets.) 
6z+ 13 =20 (Collect like terms.) 


pee Og =7/ 
+6 z=12 
b 5z + 2(z — 4) = 20 


5z+2z-8=20 (Expand brackets.) 
7z-8 =20 (Collect like terms.) 


[+ 8| 7z =28 
7 rad 


Checking your answer in the original equation is advised. 
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16 F COLLECTING LIKE TERMS AND SOLVING EQUATIONS 


S Exercise 16F 


Example 11 » 1 


Example 12 ) 2 


Example 13 ) 3 


Example 14 ) 4 
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Simplify each expression by adding or subtracting like terms. 


a 3x+4x+7x b 2x + 3x+ 7x + 4x ce 2x+3x+4x+ 7x -— 3x 
d 2x + 3x -—2x+4x e llx-—3x+ 12x-4x f 2+3x+5+6x 
g 5x-—2x+2+7x h llx+2y+ 3x + 5y i 4x+3x+3y-y 


j x+2x+5x+7Ty-y 


Simplify each expression by first expanding brackets and then adding or subtracting like 
terms. 


a SQ 2) + 4x b 6(4x — 3) + 12 ce 4(5x + 2) + 7x + 2) 
d 3+ 6) =3% e 7(6x + 2) + 4x f 3Qx +6) +5@-6) 
g 4(2x + 3) +5(x - 4) h 3(4x + 2) + 7(x + 4) 


Collect like terms and solve each equation for x. 


a 3x+2x+6= 36 b llx-—5x+7=25 ec 6x+x-2=35 
d 4x + 1lx +3 = 33 e 2x —7x + 12 = 36 f 7x-2+8x=28 
g 6x+9x-4=41 h 8x —- 11x+ 12x- 18=0 


Expand the brackets, collect like terms and solve each equation for z. 


a 4(3z+4)+10=40 b 4(z + 4) + 2z = 36 

ec 5z+2(z-4) =27 d 3(5z+1)+1=25 
Solve: 

a 5m + 2(3m — 4) = 25 b 6(3m — 4) + 10 = 12 

ce 4x+5(3x+ 8) =15 d 3m +5(2 + 4m) = 30 

e 6x + 4x + 2(x — 4) = 100 f 5n+ 15n+3(n +4) = 50 


A pencil costs $x. A pen costs $1 more. Sam bought one pencil and one pen, paying $1.10. 
How much did the pencil cost? Hint: Not 10 cents! 
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16 Equations with pronumerals 
on both sides 


When there are pronumerals on both sides of the equation, the first step is to get all terms involving 
the pronumeral on the same side. We can then solve the equation as before. 


Example 15 


Solve each equation by collecting like terms. 


a 2x+3=5x4+1 b 15x-10=6x+3 
a 2x+3=5x+1 
— 2x} 2x+3—-2x=5x+1-2x (Subtract 2x from both sides of the equation. ) 
3=3x+1 (Collect like terms.) 
mel 2 = 3 
a _2 
ox. 
b 15x — 10=6x +3 
—6x| 15x -— 10 —- 6x =6x + 3 — 6x (Subtract 6x from both sides of the equation.) 
9x -— 10 =3 (Collect like terms.) 
a) Ox = 13 
+9 = Il ; 


( e Exercise 16G 


1 Solve each equation for x. Check your answers for parts c, f, i and 1. 


a2x+6=x+9 b 3x+4=x+4+ 10 €3e+6=97 235 

d 6x-4=4x+6 e274 10=7 412 f 5x+4=x+9 

g 2x+6=11x-3 h 6x -—6=2x+6 i 2x-8=x+12 
2 Solve: 

a2m+5=m b 13z-2=11z ¢ 20n +35 =10n 

d 7m—4=20m e 20z + 6= 8z f 10m-6=5m 


3 Solve each equation by first collecting like terms. 


a 50+ 10x = 150 + 4x b 60 — 2x + 8x = 4x + 100 
ec 20x + 30x — 10x = 5x + 100 d 60 = 7x + 45 — 4x 
e 5x — 12 =—-6x + 23 + 4x f 9x — 125 + 16x = 8x — 100 


CHAPTER 16. SOLVING EQUATIONS 421 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


16 Solving problems using 
equations 


The algebra introduced so far can be used to solve problems that would otherwise be quite difficult. 
In each problem, we can use the following procedure: 


Step 1: Use a pronumeral to represent an unknown. 

Step 2: Construct an equation from the given information. 

Step 3: Use the methods we have learned to solve the equation. 
Step 4: Check the answer with the given information. 


The three examples below show how to apply this procedure. 


Example 16 


A number is multiplied by 11 and 6 is added to the result. The final result is 24. What is the 
number? 


Let x be the number. The resulting equation is: 


ieee 4 Check: LHS =11x12+6 
-—6 Hilse = i 18 
= x=1t go” 
=18+6 
es = yl 
The number is Ve = RHS 


Example 17 


The length of a rectangle is twice its width. The perimeter of the rectangle is 45 cm. 
Find the length and width of the rectangle. 


Let the width of the rectangle be x cm. 
2x cm 


The length of the rectangle is 2 x x = 2x cm. 


The perimeter is 2x + 2x +x +x = 6x cm. 


But it is given that the perimeter is 45 cm, 


so 6x = 45 
45 

oS 

_15 

p) 


(continued over page) 
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16H SOLVING PROBLEMS USING EQUATIONS a 


The width of the rectangle is 2 = 7; cm 


The length of the rectangle is 2 x 2 = 15 cm. 


Example 18 


One number is 6 less than another number. The sum of the two numbers is 8 > Find each of 
the numbers. 


Let the larger number be x. Then the other number is x — 6. 


Therefore x+x-6=8 ; 


i= 6 =e : (Collect like terms.) 
+6 2x = 142 
+2 r= 7; 


The larger number is 7: and the smaller number is 7; -6= 1. 


G Exercise 16H 


For each question, introduce a pronumeral for the unknown and follow the steps given on 
page 422. 


1 Ineach part, find the number. 
a A number has 7 added to it and the result is 15. 
b A number has 11 subtracted from it and the result is 23. 
c A number is divided by 7 and the result is 14. 
d A number is multiplied by 4 and the result is 48. 
e A number is multiplied by 6, and 3 is added to the result. The final result of this is 39. 


f A number is multiplied by 7, and 6 is subtracted from the result. The final result of 
this is 23. 


g A number has 3 added to it and the result is multiplied by 4. The final result of this is 40. 


h A number has 7 subtracted from it and the result is multiplied by 8. The final result of 
this is 32. 
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N 16H SOLVING PROBLEMS USING EQUATIONS 
og, COUSEMTNE rE ose eye 


2 A square has perimeter 84 cm. Find the length of each side of the square. 


3 The width of a rectangle is three times the length of the rectangle. The perimeter of the 
rectangle is 96 cm. Find the length and the width of the rectangle. 


4 One number is three more than another number. The sum of the two numbers is 33. Find the 
numbers. 


5 The sum of two consecutive even numbers is 110. Find the numbers. 


6 The difference of two numbers is > The sum of the two numbers is 97. Find the numbers. 


7 An equilateral triangle has perimeter 96 cm. Find the length of each side. 


8 Acrop of 2181 bananas is packed into a number of cases. There are 27 cases, each holding 
the same number of bananas. There are also 21 loose bananas. How many bananas are there 
in each case? 


9 a Multiplying a number by 4 and subtracting 3 gives the same result as multiplying the 
number by 6 and subtracting 7. Find the number. 


b Multiplying a number by 11 and subtracting 14 gives the same result as multiplying the 
number by 9 and adding 6. Find the number. 


c Multiplying a number by 3 and subtracting 8 gives the same result as subtracting twice 
the number from 12. Find the number. 


10 Find x. 


x+25 


O i 
8x - 10 


11 The perimeter of the isosceles triangle is 20. Find x. 


12 Findx. 


° (x — 100)° 
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Review exercise 


1 ‘Twelve recycling boxes each have x old newspapers in them. Three current newspapers 
are loose on the table. There are 363 newspapers in total. 


a Write an equation for x. b Solve the equation for x. 
2 Solve: 
ax—-7=5 b 5a=27 ¢ 3z-5=119 d 11b+22=121 
2E= 12 fe+1=11 fe feciNeaee hoe 
i —4y =-18 j ~=18 k 2=~-2 = 1 29 
e a6 10 4 
m 2 = 25 noes Gr oes BGn= Sea 


3 Ineach case below, write an equation and solve it to find the number. 
a The number x has 11 added to it and the result is 23. 
b The number x is multiplied by 7 and the result is 25. 
c The number x is divided by 7, and 3 is subtracted from it. The result is 6. 


4 A rectangle is four times as long as it is wide. The perimeter of the rectangle is 120 cm. 
Find the length and the width of the rectangle. 


5 The difference between two numbers is 12. The sum of the two numbers is 44. Find the 
two numbers. 


6 Solve: 

ax+4=-12 bx-9=-14 ©3x%—=_12 

d -8x =—24 e -91=9 f pol 

r= -8 he es fe ee 

7 Solve each equation for x. 

a 3x+4=2x+5 b 4x4+7=x4+ 13 e 7x+2=3x4+1 

d 5x-2=8x+ 1 ex+14=4x+10 f 13x+4=2x4+7 
8 Solve: 

a 5(2x-4)+3x=10 b 6x — 2x + 7x = 42 

ce 50+ 2(4x — 5) = 100 d 10(2x — 10) + 15 = 84 


In each of the following questions, first introduce a pronumeral and then solve the equation. 
9 I think of a number and divide it by 5. The answer is 4. What is the number? 


10 In 29 years’ time a man will reach the retiring age of 65 years. How old is he now? 
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REVIEW EXERCISE 
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11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


| 
ICE-EM 


I have read 163 pages of a book. How many pages are left to be read if the book 
contains 390 pages? 


A boy throws away one-third of the cakes he has cooked. If he has 34 left, how many 
did he cook in the first place? 


Multiplying a number by 6 and subtracting 6 gives the same result as multiplying the 
number by 3 and subtracting 4. Find the number. 


$400 is to be shared among three friends. David gets $8 more than Jennifer who gets 
$16 more than Brett. How much does each of the friends receive? 


The two rods AB and CD have the same length and overlap by 5 cm. Find the length of 
each rod. 


! 55 cm l 

i >| 

| | 
Aé¢ L_4B 

ae 

I | | I 

Ci 4D 

1 <>! 1 

5 cm 


Three athletes are training for a race. In a particular week Jennifer ran 12 km less than 
Anne, and Carl ran half as far as Anne and the same distance as Jennifer. How far did 
each of the athletes run? 


Subtracting 10 from 6 times a number gives the same result as multiplying the number 
by 7 and adding 6. What is the number? 


Find the value of x. 


Four hundred and fifty dollars is divided among three students, David, Isabel and Jason. 
David receives three times as much as Jason, and Isabel receives twice as much as 
Jason. How much does each student receive? 


Alice, Betty and Clair share $28. Betty receives $2 more than Alice and Clair receives 
three times as much as Betty. How much does Alice receive? 
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Challenge exercise 


1 a Find the perimeter of the figure shown below in terms of x. (All angles are 
right angles.) 


2x cm 


3x cm 


b If the perimeter is 64 cm, find the value of x. 


2 Think of a number. Let this number be x. 
a Write the following using algebra to see what you get. 


e Add 6 to the number, then 
e multiply the result by 10, then 
e subtract the result from 20, then 
¢ multiply this result by 2. 
b If this final result is twice the original number, find the original number, x. 


c If the number obtained in part a is 1000 less than the original number, find the 
original number x. 


3 Humphrey leaves Tantown at 2 p.m. and travels at 60 km/h along the Trans Highway. 
He passes through Sintown, which is 16 km from Tantown along the Trans Highway. 
Petro leaves Sintown at 3 p.m. and travels at 80 km/h along this highway in the same 
direction that Humphrey is travelling in. When and where does Petro catch up to 
Humphrey? 


4 Letn be the age of a student (in years). The student’s sister is 3 years older than the 
student, and the student’s father is 25 years older than the student. The sum of the ages 
of the student and his sister is 11 less than the age of their father. Find the ages of the 
student, his sister and their father. 


5 David is 30 years older than his son Edward. In 6 years time he will be 4 times 
Edward’s age. How old is Edward currently? 


6 Renae and James have $60 between them. Renae gives James $12. She now has twice as 
much as James. How much did she have previously? 
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In this chapter, we introduce probability, which deals with how likely it is that 
something will happen. This is an area of mathematics with many diverse 
applications. 


The study of probability began in seventeenth-century France, when the two 
great French mathematicians Blaise Pascal (1623-1662) and Pierre de Fermat 
(1601-1665) corresponded about problems from games of chance. Problems 
such as these continued to influence the early development of the subject. 


Nowadays probability is used in areas ranging from weather forecasting and 
insurance, where it is used to calculate risk factors and premiums, to predicting 
the risks and benefits of new medical treatments. 
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1/ An introduction to 
probability 


Most people would agree with the following statements: 


¢ Itis certain that the sun will rise tomorrow. 
¢ If I toss a coin, getting a head and getting a tail are equally likely. 
¢ There is no chance of finding a plant that speaks English. 


Everyday language 


Using everyday language to discuss probabilities can cause problems, because people do not always 
agree on the interpretation of words such as ‘likely’, ‘probable’ and ‘certain’. Consider these two 
examples: 


1 Two farmers are discussing the prospects of getting a good wheat crop this year. Farmer Bill says, 
‘I don’t think it is likely to rain for the next two weeks. I’m not going to plant wheat yet.’ Farmer 
Tony says, ‘I reckon you’re wrong. I’m certain we’ll have rain. It can’t go on the way it has. ’m 
getting the tractor out tomorrow.’ 


2 Alanna is captain of the Platypus Netball Team. They are going to play the Echidnas, whose 
captain is Maria. Each captain says to her team before the match, ‘I think we’ll probably win. Just 
follow the plans we’ve practised all week.’ Alanna and Maria cannot both be right! It would be 
futile to try to assign a probability that the Echidnas (or the Platypuses) are going to win on the 
basis of what the captains told their teams. 


On the other hand, there are many situations in which it would be useful to be able to measure how 
likely, or unlikely, it is that an event will occur. We can do this in mathematics by using the idea 

of probability, which we define as a number between 0 and | that we assign to any event we are 
interested in. 


A probability of 1 represents an event that is ‘certain’ or ‘guaranteed to happen’. 


A probability of 0 represents an event that we would describe as ‘impossible’ or one that ‘cannot 
possibly occur’. 


An event that has a probability 5 is as likely to occur as not to occur. 
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N 17 A AN INTRODUCTION TO PROBABILITY 
ee ioiiiaeiemey vemeerntaigy 


An event that has a probability close to 0 is unlikely to occur. 


An event that has a probability close to | is likely to occur. 


0) 1 
| | 
Impossible Certain 


L— proj 


Using these ideas, let us look at the three statements at the start of this section and express them in 
the new language of probability. 


Original statement Statement in terms of probability 


It is certain that the sun will rise tomorrow. The probability that the sun will rise tomorrow is 1. 


If | toss a coin, getting a head and getting a tail are | If | toss a coin, the probability of getting a head is 
equally likely. 


; and the probability of getting a tail is ; 


There is no chance of finding a plant that speaks The probability of finding a plant that speaks 
English. English is 0. 


Example 1 


A TV game show contestant is shown three closed doors and told that there is a prize behind 
only one of the doors. If the contestant opens one of the doors, what is his probability of 
winning the prize? 


From the point of view of the quiz contestant the prize is equally likely to be behind each of 


the doors. So the probability of the contestant winning the prize is > 
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ee 


6 Exercise 17A 


1 Complete each of the following probability statements. 


a It is certain that an iceblock will melt in the sun in Sydney. 
The probability that an iceblock will melt in the sun in Sydney is 


b There is no chance of finding a dog that speaks German. 
The probability of finding a dog that speaks German is 


c If there are three red discs and three blue discs in a bag and you take one out without 
looking in the bag, you are equally likely to get a red disc or a blue disc. 
If there are three red discs and three blue discs in a bag and you take one out without 
looking in the bag, the probability of getting a red disc is and the probability of 
getting a blue disc is 


d If it is Thursday today, tomorrow will be Friday. 
If itis Thursday today, the probability that it will be Friday tomorrow is 


e If today is the 31st of January, there is no chance that tomorrow will be the Ist of May. If 
today is the 31st of January, the probability that tomorrow is the Ist of May is 


2 Make up some statements for which there is a corresponding probability statement 


involving the probabilities 0, 1 or 7 


1/ Experiments and counting 


A standard die is a cube with each face marked with a number from | to 6 or with 
marks as shown in the diagram. 


Suppose we roll a standard die. Since the outcomes 1, 2, ..., 6, are equally likely 
(assuming that the die is fair; that is, it is not ‘loaded’), the probability of getting 
a | is > the probability of getting a 2 is 2 and so on. 


The total probability is 1 
Question: If we roll a die, what is the chance of getting | or 2 or 3 or 4 or 5 or 6? 


Answer: It is certain that we will get one of the numbers 1, 2, 3, 4, 5, 6, so we say that the 
total probability is 1. 
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N 17B EXPERIMENTS AND COUNTING 
og OE cS an sesrim 


Sample space 


Rolling a die and recording the face that shows up is an example of doing an experiment. 

The numbers 1, 2, ..., 6, are called the outcomes of this experiment. The complete set of possible 
outcomes for any experiment is called the sample space of that experiment. For example, we can 
write down the sample space for the experiment of rolling a die as: 


1 Zz 2 4 5 6 


In this case, each outcome is equally likely and has probability : 


Events 


An event is something that happens. In everyday life, we speak of sporting events, or we may 
say that the school concert was a memorable event. We use the word ‘event’ in probability in a 
similar way. 


For example, suppose that we roll a die and we are interested in getting a prime number. In this case 
‘the number is prime’ is the event that interests us. Some of the outcomes will give rise to this event. 
For instance, if the outcome is 2, then the event ‘the number is prime’ has occurred. We say that the 

outcome 2 is favourable to the event ‘the number is prime’. If the outcome is 4, then the event ‘the 

number is prime’ does not occur. The outcome 4 is not favourable to the event. 


Of the six outcomes, three — 2, 3 and 5 — are favourable to the event ‘the number is prime’. Three 
outcomes — 1, 4 and 6 — are not favourable to the event ‘the number is prime’. 


In many situations ‘success’ means favourable to the event and ‘failure’ means not favourable to the 
event. 


Hassan rolls a die. Hassan is hoping for a perfect square number. 


a What is the sample space? 
b What are the outcomes that are favourable to the event ‘the result is a perfect square’? 


a_ The sample space is: 
1 2 3 4 5 6 


b The only perfect squares in the sample space are | and 4, so the outcomes favourable to 
the event are: 


ihe 


Probability of an event 

Suppose I roll a die. A natural question to ask is: What is the probability that I get a 1 or a 6? 
To make sense of this, we have to decide how the question is to be interpreted. 

There are six possible outcomes: 


1 fs 3 4 5 6 
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17 B EXPERIMENTS AND COUNTING ye 


All are equally likely. Of these, only two are favourable to the event ‘the result is 1 or 6’. They are: 
1 6 
We say that the probability of getting a 1 or a 6 is 2 = 3 because all of the outcomes 1, 2, 3, 4, 5 


and 6 are equally likely. In general, the situation is as follows. 


ic) Probability of an event 


For an experiment in which all of the outcomes are equally likely: 


number of outcomes favourable to that event 
total number of outcomes 


Probability of an event = 


Here is a good way of setting out the solution to a question about the probability of an event. 


Example 3 


I roll a die. What is the probability that the result is a perfect square? 


The sample space of all possible outcomes is: 
1 2 3 4 5 6 


The outcomes that are favourable to the event ‘the result is a perfect square’ can be circled, 
as shown. 


Gy 25 3 °7°G@, 3) 6 


number of favourable outcomes 
total number of outcomes 


Probability that the result is a perfect square = 


_2 
6 
a0 
S 
Notation 
From now on, we will often write ‘P’ instead of ‘probability of’. Thus we write the previous 
result as: 


P(perfect square) = : 
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N 17 B EXPERIMENTS AND COUNTING 
eS Pe Buen on cena 
Example 4 


I roll a die. What is the probability of getting a 2 ora 3 ora 4 ora5? 


The sample space, with the favourable outcomes circled, is: 


2) Oa] & 


Poton sor ors number of favourable outcomes 
total number of outcomes 


Class discussion 
P(2 or 3 or 4 or 5) = 1 — PC or 6). Why is this so? 


The word ‘not’ 


Sometimes we need to recognise the word ‘not’ hidden in the question. The next example gives a 
simple illustration of what we mean by this. 


Joe is playing a board game. If he tosses a 1 with the die, he goes to jail. What is the 
probability that he does not go to jail? 


This is the same as the probability of not getting a 1, which means that Joe gets a 2, 3, 4, 


5 or 6. 
SoP(not a 1) = P(2, 3, 4,5 or 6) 
_> 
6 


Alternatively, we can consider the probability of getting anything except a 1. 


Then P(not a 1) = 1 — P(1) 
aya 
6 


5 
=<, as before. 
r as before 
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The words ‘random’ and ‘randomly’ 


In probability, we frequently hear expressions such as ‘chosen randomly’ or ‘chosen at random’, as 
in the following situations: 


e Aclassroom contains 23 students. A teacher comes into the room and chooses a student at random 
to answer a question about history. 


What does this mean? It means that the teacher chose the student as if she knew nothing at all 
about the students. Another way of interpreting this is to imagine that the teacher had her eyes 
closed and had no idea who was in the class when she chose a student. 


¢ InaTV quiz show, a prize wheel is spun. The contestant is asked to guess which number the 
wheel will stop at. 


The results of the spins are random and the contestant has no idea where the wheel will stop. 


Example 6 


In a pick-a-box show, there are five closed boxes, each containing one snooker ball. Two of 
the boxes each contain yellow balls and the others contain a green ball, a black ball and a red 
ball, respectively. The contestant will win a prize if she chooses a yellow ball. She chooses a 
box at random and opens it. What is the probability that she wins a prize? 


Here is the sample space with the favourable outcomes circled. They are equally likely, 
because she chooses at random. 


Y WM G B R 


P(prize) = 2 


Example 7 


A school has 1200 students. The table below gives information about whether or not each 
student plays a musical instrument. 


Each student has a school number between | and 1200. 


Each student’s number is written on a card and the 1200 cards are placed in a hat. One 
card is chosen randomly from the hat. What is the probability that the number pulled out 
belongs to: 

a aboy? 

b agirl? 

c astudent who does not play an instrument? 

d a boy who plays a musical instrument? 
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N 17B EXPERIMENTS AND COUNTING 
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a Number of student = 1200 b Number of students = 1200 
Number of boys = 325 + 225 Number of girls = 450 + 200 
= 55) = 650 
P(boy’s number) = 2 P(girl’s number) = ~ 
Sl Bile 
~ 24 52 


c Number of students = 1200 
Number who do not play a musical instrument = 225 + 200 
= 425 
425 
1200 
ah 
~ 48 


P(student does not play a musical instrument) = 


d Number of students = 1200 


Number of boys who play a musical instrument = 325 
325 

1200 

mle 

~ 48 


@ Exercise 17B 


1 A bag contains 10 marbles numbered | to 10. A marble is taken out. 


a Give the sample space for this experiment. 


P(boy who plays a musical instrument) = 


b Write down the outcomes favourable to the event ‘a marble with an odd number 
is taken out’. 


2 Adie is rolled. Write down the outcomes favourable to each given event. 
a An even number is rolled. 
b An odd number is rolled. 
ec A number divisible by 3 is rolled. 
d A number greater than | is rolled. 


3 a For the spinner shown opposite, write down the sample space of 
the experiment ‘spinning the spinner’. 


b Write down the outcomes favourable to the event ‘the number 
obtained is less than 4’. 
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4 Adie is rolled. Work out the probability that: 


a an even number is rolled b an odd number is rolled 


c anumber divisible by 3 is rolled d a number greater than | is rolled 


5 A bag contains 10 marbles numbered | to 10. If a marble is taken out at random, what is the 


probability of getting: 
a a3? b an even number? 
c anumber greater than 2? d a number divisible by 3? 


e anumber greater than 1? 
6 The spinner shown opposite is spun. Write down the probability of: 
a obtaining a 4 


b obtaining an odd number 


7 The letter tiles for the word MELBOURNE are placed in a box. 


One piece is withdrawn at random. What is the probability of obtaining: 


a an M? b an E? c a vowel? d aconsonant? 
SD 8 A die is rolled. What is the probability of: 

a obtaining a 3? b not obtaining a 3? 

c obtaining a number divisible by 3? d obtaining a number not divisible by 3? 


9 A bag contains three red marbles numbered | to 3, five green marbles numbered 4 to 8, and 
two yellow marbles numbered 9 and 10. A single marble is withdrawn at random. Find the 


probability that: 

a the marble is numbered 3 b the marble is green 

c the marble is yellow d the number is odd 

e the number is greater than 6 f the number is green and even 


10 The letters of the alphabet are written on flashcards and put into a bag. A card is drawn out 
at random. Find the probability that the letter is: 
aD b not W, X, Y or Z 
c a vowel d in the word ‘PERTH’ 
e in the word ‘CANBERRA’ 


437 


CHAPTER 17° PROBABILITY. 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


N 17B EXPERIMENTS AND COUNTING 
SV UE eoeiiepmpanprsomms 


11 There are three green apples and two red apples in a bowl. Georgia is blindfolded and 
randomly chooses one of the apples. What is the probability that she chooses a green apple? 


12 A bag of sweets contains 10 red ones, nine green ones, six yellow ones and five blue ones. 
They are all the same size and shape. You reach in and take one out at random. Find the 
probability that the sweet you pick is: 


a blue b green or yellow c not red 
d purple e not yellow or blue 
13 Cards with numbers 1—100 written on them are placed in a box. One card is randomly 


chosen. What is the probability of obtaining a number divisible by 5? 


14 A bowl contains green and red normal jelly beans and green and red double-flavoured jelly 
beans. The numbers of the different colours and types are given in the table below. 


A jelly bean is randomly taken out of the bowl. Find the probability that: 

a it is a double-flavoured jelly bean b it is a green jelly bean 

c itis a green normal jelly bean d it is ared double-flavoured jelly bean 
e itis ared jelly bean 


15. Ina traffic survey taken during a 30-minute period, the number of people in each passing 
car was noted, and the results tabulated as follows. 


What is the probability that: 


a there was only one person in a car during this period? 

b there was more than one person in a car during this period? 

c there were fewer than four people in a car during this period? 
d there were five people in a car during this period? 


16 A door prize is to be awarded randomly at the end of a concert. The numbers of people at 
the concert in different age groups are given in the table below. 


12-18 | 19-30 | 30-40 | 40+ 


25 85 


What is the probability of the prize winner being: 


a in the 0-5 age group? b in the 19-30 age group? 
c aged 40 or less? d aged between 12 and 30? 
e older than 5? f older than 40? 
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Review exercise 


1 There are eight marbles, numbered | to 8, in a bowl. A marble is randomly taken out. 
What is the probability of getting: 


a an8? b aneven number? c anumber less than 6? d anumber divisible by 3? 


2 Twelve cards are put into a hat. Five of the cards are red and are numbered | to 5, and 
the other seven cards are blue and are numbered 6 to 12. A card is taken randomly from 
the hat. Find the probability of taking out: 


a a blue card b acard with an even number 
c acard with a prime number d ared card 


e acard with a number greater than 13 


3. The letter tile pieces for the letters of the word ‘PROBABILITY’ are put into a box. One 
piece is chosen at random. What is the probability of choosing: 


a the P? b aB? c avowel? d aconsonant? 


4 Seven red marbles numbered | to 7 and six blue marbles numbered 8 to 13 are placed in 
a box. A marble is taken randomly from the box. Find the probability of taking out: 


a ared marble b ablue marble 
c amarble with a prime number d a marble with a multiple of 3 
e ared marble with an even number f ablue marble with an odd number 


g ared marble with a number less than 6 on it 


5 A large bowl contains two types of lollies: chocolates and toffees. The chocolates and 
toffees are manufactured by the Yummy Sweet Company and the ACE Confectionary 
Company. The number of chocolates and toffees in the bowl of the two different brands 
are given in the table below. 


Yummy Sweet Company ACE Confectionary Company 


Chocolates 250 170 
Toffees 300 140 


A lolly is randomly taken out of the bowl. Find the probability that: 
a itis a chocolate manufactured by the Yummy Sweet Company 

b it is a toffee manufactured by the ACE Confectionary Company 
c itis a chocolate 


d it is a toffee 
6 The 11 letter tiles for the letters of the word ‘PROSPECTIVE’ are put into a box. 


One piece is chosen at random. What is the probability of choosing: 


a the I? b aP? c anE? d a vowel? 


439 


CHAPTER 17 PROBABILITY 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


7 Each number from | to 500 is written on a card and put into a box. A card is withdrawn 
at random. What is the probability of obtaining a card with: 


440 


a anumber less than 100? ~—=b anumber divisible by 10? — ¢ a number divisible by 5? 


Challenge exercise 


| 
ICE-EM 


In a raffle, 50 tickets are sold. The tickets are numbered from 1 to 50. They are placed in 
a hat and one is drawn out at random to win a prize. Find the probability that the number 
on the winning ticket: 


a is 43 b is not 28 

c is even d is less than or equal to 20 

e is an even number less than 20 f contains the digit 7 

g does not contain the digit 9 h contains the digit 2 at least once 
i contains the digit 2 only once j does not contain the digit 2 


Suppose that the raffle tickets in Question 1 are coloured: those numbered | to 25 are 
green, the tickets numbered 26 to 40 are yellow and the rest are blue. Find the probability 
that the ticket that wins the prize: 


a is blue b is not green 
c is green or blue d is both green and blue 
e is even-numbered and blue f is prime and yellow 


Thomas, Leslie, Anthony, Tracie and Kim play a game in which there are three equal 
prizes. No player can win more than one prize. 


a List the 10 ways the prizes can be allocated. 

b What is the probability that Leslie wins a prize? 

c What is the probability that Leslie does not win a prize? 

Find the probability that a randomly chosen three-digit number is divisible by: 


a three b seven 


A bag initially contains 15 red balls and 8 blue balls. Some of the red balls are removed. 


A ball is then drawn out at random. The probability that it is a red ball is . How many 
red balls were removed? 

Describe how you can use a coin to decide between three menu items with equal 
probability. 


The six faces of a die are labelled with the numbers —3, —2, —1, 0, 1, and 2. The die 
is rolled twice. What is the probability that the product of the two numbers is negative 
(less than zero)? 
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Measurement and Geometry 


Consider the triangle T drawn below. Each of the triangles T,, T,, T, is obtained 
from the triangle T by moving it in different ways. 


Diagram 1 


Diagram 2 Diagram 3 
When the figure is moved, we call this movement a transformation. The 


resulting figure is called the image of the original figure. 
continued over page 
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We will be dealing with only three types of transformation in this chapter: 

1 translations (diagram 1) 

2 rotations (diagram 2) 

3 reflections (diagram 3). 

Note that none of these transformations changes the size or shape of an object. 

You will have seen these three transformations in many applications on your computer. 


All of these transformations satisfy two important properties. 


Cc) Properties of translations, rotations and reflections 


When a figure is translated, rotated or reflected: 


e intervals move to intervals of the same length 


e angles move to angles of the same size. 


Many of these exercises will require grid paper. The work on rotations will require some work 
on polar graph paper, also called circular graph paper. You can download samples of this from 
your Interactive Textbook. Carefully drawn diagrams are essential for understanding. 


18 Translations 


Shifting a figure in the plane without turning it is called a translation. To describe a translation, it is 


enough to say how far left or right, and how far up or down, the figure is moved. 


In the diagram opposite, triangle ABC has been translated to a new position on 


pee ee 


the page, and the new triangle has been labelled ABC. A’ 


You can see that triangle ABC has been shifted 2 units right and | unit up. Point 


A has moved to A, point B to B’ and point C to C. Naan a 


The image of a point is usually written with a dash attached. Thus the image B a 
of A is written A’ (read as ‘A prime’ or ‘A dash’). The image of AABC is thus 


Vee eee 2 


AABC. 


You can see that our translation has changed neither the side lengths nor the angles of the triangle, in 
agreement with the properties listed above. 
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18 A TRANSLATIONS 


Example 1 


Describe how the triangle in the diagram 
opposite has been translated. 


IC 


The figure has been translated 3 units left and | unit down. (Note that 1 unit down 
followed by 3 units left is the same translation.) 


Triangle ABC is shown by a blue line while the image triangle A ’B’C is shown with a red line, a 
convention we will stay with throughout the chapter. 


Example 2 


Translate AXYZ in the diagram opposite x 
2 units down and 3 units left. 


We only need to shift the vertices of this 
triangle. We then join them up to give the 
translated figure and label it XYZ’. 


Y’ 


Z 


Notice that in each of the examples above, every point of the triangle has moved. This is a special 
property of all translations, apart from the identity translation. 


The translation that translates a figure 0 units right and 0 units up is called the identity translation. 
The identity translation leaves all points fixed. 
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N 18 A TRANSLATIONS 
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ic) Properties of translations 


When a non-identity translation is applied: 
¢ every interval is translated to an interval of equal length 


e every angle is translated to an angle of equal size 


¢ every point moves; that is, there are no fixed points. 


( ) Exercise 18A 


=> 1 Describe the translation shown in each diagram below. You need not copy the diagrams. 


a N’ b N c A 


A’ 


B’ B C 


2  Ineach part below, a figure is shown and a translation described. Copy each figure and 
draw its image after the translation. Remember to label your images using dashes. 


a 4units up, 3 units right b 3 units right, 1 unit up 
A 
A sd 
B 
c 2units up, | unit left d 2 units right, | unit down 
/ 
B Cc 
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18 A TRANSLATIONS 


3 Inthe diagram below, AX Y Z is the image under translation of A XYZ. Copy the diagram 
onto your graph paper. 
Xx 


x’ 


y’ Fé 


a Measure angles XYZ and X YZ with your protractor. What do you notice? 
b Write down the angle in the image that is the same size as: 
i ZXZY 
ii ZZXY 
(Check with a protractor.) 
c Accurately measure the lengths of the intervals XY and X Y. Comment. 


d Calculate the area, in square units, of AXYZ and A X YZ . Comment. 


4 Inthe diagram below, AA BC is the image under a translation of A ABC. Copy the 
diagram onto your graph paper. 
A 


B’ Cc 


a Mark the image of L under the same translation; label it L’. 
b Describe the translation in words. 
c Are the intervals AB and A’B’ parallel? 
d Write down the interval in the image that is parallel to: 
i AC 
ii AL 
e Write down the interval in the image that is parallel to and the same length as: 
i BL 
ii CA 


f Are there any points in the original figure that have not moved under the translation? 
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4 3: Rotations 


A rotation turns a figure about a fixed point, called the centre of rotation. The centre of rotation is 
usually labelled by the letter O. 


A rotation is specified by: 

¢ the centre of rotation O 

¢ the angle of rotation 

¢ the direction of rotation (clockwise or anticlockwise). 


In the first diagram below, the point A is rotated through 120° clockwise about O. In the second 
diagram, it is rotated through 60° anticlockwise about O. 


O 
A’ 
EG 
ae 


The examples above demonstrate the following special properties of any rotation. 


The identity rotation is the rotation that rotates a figure through 0° and leaves every point fixed. 


Cc) Properties of rotations 


For any non-identity rotation: 
¢ every interval is rotated to an interval of equal length 
e every angle is rotated to an angle of equal size 


e there is only one fixed point — the centre of rotation 


e the distance of a point from the centre of rotation does not change. 


To help us when working with rotations, we may use special graph paper called polar or circular 
graph paper. This is available in your Interactive Textbook. We will use two types of such paper, 
examples of which can be seen in the next two diagrams. The first is marked with radial lines spaced 
at 30° apart, while in the second the lines are spaced at 45°. The centre of rotation O is always the 
centre of the graph paper and is called the origin. 


In this graph paper, lines radiate out from O at 30° 
angles. The diagram is a bit like a clock face, with 
the lines pointing towards the hours. 
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18 B ROTATIONS a 


The second diagram is like a compass, 
with the lines 45° apart pointing to 
N, NE, E, SE, S, SW, W and NW. 


The next example shows how the image of an interval under a rotation may be found by rotating its 
endpoints and joining their images. 


Example 3 


Rotate the interval ED in the diagram by 120° in 
a clockwise direction about O. 


To rotate the points D and E by 4 x 30° = 120° 
clockwise, shift each point four ‘hours’ around 
the ‘clock’. Each point stays the same distance 
from the centre of rotation; that is, it stays on the 
same circle. The points D and E are rotated and 
then joined up to form the image internal D'E’. 


Example 4 


Rotate AXYZ in the diagram by 90° 
anticlockwise about O. 


A rotation of 90° anticlockwise moves every 

point though two divisions on the ‘compass’. 
To move the triangle XYZ, we rotate the three 
cormers and join them up to form the image 


triangle XYZ. 


You can see that lengths of intervals do not change. 


447 


CHAPTER 18. TRANSFORMATIONS AND SYMMETRY 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


N 18 B ROTATIONS 
SE Rp 
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In the following example, we will be concerned with rotating figures 90°, 180° or 270°, so a set 
square is ideal to construct these angles. 


Rotate the line AB by 90° clockwise about O. 


AS a 


We only need to rotate the endpoints A and B. The image of the segment AB is obtained by 
joining A’ and B’. This is explained in the following diagrams. 


B 


\ NA’ 


To rotate A we have drawn lines at 90°, starting with OA. A set square and a ruler can then 
help us rotate A around O to A, keeping it always the same distance from O, since A and A’ 
are an equal distance from O. 


B 
ALT 
“Sf 
Ales Sa; 
7 N 
4 i /py 


Repeat this process to rotate B around O to B’. 
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18 B ROTATIONS 


( ) Exercise 18B 


Use the appropriate type of polar graph paper in Question 1 and mark the points and 
figures carefully. 


1 Rotate each figure about the centre O through the given angle. Remember to label your 
images with dashed letters. 


a Rotate 135° anticlockwise. b Rotate 90° clockwise. 


d Rotate 30° clockwise. 


e Rotate 120° anticlockwise. 


2A 


amples] 2 Rotate each figure through the given angle about the given centre O. Remember to label 
your images with dashed letters. 


a Rotate 90° anticlockwise. b Rotate 90° anticlockwise. 
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18 B ROTATIONS 


c Rotate 90° clockwise. d Rotate 90° clockwise. 
A A 
O, 
O, 
B B 
e Rotate 270° clockwise. f Rotate 270° anticlockwise. 
VIN O 
O 
g Rotate 180° clockwise. h Rotate 180° clockwise. 
B A B A 
O, 
C Oo 
i Rotate 180° anticlockwise. j Rotate 180° anticlockwise. 
B A B A 
Cc O G D 
k Rotate 90° clockwise. 1 Rotate 90° clockwise. 


3 Consider Question 2 above. Were any points fixed under the rotations, or did they all move? 


4 Consider the following diagram of a house. 


a Draw the image of the house after a rotation of 90° 
anticlockwise about O. Label it ABCDE. 


b AE and BC are parallel. What do you notice about 
AE and BC? 

c Find the area of ABCE and ABC E in square units. 
Comment. 
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4 3: Reflections 


A reflection is a transformation that flips a figure about a line. This line is called the axis of 
reflection. A good way to understand this is to suppose that you have a book with clear plastic pages 
and a figure drawn, as in the picture below. If the page is turned, the triangle is flipped over. We say 
it has been reflected; in this case, the axis of reflection is the binding of the book. 


o))si\ 


Our later examples will look more like the diagram opposite. The axis of 
reflection has also been drawn. ee 


The image of each point can be determined in the following way. A’ 


To reflect A in the axis of reflection, draw a line at right angles to the axis of 
reflection. Then use a ruler or compasses to mark A’ at the same distance as A, 
but on the other side. This is best done as a construction using a set square and 
compasses. 


As was the case for rotation, we find the image of a triangle under a reflection by reflecting the 
vertices and joining the image vertices. 


Example 6 
Reflect AABC in the given axis of 
reflection shown. x 
B 
€ 
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N 18 C REFLECTIONS 
Ne tec rercections 
Solution 


A Al A A’ 
B’ B’ 
BET B 
EG C Cc C 
Reflect each of the vertices. Join them up to get the image triangle. 


Here is a list of special properties of reflections. The second property can be seen in the previous 
example. 


> Properties of reflections 


When a reflection is applied: 


¢ all points on the axis of reflection are fixed points; the only fixed points are those on the 
axis of reflection 


if the points A, B, C, ... are in a clockwise order, then the points A, B,C, ... will be in 
anticlockwise order, and vice versa 


if a reflection is applied twice, all figures are returned to their original position 


every interval is reflected to an interval of equal length 


every angle is reflected to an angle of equal size. 


6 Exercise 18C 


1 Reflect each figure in the given axis of reflection. (In each diagram, the axis of reflection is 
marked with an arrow at each end.) Remember to label your images in the proper way. 


a b c 


ev] 
~=< 


452 


ICE-EM MATHEMATICS YEAR 7 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


18 C REFLECTIONS 


d e f 
A x, 
A , Z\ 
B Y 
@ 
g h i 
A x, 
A ZL 
B 
e 
B x 
Cc 
j k l 
m n 
SS 


2 This question involves two successive reflections. First reflect the triangle in the axis of 
reflection labelled m, and then in the axis of reflection labelled n. 


a b 
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18 Gombinations of 
transtormations 


Here is a summary of what we have discovered so far about translations, rotations and reflections: 


¢ Intervals move to intervals of the same length. 
e Angles move to angles of the same size. 


¢ Pairs of parallel lines move to pairs of parallel lines. 


Reflection is the only one of the three transformations that reverses the order of vertices. Thus 
if a triangle is labelled ABC in clockwise order, then the vertices of AA’B'C’ will appear in 
anticlockwise order after reflection. 


A’ 


(ag 


This is different from the case when a translation or rotation is applied to AABC with vertices in 
clockwise order. The vertices of AA’B’C’ will also be in clockwise order, as shown below. 


We can combine two or more transformations by applying them one after another, as in the 
examples below. 


Example 7 


Translate AABC 2 units right and | unit up. Then 
translate the image 3 units left and 2 units up. Describe 
a single translation that has the same effect. 
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18D COMBINATIONS OF TRANSFORMATIONS 


The successive transformations are shown in the 
diagram opposite. The combined translation is the 
same as a translation | unit left and 3 units up. 


Example 8 


Rotate the point A by 45° and then by a further 90°, both rotations 
anticlockwise about O. Describe a single rotation that has the 
same effect as the combination of these two rotations. 


The first rotation moves A to A’ (see the diagram 
opposite). The second rotation then moves A to A’. 
This combined transformation is the same as a single 
rotation of 135° anticlockwise about O. 


Example 9 


Describe two successive transformations that will have 
the combined effect of moving AABC onto AA BC as 
shown opposite. 


There are many possible answers. One possible answer is: 


first translate AABC so that A moves to A’; that is, 4 units right and 3 units up 
then reflect the triangle in AB’. 
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18D COMBINATIONS OF TRANSFORMATIONS 
Seen 
Example 10 
B ta 
A G 
a Reflect triangle ABC in the line @ and then translate the image 5 units to the right. 
b Translate triangle ABC 5 units to the right and then reflect the image in the line @. 
a 
B £ B’ B” 
A G & ise (Ge JN 
b 
Note that in parts a and b a different result is obtained. The final image depends on the order in 
which the transformations are taken. 
The following exercise involves no new transformations, but uses combinations of the three 
transformations we have learned about. If you get stuck on any step, look back at the earlier exercise 
dealing with the relevant kind of transformation. 
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18D COMBINATIONS OF TRANSFORMATIONS 


= | 


=D ° 
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Exercise 18D 


In each part perform the two transformations successively. Then find a single translation 
that has the same effect. 


a Translate | right, 2 up, b Translate 3 down, then 2 right. 
then 3 right, 1 up. 


ce Shift 3 right, 2 down, then 2 up. d Shift 1 right, 3 up, then 2 down, 2 right. 


Carry out the first rotation given for each figure, draw the image, and then carry out the 
second rotation. Find a single rotation that will have the same effect. 


a Rotate 60° anticlockwise, then 30° anticlockwise. 
b Rotate 30° anticlockwise, then 60° clockwise. 


c Rotate 120° anticlockwise, then 90° anticlockwise. 


a i Copy the first diagram below. 
ii Reflect the triangle in m, then reflect the image in n. 
iii Now reflect the original triangle in n, then reflect the image in m. 
iv Are your answers to parts ii and iii the same? 


b Repeat the steps i to iv for the second diagram. 


n 
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18D COMBINATIONS OF TRANSFORMATIONS 


4 Ineach part, describe two successive transformations that will have the combined effect of 
moving AABC onto AA'B’C’. 


a b 
B Ua 
A “uw 
A 
(au 
B C 
c d 
Cc 
C 
B” A uw” 
A B 


5 a Reflect triangle ABC in the line @ and then translate the image 6 units to the right. 
b Translate triangle ABC 6 units to the right and then reflect the image in the line @. 
c Translate triangle ABC 6 units up and the reflect the image in the line @. 


d Reflect triangle ABC in the line @ and then translate the image 6 units up. 
i 


a8) 


6 a Reflect triangle ABC in the line ¢ and then translate the image 6 units to the right. 
b Translate triangle ABC to the right 6 units and then reflect in the line @. 
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ee 


7 a Rotate triangle ABC about point O in an anticlockwise direction by 90° and then reflect 
the image in the line @. 


b Reflect triangle ABC in the line @ and then rotate 
the image about point O in an anticlockwise 
direction by 90°. 


Transformations in 


the Gartesian plane 


In this section, transformations are described using coordinates. 


Example 11 


Find the coordinates of the image of the point (1, 3) under: 


a translation of | unit to the right and 3 units up 

a translation of 3 units to the left and 4 units down 
a clockwise rotation of 90° about the origin 

an anticlockwise rotation of 90° about the origin 

a reflection in the x-axis 

a reflection in the y-axis 


mem eoan oy 


a rotation of 180° about the origin 


A(2, 6) 


C(3, -1) * 


E(1, -3) 
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N 18 E TRANSFORMATIONS IN THE CARTESIAN PLANE 
aay 
Example 12 


A triangle ABC has vertices A(3, 1), B(7, 1), and C(7, 4). 


a Plot the points A, B and C and draw the triangle ABC. 


b Find coordinates of the vertices of the image of the triangle under a translation of 4 units 
down followed by a clockwise rotation of 90° about the origin. 


yi 
C(7, 4 
A(3), 1) (7,|1) 
O C’(7, G) | 
A”(-3, 43) 
A(3, +3) BV, -B) 
B’(-8, 47) CA, 1, 


@ Exercise 18E 


You will need graph paper to do these exercises. Each question requires you to draw a 
number plane with labelled x- and y-axes. A single number plane for each question is fine 
(for example, one number plane for question 1 parts a—d), if points are neatly labelled. The 
coordinates of the image point(s) should also be given. 


Translations 


1 Mark the following points on your graph paper and translate each one 2 units right and 
3 units up. Be careful to label each point and its image. Also write down the coordinates of 
each image point. 
a A(0, 0) b BQ, 1) ¢ C3, 1) d D(-5, -5) 


2 Given the following points and their images under a translation, plot the points and describe 
the translation. 


a A(0, 0) and A (2, 1) b B(1, —2) and B’(3, 3) ce C(O, 4) and C (0, -4) 
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18 E TRANSFORMATIONS IN THE CARTESIAN PLANE ye 


Rotations 


3 Mark the given points on a number plane and rotate them 90° anticlockwise about the 
origin O. Write down the coordinates of each image point. 


a A(2, -1) b B(2, 1) ce Ci=3, 1) d D(0, 0) 


4 Mark the given points on a number plane. Find their images under a rotation of 180° 
anticlockwise about the origin O. Draw each image point and write down its coordinates. 


a A(2, -1) b BQ, 1) c C(O, 0) d D(O, 2) 
Reflections 
5 Copy the given points onto a number plane. Find their images when they are reflected in the 
X-axis. 
a A(2, -1) b BC3, 3) ¢ C(-5, 0) d D(0, 4) 


6 Mark the given points on a number plane. Find their images under a reflection in the y-axis. 
ai A(3, -1) ii B(-3, 3) iii C(O, 4) 


b Join the points A, B and C in part a to form AABC. Find the image of AABC under 
reflection in the y-axis. 


Combinations of transformations 
7 Mark the given points on a number plane, translate them 4 units to the right and rotate them 
90° anticlockwise about the origin O. Write down the coordinates of each image point. 
a A(2, -1) b B(2, 1) ce C3, 1) d D(-5, -5) 
8 Mark the given points on a number plane. Find their images when they are first reflected in 
the x-axis and then in the y-axis. 
a A(2, -1) b BQ, 2) ec C(-3, 3) d D(-S, 0) 
9 Mark the given points on a number plane. Find the coordinates of their images when they 
are first reflected in the x-axis and then translated 4 units down. 
a A(O, 0) b B(2, 1) e C3, 1) d D(-S, -5) 
10 A triangle ABC has vertices A(3, 1), B(7, 1), and C(7, 4). 
a Plot the points A, B and C and draw the triangle ABC. 


b Find the coordinates of the vertices of the image of the triangle under a translation of 
4 units down followed by a reflection in the y-axis. 
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1 8 symmetry 


Symmetry is an important idea in mathematics. We also see it in art and architecture. Here we are 
going to consider two types of symmetry, namely rotational symmetry and reflection symmetry. 


Reflection symmetry 


The figure shown opposite has reflection symmetry because it falls back 
exactly on itself when it is reflected in the axis of reflection marked on the 
diagram. This line is called an axis of symmetry of the figure. /\\ 


Rotational symmetry 


Think of rotating the figure shown opposite by 90° anticlockwise about O. 
The figure moves back on top of the original figure where A has moved to 
where B was, B has moved to where C was, C has moved to where D was, 
and D has moved to where A was. We say that the figure has rotational 
symmetry. 


Next we look at the situation after repeated anticlockwise rotations 
of 90°. For example, the original point A in diagram | moves to the 
point A in diagram 2. It then moves to the point A in diagram 3, and so on. 


A 
B O 
D 
C 
anticlockwise rotation of 90° 2 anticlockwise rotations of 90° 
Diagram 2 Diagram 3 


3 anticlockwise rotations of 90° 4 anticlockwise rotations of 90° 
Diagram 4 Diagram 5 


You can see that it takes four rotations of (2°) = 90° anticlockwise for the point A to return to its 


original position. 
We say that our figure has rotational symmetry of order 4: 
¢ 90° is the smallest angle of rotation that makes it fit exactly on top of itself, and 


¢ when we repeat this rotation four times, we get the identity rotation of 360°. 
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18 F SYMMETRY 


Can you see that this propeller Auhas rotational symmetry of order 3? 


The smallest rotation that makes the propeller sit back on itself is 120°. When this is repeated 
three times, we get the identity rotation of 360°. 


Example 13 


a Draw all axes of reflection symmetry 
for the figure shown opposite. 
b Write down the order of its rotational symmetry. 


a The four axes of symmetry are shown in 
the solution diagram opposite. The axes of 
symmetry are shown as dotted lines. 

b The order of rotational symmetry is 4, 
because the cross sits exactly on itself after 
rotations of 90°, 180°, 270° and 360° about 
the centre O. 


These examples show that figures may have more than one axis of symmetry, and figures may have 
both rotational and reflection symmetry. 


A figure can also have no rotational symmetry, for example, the number 5. 


> Rotational symmetry 


A figure has rotational symmetry of order n, n > 1, if 30 is the smallest angle of rotation 


that takes the figure so that it fits exactly on top of itself. 


) Exercise 18F 


Ty  panptet3 ) 1 In the table on the next page, the letters of the alphabet and several common symbols are 
drawn. Copy the table into your book. 


a For each letter and symbol, mark any axes of symmetry. 


b Does each figure have rotational symmetry? If so, mark the centre of the rotation on the 
diagram. State the order of rotational symmetry. 


Note: The symmetry of some letters may vary, depending on how you draw them. 
Copy the letters accurately and comment on any issues of this type. 
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N 18 F SYMMETRY 
oe emmy 


2 In the following table, a number of common geometric figures are drawn. Copy the table 
into your book. 


a For each figure, mark any axes of reflection symmetry. 


b Does each figure have rotational symmetry? If so, mark the centre of rotation on the 
diagram and state the order of rotational symmetry. 


Assume that the rectangle is not a square, the rhombus is not a square, the kite is not a 
rhombus, the isosceles triangle is not equilateral, the trapezium has unequal vertical sides 
and the parallelogram is not a rhombus. 


square rectangle rhombus 


equilateral isosceles 


triangle triangle right triangle trapezium 


circle ellipse parallelogram 
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18 Regular polygons 


A regular polygon is a plane figure in which every side is an interval 
of the same length and all internal angles are equal. A polygon is 
named after its number of angles; this is the same as the number of 
sides. For example, the figure on the right is called a regular 
pentagon, from the Greek words pente, meaning five, and gonos, 
meaning angled. The equal angles are marked. 


The names of some common regular polygons are given in the 
table below. 


Equilateral triangle 


Square 


Regular pentagon 


Regular hexagon 


Regular heptagon 


Regular octagon 


Regular nonagon 


Regular decagon 


Regular dodecagon 


Drawing a regular pentagon 


Use a protractor in the following to form angles of 72°. 


A 
KV KY 
E E 
Draw a circle of Draw rays 360° + 5 = 72° Join A, B, C, D, E to form 
radius 5 cm. Mark apart, starting at OA. the regular pentagon. 
a radius OA. Let these rays intersect 


the circle at B, C, D, E. 
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N 18 G REGULAR POLYGONS 
eg leeeemenmewes 


Symmetry of regular polygons 


Regular polygons have a lot of symmetry. For example, the regular pentagon OC} 
has five axes of reflection symmetry, as shown in the diagram opposite. 


As we rotate the pentagon about the centre O, every 72° it will ‘fall —— 
back on itself’, looking identical to the original diagram even though the 

points have moved. The five rotations 72°, 144°, 216°, 288°, 360° about ? 
the centre O are symmetries. 


Thus the regular pentagon has rotational symmetry of order 5. 


@ Exercise 18G 


1 a Draw a regular pentagon, using a circle of radius 6 cm and the method above. 


b Mark the axes of reflection symmetry. 


2 This question requires you to draw a regular nonagon (also called a 9-gon). 
a Explain why the rays from the centre in your construction have to be 40° apart. 
b Using a protractor, construct a regular nonagon in a circle of radius 5 cm. 


c Draw the axes of symmetry. Write down the order of rotational symmetry of a regular 
nonagon. 
3 a How many sides does a regular octagon have? 


b Construct a regular octagon using only a straight edge and compasses by following the 
steps below. 


A B 
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Construct a square of side 
length 4 cm. Mark the 
diagonals of the square to 
locate its centre. 


Place the point of your 


compasses on the centre 
of the square and draw 

a circle around the square, 
touching its four vertices. 
Mark the midpoints of the 
sides of the square. 


Connect the opposite 
midpoints with a line that 
extends each end to meet 
the circle. Join the points 
A; , By FC, G,D 

and H to form a regular 
octagon. 


c What is the angle between adjacent rays from the centre in your construction? 
d Draw the axes of symmetry and write down the order of rotational symmetry. 


e Use a different colour to join every second vertex and so construct a regular 4-gon 
(a square!). Which of the axes of symmetry of the octagon are axes of symmetry of the 
square? What is the order of rotational symmetry of the square? 
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18 G REGULAR POLYGONS 


4 a Follow the steps below to construct a regular hexagon without using a protractor. 


Draw a circle of radius 5 cm. 
Leave your compasses set at 
5 cm and mark a point A on 
the circle. 


Place the point of your 
compasses on A and 
mark an arc intersecting 
the circle at B. Move the 
point of your compasses 
to B and mark an arc 
intersecting the circle 

at C. Continue around 
the circle. 


b Explain why this construction works. 


To check your accuracy, 
draw a final arc centred 
at F. It should pass 
through A. As before, 
join the points 

A, B, C, D, E and F to 
form a regular hexagon. 


c Draw the axes of reflection symmetry and write down the order of rotational symmetry. 


5 a Construct a regular dodecagon in a circle of radius 5cm, using the following steps. 


A B 


E D 


Start by constructing a 
hexagon using the method 
in question 4. Mark the 
midpoints of each side of the 
hexagon. 


b Label the vertices 1, 2, 3, ..., 
(with 12 as the topmost vertex). What have you 


constructed? 


c How many axes of symmetry does this 
polygon have, and what is its order of rotational 


symmetry? 


6 What are the orders of the rotational symmetry 
of a regular 36-gon and a regular 37-gon? 
Do not attempt to draw them! A regular 36-gon 
is illustrated to the right, with straight lines 


between adjected points. 
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12 clockwise 


D 
. J 


Connect the opposite 
midpoints with a line 
that extends each end to 
meet the circle. 


Join the points 

AG, B, ALG, Dd, 
E, K, F and Lto forma 
regular dodecagon. 
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Review exercise 


1 


| 
ICE-EM 


Describe the translation shown in each of these diagrams. 
a b c 
B 
| NCE 
A’ A IC 
‘A 
ie (C” 
Rotate the interval AB by 60° in 3 Rotate the triangle ABC by 90° 
a clockwise direction about clockwise about O. 
the point O. 
(X 
(RY 
SSE 
Rotate triangle ABC in the axis of 5 Reflect triangle ABC in the axis of 
reflection. reflection. 
B 
B 
O} 
| C A Al ic 


Plot the points given below on graph paper and translate them 3 units right and | unit 
up. Be careful to label each point and its image. Also write down the coordinates of each 
image point. 

a A(0, 0) 

b BQ, 1) 

ec C(-3, 1) 

Given a point and its image under translation in each part, plot the points and describe 
each translation. 

a A(0, 0) and A (3, 1) 

b BC, -3) and B’(6, 2) 

¢ C(0, 3) and C(O, -3) 
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REVIEW EXERCISE 


8 Plot the points given below on a number plane and rotate each one 90° anticlockwise 
about the origin O. Write down the coordinates of each image point. 


a ACI, —2) b Bd, 4) ¢ C(-2, 1) 
9 Plot these points on a number plane. Find their images when reflected in the x-axis. 
a AG, —2) b B(3, 2) ¢ C(-2, 1) 


10 State the order of rotational symmetry of each of the diagrams. 

| x | x] 

| oe | S 

11 Perform each pair of successive translations on the given figure. Then find a single 
translation that has the same effect. 


a Translate | right, 2 down b Translate 2 left, 3 up 
then 2 left, 1 down. then | left, 1 up. 


CERREEE 
A C 


12 Perform each pair of rotations on the given figure. Then find a single rotation that has 
the same effect. All rotations are about O. 


a Rotation of 30° anticlockwise then b Rotation of 30° anticlockwise 
60° anticlockwise. then 60° clockwise. 
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REVIEW EXERCISE 


13 Plot the given points on the number plane. Reflect them in the x-axis and then reflect the 
image in the y-axis. State the coordinates of the final image. 


a A(5, -1) b BQ, -1) ¢ C(-2, -3) 

14 Plot the following points on your graph paper. First translate them | unit up and 3 units 
to the right, and then translate the images 2 units up and 2 units to the left. State the 
coordinates of the final images. 


aati.) |0) Jes 2) e C(-l, 4) 


15 Ineach part, describe two successive transformations that will have the combined effect 


Gee Ie) 


of mapping AABC onto AA BC. 


a 


A uw B A 


B’” (oY 


470 


ICE-EM MATHEMATICS. YE 
ICE-EM Mathematics 7 3ed_ ~ISBN 978- o F 08-40124- 1 ©The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


Challenge exercise 


Answer these questions on square grid paper. 


1 a Reflect triangle ABC in line ¢, and then reflect the image in ¢,. Label the first image 


wow 


ACB and the second A’B’C’. 


b This time, reflect triangle ABC in line @, and then reflect the image in ¢,. Label the 
first image A‘C.B and the second A B'C as before. 


| | la 
| S fa 
G B 


c Describe the translation that takes triangle ABC to triangle A’B’C’ in both parts a and 
b. What do you notice? 


2 a Reflect triangle ABC in line ¢; and then reflect the image in ¢,. Label the first image 


ACB and the second A’B’C’. 


(E B 


b Describe the translation that takes triangle ABC to triangle A’B'C’ in part a. 


c Describe the translation that takes triangle ABC to triangle A’B'C’ if the lines of 
reflection are parallel 4 units apart. 


d Suppose that the lines are a units apart. What is the translation? 


3 The triangle ABC whose vertices have coordinates A(O, 0), B(2, 0), C(2, 4) is translated 
to the triangle ABC with coordinates A (4, 0), B(6, 0), C'(6, 4). Draw the two 
triangles on a number plane and draw in two axes of reflection, ¢ , and Loos such that when 
triangle ABC is reflected in ¢, and its image is reflected in @,, the final result is triangle 
ABC. Is there only one way to do this? What is the distance between lines ¢ , and €,? 
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CHALLENGE EXERCISE 


4 The triangle ABC whose vertices have coordinates A(0, 0), B(2, 0), C(2, 4) is 
translated to the triangle ABC with coordinates A (0, 4), Be 4), Ce: 8). Draw the 
two triangles on a number plane and draw in two axes of reflection, , and i such that 
when triangle ABC is reflected in ¢, and its image is reflected in ¢,, the final result is 
triangle A BC. Is there only one way to do this? What is the distance between lines ¢ 1 
and ¢,? 


5 Triangle ABC has been rotated through 90° B’ 
in an anticlockwise direction about O to the 
triangle ABC. Copy the diagram carefully 
into your book. 


a Draw two lines ¢, and ¢, through O such : 


E A’ e 
that, when triangle ABC is reflected in @ 1 and 
its image is reflected in @,, the final result is 
triangle ABC. 
A B 
b Measure the acute angle between lines f, and f,. Oo 


c Is there only one choice for the position of lines ¢, and @,? 


Circular graph paper (30°) Circular graph paper (45°) 


MSs. Pa 


Circular graph paper is available to download from your Interactive Textbook. 
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Number and Algebra 


In this chapter, we discuss various ways of presenting data to make them easier 

to understand and analyse. Most people find it much easier to understand data if 
they are presented in tabular or pictorial form. Examples of tables and diagrams are 
found in newspapers, in advertisements, on television and on the internet. Many of 
these tables and diagrams present fair and accurate pictures of the situations they 
describe, but some diagrams are misleading and can give wrong impressions. 


The purpose of a table or diagram is to: 

e fix in the reader's mind the data it represents 

e suggest relationships that may exist among the data 

e create a quick, lasting and accurate impression of the significant facts. 


Later in this chapter, we will look at four methods of pictorial presentation, namely 
the pictogram, the column graph or bar chart, the pie chart and the line graph. 


In this chapter a calculator may be used where appropriate. Suitable computer 
software can also be used. 
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19 


Tables are constructed to record and present information. For example, the following table shows the 
numbers of voters who voted in an election. The table gives the numbers of male and female voters 
who voted for each candidate in a particular town. The information has been arranged so that it is 
easy to see at a glance a summary of the important election results. 


Reading tables 


Democrat | Progressive 
1256 168 


1567 42 


From the table, it is easy to read off and compare the information. The information involves five 
categories. The categories are Men and Women, and the parties (Democrat, Liberal and Progressive) 
represented by each of the three candidates. The table presents the votes for the different candidates 
by gender. For example, we can see that most men voted Liberal. 


Example 1 


The following table describes internet use for a group of 17 480 people over a particular 
5-day period. 


0-17 years 


18-24 years 


25-54 years 


Used the 
internet 


1600 


2570 


2510 


Did not use 
the intenet 


450 


850 


8000 


Total 


2050 


3420 


10510 


a What percentage of people in the 55-and-over age group did not use the internet? 
b What percentage of people who use the internet are aged 0-17? 


en x 100) % = 12% of people over 55 did not use the internet. 
[soo* a % = 20% of people who use the internet are aged 0-17. 


| @ Exercise 19A 


1 Data on the ages of male inhabitants of the Maldives in 2001 are presented in the table on 
page 475. The total number of males is 226 634. 
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Age group (years) Number of males 

6-9 30813 
10-14 41 089 
15-19 33 266 
20-24 23514 
25-29 20090 
30-34 18161 
35-39 15 699 
40-44 12402 
45-49 7461 
50-54 5967 
55-59 5996 
60-64 6312 
65-69 4611 
> 69 1253) 


a How many male inhabitants of the Maldives are aged between 10 and 14? 
b What percentage of males are aged under 25? Give your answer to the nearest per cent. 


c What percentage of males are aged between 15 and 24? Give your answer to the nearest 
per cent. 


d What is wrong with the given data? 


2 Data has been collected on the nationalities of some of the visitors to certain island resorts. 
The table below gives the available data. In the table, (A) indicates that the country is in 
Asia, (E) indicates that the country is in Europe and (O) indicates that the country is neither 
in Asia nor in Europe. 


Number of visitors (tens of thousands 
per year) 


Australia (O) 0.5 
Britain (E) 6 
France (E) 385 
Belgium (E) 14 
Japan (A) 23 


Nationality of visitor 


Singapore (A) 5) 
USA (O) 

Italy (E) 
Germany (E) 
Korea (A) 

Russia (E) 

New Zealand (O) 
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Use the table on the previous page to answer the following questions. 
a What is the total number of visitors from Japan? 
b What is the total number of visitors from Asia? 


c What percentage of the total number of visitors came from Europe? Give your answer to 
the nearest per cent. 


3 A small country has a number of island resorts. The following information was collected for 
five of these resorts. 


Capacity (maximum number of Number of staff involved in 
guests who can stay at one time) recreation for guests 


Name of resort 


Belle de Mer 11415 5) 
Dream Island 243 20 


Hibiscus Garden 


Thalassa 


Tropic Isle 


a What is the maximum number of guests who can stay at the Hibiscus Garden resort? 
b How many staff are involved in recreation for guests at Tropic Isle? 

c What is the total capacity of the five resorts in the table? 

d What is the ratio of staff to guests at the Hibiscus Garden? 


4 The table below gives the results of a tennis tournament between Rishi, Bryce, Gerald and John. 


Sets won 
Match Bryce Gerald 
Rishi vs Bryce 3 
Rishi vs Gerald 
Rishi vs John 


Bryce vs Gerald 


Bryce vs John 


Gerald vs John 


Complete the following summary table using the information given above. 


Matches 


a Who won the most matches? 


b Who played the most sets? 
c What percentage of the matches Gerald played did he win? 
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19 The pictogram 


A pictogram uses a symbol to represent a block of data within a data set, and is the simplest way of 
representing data in a diagrammatic form. A pictogram has visual impact and is easily understood. 


Consider the table below, which gives the areas under cultivation, in hectares, for different fruits on a 
tropical island. 


Area under cultivation 
(hectares) 


30 


A symbol, such as | FRUIT, can be used for all types of fruit to indicate the size of each area under 
cultivation. 


Alternatively, you can use a different symbol for each block of data, as shown below. 


Fruits: area under cultivation 


\ye Ve \y \e \e \e 


Banana wWTIWJHI DIZ 


Pawpaw © O 


a 2 | 
Guava 6 


Durian 


Each of the symbols represents 5 hectares. 
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The pictogram below shows the numbers of pizzas consumed by four different people in a 
month. 


Number of pizzas eaten in 1 month 


Corey Adam Aaron Brandon 
1 pizza 4 pizzas 7 pizzas 2 pizzas 


a Write in general terms your comments on the pictogram. 
b Draw a better representation using a pictogram. 


a_ The pictogram gives a poor and distorted representation, as it is not easy to see how the 
size of each picture represents the number of pizzas eaten. 


b It would be more informative to represent the data with different numbers of pizzas of the 
same size. 


Number of pizzas eaten in 1 month 


Brandon Ca ea 


Corey BS 
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The table below shows the average daily sales of ice-cream cones for a kiosk in each season 
over a 12-month period. 


Season 


Ice-cream sales 


Use a pictogram to represent these data. 


Ice-cream sales, by season 


~ VVVVVVVYVY 
mm VV 

wie 
mV 


Vv = 10 ice-cream cones Vv 5 ice-cream cones 


@ Exercise 19B 


1 The pictogram below shows the amounts of time spent star-gazing by a group of budding 
young astronomers. 


y Loys Ps 
> 1 hours Ss 
> . 
2 
Stuart <— Jyothi 
3 hours 3 hours 
= : 
O > 
O 
2 
Warwick 
3 hours Durham 
10 hours 


a Write in general terms your comments on the pictogram. 
b Draw a better representation using a pictogram. 
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N 19B THE PICTOGRAM 
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2 


a 
Example 2 ) 3 


480 


The pictogram below shows the numbers of trees grown on each of five neighbouring 
tree farms. 


North Pole Tree Farm BREBBEBRZ 
Santa's Tree Farm & & x a Z 

The Christmas Tree Farm RAEZ 

The Pines Tree Farm BRBBBZ 
4 = 1000 trees 


a How many trees are grown on Santa’s Tree Farm? 
b How many trees are grown in total? 
c What percentage of the trees is grown at the Pines Tree Farm? 


d What percentage, to the nearest per cent, of the trees is grown at the North Pole 
Tree Farm? 


The table below shows the sizes of basketball singlets worn by the members of a 
basketball club. 


Draw a pictogram to display the data. 


The table below shows the numbers of large cats at an open range zoo. Draw a pictogram to 
display the data. 
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19 Column graphs 


A column graph or bar chart uses bars of different lengths to compare different quantities. 
A column graph is easy to draw and easy to read. It is reasonably accurate and shows the relative 
sizes at a glance. 


Consider the table below, which gives the areas under cultivation, in thousands of hectares, for 
different grain crops in a region of Queensland. 


Queensland grain crops: areas under cultivation 


A column graph makes it easy to compare the 500 
areas under cultivation for the different grain crops 450 
grown. The length of a column represents the area $ 400 
under cultivation for a particular grain crop using $ 350 
the scale on the left. = 300 
° 
A spreadsheet package can be used to construct = zy 
column graphs. e200 
S$ 150 
< 100 
50 : 
(0) — 
Barley Maize Millet Oats Sorghum Wheat 
Type of crop 
Note that all the columns have the same Queensland grain crops: areas under cultivation 
width. A column graph should have a SEES EEEES ESEES EESES ESEES REED EOEES CERES EEE 
Wheat 


title, and both axes should be clearly 
labelled. Column graphs may also be 


: . Sorghum 
drawn horizontally rather than vertically. 


Oats 


Millet 


Type of crop 


Maize 


Barley 


0 50 100 150 200 250 300 350 400 450 500 
Area (000s of hectares) 
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Example 4 


A survey was conducted in which students were asked to pick their favourite style of music. 
They were given the categories Rock, Jazz, Country and Western, Classical, Pop and Latin 
American from which to choose. The responses are displayed in the column graph below. 


Music preferences of students 


50 
30 
20 

0 


Rock Jazz CountryClassical Pop Latin 
& Western American 


Style of music 


Number of students 
§ 


Use the column graph to find: 


a_ the number of students who chose Classical as their favourite style of music 

the least popular style of music, according to the survey 

the total number of students surveyed 

the percentage of students surveyed who chose Country and Western as their preferred option 


oo 2 6 


the percentage of students surveyed who did not choose Rock as their preferred option 


a Number of students who chose Classical = 20. 
b The least popular style of music, according to the survey, is Latin American. 
c Total number of students surveyed = 70 + 20 + 55 + 20 + 20 + 15 


=200 
d_ 55 of the 200 students surveyed chose Country and Western. 
55 _ 100 
Percentage who chose Country and Western = \ 599 x 71 /% 
= 275% 


So 27 <% of students surveyed preferred Country and Western. 


e 200 — 70 = 130 students did not choose Rock. 


Percentage who did not choose Rock = ae a % = 65% 


So 65% of students surveyed preferred a music style other than Rock. 
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| @ Exercise 19C 


1 The girls in a physical education class were asked which sport they liked best from a 
choice of netball, lawn bowls, softball, cricket or tennis. The responses are displayed in the 
column graph. 


Sport preferences of girls 


Netball 


Lawn bowls 


Cricket | | 


4 6 8 10 12 
Number of students 


Sport 


oO 
N 


Use the column graph to find: 

a how many girls chose tennis as their favourite sport 
b the most popular sport 

c the number of girls in the class 


d the percentage of girls in the class who chose cricket as their favourite sport 


2 Use the column graph below, showing the number of births at a country hospital, to answer 
the following questions. 


Births at a country hospital 


= 
N 
uw 


= 
oO 
oO 


Number of births 
So a 


N 
uw 


0 
1999 2000 2001 2002 2003 2004 2005 
Year 


a How many babies were born at the hospital in 2003? 

b In which year was the number of births the lowest? 

c How many babies were born during the period 1990-2005? 

d What percentage of the babies born during the period 1990-2005 were born in 1999? 
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3 The column graph below shows the number of koalas on Bandicoot Island for the years 
1996 to 2005. The population is recorded on 1 January of each year. A large bushfire 
occurred in July of a particular year. 


Koalas on Bandicoot Island 


Koala population (000s) 


1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 
Year 


Use this graph to find: 
a in which year the population of koalas was: 
i the highest ii the lowest 
b in which year you think the bushfire occurred 
It is considered that the island’s vegetation is able to sustain a population of 20000 koalas. 
c For how many years was the population above 20000? 
d How far above 20000 was the highest population? 
e How far below 20000 was the lowest population? 


f In which year would you expect the population to next reach 20000? 


4 The table below shows the numbers of animals on a hobby farm. 


Chicken 


6 


a Use a column graph to display the data. 
b What percentage of the animals on the farm are two-legged? 


c What percentage of the animals on the farm are not sheep? 


5 Nick asked all of the boys in Year 10 at his school what time they usually woke up on 
Saturday mornings. The responses are shown in the table below. 


a Use a column graph to display the data. 
b What percentage of boys woke up before 8:30 a.m.? 


c Give a conclusion that Nick could draw from these numbers. 
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19 Divided bar charts and 


pie charts 


Divided bar charts 


A divided bar chart (segmented bar chart) is a rectangle that has been divided into smaller sections 
by vertical lines. From the graph, you can compare the parts easily. 


A vegetable farm grows potatoes, carrots and onions. The table below shows the number of hectares 
of the farm used for each crop. 


In this case, the divided bar chart is drawn as a rectangle of length 10 cm, representing 20 hectares 
in total. The length of the section for potatoes is therefore 6.5 cm, the length for carrots is 2.5 cm 
and the length for onions is 1 cm. These lengths correspond to percentages of 65% (potatoes), 25% 
(carrots) and 10% (onions). 


Draw a divided bar chart to represent the following data about sales of different kinds of fruit 
from a stall at a market. 


Oranges Grapes Bananas 


360 160 200 


We can calculate the segment lengths, using an overall length of 10 cm for the divided bar 
chart, as follows. 


Oranges: ae x 10cm = 4.5 cm Apples: a x 10cm =1cm 
Grapes: ioe x 10cm =2cm Bananas: a x 10cm = 2.5 cm 
800 800 


The segment lengths, and corresponding percentages, are shown in the next table. 


Grapes Bananas 
2.0 Dab 
20% 25% 
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Pie charts 


A pie chart (sector graph) is a circle that is divided into sectors by radii. The sectors are usually 
shaded in different colours. A pie chart is more complicated than a bar chart to construct, but gives 
an impression of the proportion of the whole represented by each category 

of data. 


Consider the following simple example with only two categories of data. 
Alex is awake for 16 hours and asleep for 8 hours. There are only two 
sectors required. Alex is asleep for 3 of the day. We draw a sector with 


angle ; x 360° = 120° to represent the part of the day Alex is asleep. The 


other sector represents the part of the day when he is awake. The angle for 


this sector is ; x 360° = 240°. 


For the Queensland grain crop data on page 481, the size of each sector of the pie graph is 
determined by the area under cultivation for the given grain crop. 


Area under cultivation 


(thousands of hectares) Angle of sector 


100 ON 60 eae: 
1000 


B60 7: 
1000 


30. 360° = 10.8° 
1000 


(Oe co oe 
7000 


STON 60 = ea 
1000 


470. 360° = 169.2° 
1000 


A protractor can be used to draw the sectors, as in the pie graph at the top of the next 
page. You will not need to use the protractor to draw the last sector representing wheat 
but, as a check of your level of accuracy when using a protractor, measure the angle and 
check that it is close to 169°. 
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19D DIVIDED BAR CHARTS AND PIE CHARTS 


Queensland grain crops: areas under cultivation 


[] Barley MH Oats 
Mi Maize =‘) Sorghum 
Hi Millet =) Wheat 


Example 6 


The pie chart below represents the hours spent on various activities by a teenage boy on a 
typical 24-hour weekday. 


Use of hours in a day, by activity 


L] Sleep Me Homework 
HH School [J Television 
Hi Meals i) Other 


Use your protractor to measure the angle of the sector for each activity. 
How many hours were spent at school? 
How many hours were spent not sleeping? 


a Oo SF & 


If : of the hours allocated to ‘Other’ are spent surfing, what would be the angle of the 


sector that would represent surfing on the same pie chart? 


a It is important to check that the angles add to 360° (although a sum close to 360° is an 
acceptable level of accuracy). 
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b The angle of the sector for ‘School’ is 90°. 


Fraction of day spent at school = eal 


Hence, , of the day or 6 hours is spent at school. 


c The angle of the sector for ‘Sleep’ is 120°. 


Fraction of day spent at school = a 


Hence, ; of the day or 8 hours is spent sleeping. 
Hence, 24 — 8 = 16 hours of the day are spent not sleeping. 
d For ‘Other’, the angle of the sector is 60°. 


Angle of the sector for ‘Surfing’ = : x 60° 
= 45° 


Hence, the angle of the sector for ‘Surfing’ on the same pie chart would be 45°. 


Example 7 


A shop sells 90 beach balls in a week. The beach balls are produced in five different colours: 
red, blue, yellow, white and black. The table shows the number of balls sold. 


a_ Represent the data on a pie chart. 
b What percentage of the balls sold were blue? 
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a_ The angle of each sector must be calculated in order to draw the pie chart. 


Colour of beach ball Angle at centre of sector 


Red 25 . 360° = 100° 
90 


Black > y 360° = 20° 
90 


White > 360° = 20° 
90 


Yellow au) x 360° = 160° 
90 


15 .. 360° = 60° 
90 


Beach ball sales, by colour 


Red 
i Black 
White 
[1 Yellow 
Wi Blue 


b 15 of the 90 beach balls sold were blue. 


Percentage of balls sold that were blue = e x 100% 


= 162% 


@ Exercise 19D 


1 Draw a divided bar chart to represent the expenditure on the different types of advertising 
of a sporting event, as shown in the table below. The total expenditure was $100 000. 


Type of advertising Amount spent 


Newspapers $15 000 


Radio $10000 
Television $65 000 
Billboards $10000 
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2 Draw a divided bar chart to represent the different types of sales by a car dealer over 
a 12-month period. 


Sedan 


People mover 


Station wagon 


Four-wheel drive 


3 A salesman arrives at work at 8 a.m. and leaves at 5 p.m. The pie chart below shows how he 
spends his day. 


A saleman's day at work 


L] Staff meetings 

i Client meetings 
WB Paperwork 

HB Telephone calls 
MH) Other 


a Use your protractor to measure the angle of each sector. 
b How long does the salesman spend on telephone calls? 
c What fraction of the salesman’s work day is spent in meetings with staff? 


d What percentage of the salesman’s work day is spent meeting with clients? Give your 
answer to the nearest per cent. 


e If ‘ of the time allocated to paperwork is spent claiming expenses, what would be the 


angle of the sector for the time spent claiming expenses? 


4 140 university students were asked their principal mode of travel to university that day. The 
table shows the responses they gave. 


a Represent the data on a pie chart. 


b What percentage of the students travelled by bus? 
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5 Display the data shown in the following column graph using a pie chart. 


Composition of school band 


Number of students 
oO NR & a [oe 


Instrument 


6 The two pie charts shown below represent how two cousins, Michelle and Sarah, spent their 
monthly incomes from their part-time jobs. 
Monthly expenditure 


Other Other 
12% 14% 


Clothes 
25% 


Clothes 
27% 


Going out 
28% Going out 
25% 

Food 

20% Food 
19% 

Cosmetics Cosmetics 
15% 15% 
Sarah Michelle 


a Suppose that in a particular month each girl earns $400. How much money does each of 
the girls spend on clothes? 


b In the next month money Michelle earns $400 but Sarah earns $440. How much money 
does each of the girls spend on clothes? 


c Comment on your answers to parts a and b. 
7 Acharity uses its funds to provide food, shelter and employment training to homeless 


people. A pie chart is drawn to represent the different kinds of expenditure. The angles of 
the sectors for food and shelter are 109° and 125°, respectively. 


a Which category receives the smallest part of the funds? 
b What is the angle of the sector used to represent employment training? 


c Find the percentage of the charity’s funds that is allocated to shelter. Give your answer to 
the nearest per cent. 
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8 The pie chart shows how 21 000 000 Australians are divided into various groups according 
to age and gender. The angles of the sectors for ‘Females aged 65 years and above’ and 
‘Males aged 65 years and above’ are about 26° and 21°, respectively. Give your answers to 
the nearest 10 000. 


Age structure of Australians 


[1] Male aged 14 years and under 

Mi Females aged 14 years and under 

HB Males aged between 15 and 64 years 
MM Females aged between 15 and 64 years 
[) Males aged 65 years and above 

[) Females aged 65 years and above 


(Source: www.cia.gov/library/publications/the-world-factbook/geos/as.html, accessed 11 April 2011) 
a If ; of the ‘Males aged 65 years and above’ are under 70, how many males are 70 years 


of age or older? 


b If 67% of Australians are aged between 15 and 64 years, how many Australians are 
14 years of age or younger? 


19 Line graphs 


In this section and the next, line graphs are constructed. We do this by plotting points. 


A line graph gives a general idea of trends, peaks, troughs and fluctuations. 
Consider the maximum daily temperature in Melbourne, recorded over the month of January in one 
year. The data can be displayed on a line graph. 
Maximum daily temperatures in Melbourne in January 
50 


40 


30 


°C 


20 


10 


0 
13 5 7 9 11 13 15 17 19 21 23 25 27 29 31 
Day 
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Each dot represents the maximum temperature on a particular day. The lines between the dots show 
how the temperature increases or decreases as the month progresses. 


Example 8 


Escherichia coli is a common type of bacteria that can cause disease in humans. The table 
below shows average readings of the E. coli levels in part of a river. Readings that are above 
200 organisms per 100 mL and below 1000 organisms per 100 mL are considered ‘Fair’, 
which means this part of the river is generally suitable for recreational activities such as 
rowing, canoeing and kayaking, but not for swimming. 


Day Tuesday | Wednesday | Thursday Saturday 


E. coli 
(number of 
organisms 
per 100 mL) 


Use a line graph to display the data. 


E. coli levels in river water 


Ww 
oOo 
[o) 


N 
Oo 
[o) 


=s 
10) ] 
S) 


E. coli (number of organisms/100 mL) 


Mon Tues Wed Thur Fri Sat Sun 
Day 


S Exercise 19E 


1 The table below shows the number of visitors per day to a national park in a 
particular week. 


Day Tuesday | Wednesday | Thursday Saturday 


Number 


ace 280 195 
of visitors 


Use a line graph to display the data. 
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19E LINE GRAPHS 


2 The table below is a record of Rohani’s weight each month during her first year of life. 


a How much weight did Rohani gain in her first month? 


b How much weight did Rohani gain in her first year? 


ce Construct a line graph to display the data. 


3 The following line graph shows Mike’s bank balance over a period of 20 weeks. 


Mike's bank balance 


Bank balance ($) 
S 
ro) 


0) 


012345 67 8 9 10111213 14 151617 18 19 20 
Number of weeks 


a How much money did Mike start with? 
b How many times did Mike add to his savings? 
c How many times did Mike withdraw some of his savings? 


d At the end of the 20 weeks, did Mike have more or less money than he started with? 


4 The following line graphs represent the estimated and projected illiteracy rates of selected 


countries from 1970 to 2015. 
Adult illiteracy rates 


100 - 
ie ae 
8 604 
= 
g 
2 40 5 
20 —©— Cambodia 
—=— China 
i , | | , | | : —@®— Singapore 
—— Vietnam 
Oo 0 x9) S 9) 9S 6 
LLP PP PS PS? SP a niger 
Year —e— Oman 


(Source: www.uis.unesco.org/en/stats/statistics/UIS_Literacy_Country2002.xls, accessed 8 April 2006) 
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a 
a In which country is the illiteracy rate projected to be the lowest in the year 2015? 
b In which country is the illiteracy rate projected to be the highest in the year 2015? 
c Estimate the year when the illiteracy rate for Oman fell below that of Cambodia. 
d In which country has the illiteracy rate fallen the most? 


e In which country has the illiteracy rate fallen the least? 


5 The table below is a record of the maximum daily temperature in a certain city over the 
course of a week. 


Day Monday | Tuesday | Wednesday | Thursday | Friday | Saturday 


Maximum 
temperature (°C) 


Construct a line graph to display the data. 


6 Consider the graph below, showing the number of births at a country hospital. 


Births at a country hospital 


150 


; ( 4 be 


1999 2000 2001 2002 2003 2004 2005 
Year 


oO 
jo) 


Number of births 


a In which year were there 100 births at the hospital? 
b Display the data shown in the column graph using a line graph. 


c¢ Which representation of the data do you consider to be the better one? The line graph or 
the column graph? Why? 


19 Applications of the line graph 


Line graphs are useful not only for representing data, as in the previous section, but also for showing 
the relationship between two quantities, such as age and height. Two particular applications of line 
graphs are discussed in this section: the conversion graph and the travel graph. 


The conversion graph 


A conversion graph can be used for the conversion of measurements from one unit to another. 
Examples include converting one currency to another (for example, euros to Australian dollars), and 
changing heights from inches into centimetres, weights from pounds into kilograms, and areas from 
acres into hectares. In general, only approximate values can be found. 
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19 F APPLICATIONS OF THE LINE GRAPH 


Example 9 


The conversion graph below is based on the conversion factor on a particular day of 
A$1 = €0.60. 


Use the conversion graph to: 


a convert these amounts from Australian dollars to euros: 


i A$10 ii A$15 iii A$30 
b convert these amounts from euros to Australian dollars: 
eclis li €3 iii €12 


Australian dollars to euros conversion 


Euros 


ORF NWHKUT DAN DO OO 


0123 45 67 8 9 10111213 1415 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 
Australian dollars 


a_ The approximate conversions from Australian dollars to euros are: 


i A$10 = €6 ii A$15 = €9 iii A$30 = €18 
b The approximate conversions from euros to Australian dollars are: 
i €15 = A$25 ii €3 = A$5 iii €12 ~ A$20 


The pairs of arrows give the conversions. 


The travel graph 
A travel graph is a graph that displays the distance travelled from a particular point at different times. 


The graph shown on page 497 represents the journey of an old bus from Algtown to Gray Point. 
Gray Point is 90 km from Algtown. The bus travels for three hours at a constant speed to reach Gray 
Point, stays there for one hour and then returns to Algtown at the same constant speed. 
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19 F APPLICATIONS OF THE LINE GRAPH a 


Bus journey from Algtown 


100 - 
904 Sa sees 


Distance from Algtown (km) 
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Example 10 


The graph below represents the journey of a bus from Trigtown to Picnic Point, then on to 
Tower Falls and finally back to Trigtown. 


a How far is the bus from Trigtown after three hours? 

b What is the average speed of the bus for the first three hours? 

c For how long does the bus stop at Picnic Point? 

d_ For how long does the bus stop at Tower Falls, 120 km away from Trigtown? 
e How far does the bus travel altogether? 


f What is the average speed of the bus for the return journey from Tower Falls to Trigtown? 
Bus journey from Trigtown 


130 5 

120 

nlOk 
~ 100 - 
90 
80 - 
70% 
COS = 
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40 - 
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Distance from Trigtown (km 
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| 
| 
| 
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I 
| 
| 
| 
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4 


5 6 F 8 © 1 
Time (hours) 


a_ The bus is 90 km from Trigtown after three hours. 
distance travelled 


A d= 
Die een tee time taken 
_90 
3 
= 30 km/h 
The average speed of the bus for the first three hours is 30 km/h. 


(continued over page) 
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N 19 F APPLICATIONS OF THE LINE GRAPH 
Soi Decmemonmermaiems 


c After three hours of travelling, the bus stops at Picnic Point for one hour. 


d_ The bus reaches Tower Falls after five hours. It turns around at Tower Falls and begins its 
return journey straight away. 


e The bus travels a total of 240 km. ; 
f The average speed for the return journey is i = 30 km/h. 


| @ Exercise 19F 


1 The graph shown below was used to convert Australian dollars to British pounds and vice 
versa on a particular day. The graph is drawn for a conversion rate of A$1 = £0.40 or 
£1 = A$2.50. 
Australian dollars to British pounds conversion 
120 


110 


100 


90 


80 


70 


60 


50 


Australian dollars 


40 


30 


20 


10 


O 10 20 30 40 50 
British pounds 


a Use the conversion graph to convert the following amounts from Australian dollars to 
British pounds. Give approximate answers. 
i A$10 ii A$20 iii A$40 
b Use the conversion graph to convert the following amounts from British pounds to 
Australian dollars. Give approximate answers. 
i £10 ii £20 iii £32 
2 The travel graph on the next page illustrates Sasha’s journey during a walk along the 
Brisbane River. She leaves the rotunda in the Botanic Gardens at 1200 hours. The graph 
shows Sasha’s distance from the rotunda for her walk. 
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19 F APPLICATIONS OF THE LINE GRAPH <a 


Distance from rotunda (km) 
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a How long did Sasha’s walk take? 
b How far is Sasha from the rotunda at the following times? 
i 1300 hours ii 1400 hours iii 1700 hours 
c When does she stop for a rest and for how long? 
d What is the maximum distance from the rotunda that Sasha reaches? 
e What is the total distance walked by Sasha? 
f What is Sasha’s average speed for the 1-hour time interval from 1200 to 1300? 
g What is Sasha’s average speed for the 2-hour time interval from 1200 to 1400? 
h What is Sasha’s average speed for the 2-hour time interval from 1500 to 1700? 


3 Jonathon lives in Wholetown and Keith lives in Halftown. Wholetown is 100 km from 
Halftown. Jonathon leaves Wholetown at | p.m. and Keith leaves Halftown at the same 
time. They use the same road. The graphs show the journeys of Jonathon and Keith. 
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YN 19 F APPLICATIONS OF THE LINE GRAPH 
SV, Deaemoube meinem 


a How far is Jonathon from Wholetown at 1:40 p.m.? 
b How far is Keith from Wholetown at 1:40 p.m.? 
c At what time does Jonathon pass Keith? 
d For how long does Keith stop? 
e What is Jonathon’s average speed for the journey? 
f What is Keith’s average speed for: 

i the first 45 minutes? 

ii the last 30 minutes? 


iii_ the whole journey (excluding his rest time)? 


4 Two friends start off together from their holiday flat to go for a long walk. They both walk 
along a pathway and return to the flat on the same pathway. 


Bita and Christina's walk 


Bita 


Christina 


Distance from flat (km) 
Ww 


0 1 2 3 4 5 6 
Time (hours) 


a For how long did the two friends walk together? 
b What is the greatest distance along the pathway that Bita was from the flat? 
c How long did Christina walk for? 


d What was the greatest distance apart of the two friends? 


e What was Christina’s average walking speed for the first 2 hours? 
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Review exercise 


1. The line graph below shows the average daily maximum and minimum temperatures for 
Melbourne. 


Average daily maximum and minimum temperatures 
30 


Temperature (°C) 
a 


& Average daily maximum 


ry m Average daily minimum 
JI Ff M A M FJ J A S&S O© N D 
Months 


a In which month(s) is the average daily maximum temperature the highest? 
b In which month(s) is the average daily maximum temperature the lowest? 
c In which month(s) is the average daily minimum temperature the highest? 
d In which month(s) is the average daily minimum temperature the lowest? 


e In which month(s) is the difference between average maximum and minimum 
temperature the greatest? 


f In which month(s) is the difference between average maximum and minimum 
temperature the least? 


2 The column graph below shows the average monthly rainfall for Melbourne. 
Average monthly rainfall 
70 


60 


50 
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30 
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a In which month(s) is the most rainfall recorded? 

b In which month(s) is the least rainfall recorded? 

c What is the total amount of rainfall recorded in the 12-month period? 
d Which season is the wettest? 

e Which season has the least rainfall? 

3 Five boys made paper gliders and were arguing about which would fly furthest, so they 
decided to have a competition. Adrian said his glider would come first and Jonathon’s 
would come second. Lars said his would win, Khan’s would come second and Rory’s 
fifth. Khan thought his glider would come third, and that Jonathon’s would be last. 


Jonathon said Rory’s would come third and Adrian’s fourth. Rory thought Lars’s glider 
would be second-last. 


a Use the above information to complete the table below. 

b After the competition, it turned out that each boy had made at least one correct 
prediction. Determine the placings. 

Prediction 

Boy 3rd 

Adrian 


Jonathon 
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REVIEW EXERCISE 


4 The table below shows the numbers of students enrolled in the various faculties of a 
university. There is a total of 2250 students. 


Faculty Science Medicine Commerce | Engineeering 


Number of 


225 125) 620 411 
students 


a i How many of the students are not enrolled in Arts? 
ii What percentage of students are studying Science? 
b Display the data using: 
i acolumn graph 
ii a divided bar chart 
iii a pie chart 
5 The graph below shows the journey of two friends Algie and Bertie from the Post Office 


at Walton. 
50 


40 


30 


20 


Distance from Walton (km) 
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Time (minutes) 


a What is the average speed in km/h of Bertie for: 
i the first 20 minutes of his journey? 
ii the last 20 minutes of his journey? 
b When and where does Bertie stop and for how long? 
c What is Algie’s average speed in km/h? 
d When and where does Algie pass Bertie? 
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REVIEW EXERCISE 


6 The towns of Aral and Smolyvar are 40 km apart. The graphs show the journeys of Ivan 
and Petruska. Ivan starts from Smolyvar, travels to Aral and returns. Petruska travels 
from Aral to Smolyvar. They use the same route. 

40 


20 


Distance from Smolyvar (km) 


10 


(0) 10) 3 20 30 40 50 60 
Time (minutes) 


a What is the total distance travelled by Ivan? 

b What is Petruska’s average speed in km/h for the whole journey? 
c How long does Ivan take to complete his journey? 

d What is Ivan’s average speed in km/h for the whole journey? 

e How long does Ivan stay in Aral? 


f When and where does Ivan pass Petruska? 
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People deal with large amounts of information every day. When we read 
newspapers, watch television or open our mail, we may be looking at 
information that has been organised so that we can understand it easily. 
For example, we can tell how much water we use at home by looking at a 
water bill. 


When we collect, organise, represent and analyse information, we are using 
statistics. The information collected is called data. A person who does this kind 
of work is called a statistician. 


Analysing statistical data can help us understand more about a group of people, 
the habits of animals or changes in the weather over time. Statistical data help 
us make decisions and predict outcomes. 
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20 Data and dot plots 


If we wanted to discover whether green tree frogs in Queensland are surviving and are healthy, 
we might collect information about the numbers of frogs living in different areas, the weight of 
each frog and the length of their hind legs. The type of information collected would depend on the 
questions we wanted to answer. 


The information we gather is called data. We may have many questions to answer, and so will need 
to gather data about different aspects of our population or sample. For example, here are some things 
that you might look at about a frog, if you were going to investigate the frogs in your area. 


Gender Male, female 


Weight In grams 


Colour Green, brown, grey, gold 


Length of hind leg In millimetres 


Distance from water 
source 


In metres 


Age In months 


The data referred to in the table above are described using words, such as the name, gender and 
colour of the frogs, or numbers, such as the distance from water source, age, weight or hind-leg 
length of the frogs. 


In previous years you may have learned about categorical data. Categorical data is where each 
observation falls into one of a number of distinct categories. 


Some examples from above are: 
¢ gender, where the categories are male and female 
¢ the colour of the frog, where the categories are green, brown, grey and gold. 


Count data can sometimes be considered as categorical data. A small number of different possible 
values (categories) is where this can be done. Examples of such count data include: 


¢ the number of children in a family 

¢ the number of people queuing at an ATM at a selected point of time 
¢ the number of cars in a supermarket at a selected point of time 

¢ the number of mobile phones owned by a family. 


Measurement data are a type of numerical data. All measurement data need units of measurement 
and observations are recorded in the desired units of measurement. 


Measurement data are recorded with a certain precision that depends on the measuring instrument, 
the choice of the investigator and practical restrictions. 


Some examples of measurement data are: 
* the weight in grams of a frog 
¢ the length in millimetres of the hind leg of a frog 


¢ the age in months of a frog. 
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20 A DATA AND DOT PLOTS ir 


Frequency tables 


Categorical data are recorded with the number of observations that fall in each category. These 
are called the frequencies of the data — how often each category occurred. These frequencies are 
presented in a table and are graphed by a column graph in which each category has a column. 
The heights of the columns represent the frequency of the observations that fall in that category. 
Frequencies can be recorded in a frequency table. 


In this section we use the same idea for measurement data. 


When we collect data, we often use tally marks to organise the information we have collected. Tally 
marks help us keep track of values as they occur. We record how often a data value occurs by placing 
one tally mark against a value each time it occurs in our list. We write the tally marks next to one 
another until we get to four, as shown below. 


| means 1 ll means 2 ll means 3 Illl means 4 
To show a fifth tally mark, we cross through the four to show a group of five. 


JM means 5 


The number of tally marks indicates how many times a value is repeated. The number of times a 
value is repeated is called the frequency of that value, and can be recorded in a frequency table. 


Example 1 


The neck measurement of 22 people was taken. The measurements were taken to the nearest 
centimetre. Record the results in a frequency table. 


BOF O81 39, 39,29, 29,3) 95, 998930709, 814039, 09459,41,00, 35,55 


Neck measurement (cm) Frequency 
85) 
36 
37 


38 
39 
40 
A 


Dot plots 


A dot plot plots numerical data, with a dot on the graph for each value in the set of data. If a value 
occurs three times, there are three dots in a line above that value. Hence, the heights of the columns 
of dots give the frequencies of the data values. For numerical data, a dot plot is a plot of the ‘raw’ 
data with no grouping of values. So if a set of numerical values is not large and has many different 
values, a dot plot is not very informative, but a dot plot is usually an excellent way to have a first 
look at data. 
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N 20 A DATA AND DOT PLOTS 
SOG EN Ber eS 


The data given in Example | can be illustrated by a dot plot. 


36 37 38 
Neck measurement (cm) 


os 


A group of 30 people in the building trade were asked how many times in the last week they 
had visited a particular hardware shop. Their responses were as follows: 


C22 On0ne 4 I On0. Oe hs? 30,001 1.22 8500070, 
Draw a dot plot for the data. 


Vv 


CAc¢5eeeeeeeeee 


Number of visitors 


' ) Exercise 20A 


1 The local vet weighed each dog brought into the practice for one week. The tallies of the 
dogs with each of the different weights are shown in the table below. 


Weight (correct 
to nearest kg) 


Tally 


Frequency 
a Complete the table. 
b How many dogs were brought into the vet during the week? 


c Draw a dot plot for the data. 
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a 


2 Brad’s golf scores over the past 20 weeks are as follows: 
82, 79, 84, 82, 81, 79, 78, 72, 79, 79, 77, 88, 79, 81, 79, 79, 84, 78, 72, 72 
a Complete a frequency table for the data. 
b What was Brad’s highest golf score? 


c Which golf score was most frequent? 


d Draw a dot plot for the data. 


3 A zoologist counted organisms living in droplets of water. The data are as follows: 
21,23, 24, 23, 21, 25, 34, 32, 21, 23, 34, 23, 22, 24, 25, 25, 26, 21, 24, 21, 20, 23, 27 
a Complete a frequency table for the data. 
b Draw a dot plot for the data. 


4 [Class activity] Record the length of the handspan of each 
member of your class, correct to the nearest centimetre. 


a Draw up a frequency table of the results. 
b What is the shortest length? 
c What is the longest length? 


d What is the most commonly occurring 
length of handspan in your class? 


e Draw a dot plot for the data. 


QO ita 


One of the questions we often use statistics to answer is ‘Which is the most popular?’ The most 
popular (or common or favourite) value will be the most frequently occurring value in a data set. 
A value with the highest frequency is called the mode. 


For example, in a survey of eye colour, the following results were obtained: 
green, blue, blue, hazel, green, brown, 
blue, green, brown, blue, brown, blue, 
hazel, green, green, brown, brown, blue, 


green, brown, green, green 


CHAPTER 20 STATISTICS 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


We can arrange the data into a frequency table. 


Eye colour Frequency 


Blue 


Brown 


Green 


Hazel 


In the survey above, the eye colour with the highest frequency is green. Hence, the mode is green. 


Mode is a French word for ‘fashion’. It may help you to remember that the mode is the most 
fashionable (or popular) value. 


The temperature at 3:30 p.m. on summer afternoon was recorded, to the nearest degree, at a 
number of secondary schools. The number of schools with each of the temperatures recorded 
are shown in the table below. 


Temperature (°C) 


Tally 


Frequency 


a Complete the table, filling in the frequencies of the temperatures. 
b What is the mode? 
c How many schools were involved? 


Temperature (°C) 


Tally 


Frequency 


b The highest number of schools (22 schools) recorded a temperature of 39°C so the mode 
is 39°C. 
c 118 schools recorded the temperature at 3:30 p.m. on that day. 


Sometimes there is more than one mode. Data with two modes are called bimodal data. Data with 
more than two modes are called multimodal data. 
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20B MODE a 


The mode is the value (or values) with the highest frequency (or frequencies). 


Example 4 


The ages of a sample of television newsreaders were recorded as follows. 
41, 42, 48, 45, 51, 41, 38, 40, 48, 48, 52, 47, 46, 46, 

46, 48, 42, 43, 51, 51, 52, 48, 46, 45, 42, 49, 48 

Complete a frequency table for the data. 

What is the mode? What does this mean in terms of the data? 


How many newsreaders are there in this sample? 


ao & & 


Draw a dot plot for the data. 


Age (years) 


Tally 


Frequency 


b The mode is 48. This means that more newsreaders are 48 years old than any other age. 


c There are 27 newsreaders in the sample. 
d : 
< + T . + + + T + + , + . T + + T T > 
38 40 42 44 46 48 50 52 54 


Age of newsreader 


@ Exercise 20B 


carves) 1_ A bar chart for the pets owned by a sample of 15 
kindergarten children is shown on the right. 


Pets owned by kindergarten children 


= 
jo) 


a Draw a frequency table for the data. 
b What is the mode? 


Frequency 


Oo 


Cat Dog Mouse Bird Pig 
Type of pet 
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2 Chairs in each classroom of a school were counted. The result was: 
23, 26, 23, 24, 28, 25, 26, 28, 29, 26, 14, 28, 25, 24, 28, 26, 
24, 29, 24, 25, 28, 23, 33, 21, 25, 27, 23, 28, 28, 24, 25, 23. 


a Draw a frequency table for the data. 
b What is the mode? 
c Draw a dot plot for the data. 


3 The following 21 values are the measurements (in centimetres) of lengths of wire. 


S71, 37153715321, 321,379, 379, 
367, 311, 311, 311, 405, 405, 353, 
353, 321, 367, 367,387, 361, 371 


Draw a dot plot. 


20 Stem-and-leat plots 


We can arrange the data into a stem-and-leaf plot. For example, represented as follows. 


Stem | Leaves 


71 is represented by 7\1 
68 is represented by 6/8 


54,57 and 59 are 


represented by Pier 


A number of shoppers were asked to record their ages as they left a department store. The ordered 
data are as shown below. 


35, 36, 36, 36, 36, 36, 36, 38, 40, 40, 40, 40, 40, 40, 40, 41, 41, 42, 42, 44, 44, 44, 

44, 45, 45, 46, 46, 46, 47, 47, 47, 47, 47, 48, 48, 48, 48, 48, 49, 49, 49, 49, 50, 50, 

50;,.50,51, 51, 51,52, 52, 53,54, 54 

The stem-and-leaf plot of the ages of shoppers is shown below. We can see that all the data in the 


group aged 50 to 54 have 5 as their first digit, so 5 becomes the stem for this group. The values are 
placed in order from smallest to largest. We can see each entry for this data set. 


Stem | Leaves 
3 | 56666668 
4 | 0000000112244445566677777888889999 
5 | 000011122344 


The stem-and-leaf plot makes it easy to see that most of the shoppers were aged between 
40 and 49 years. 
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20 C STEM-AND-LEAF PLOTS ir 


> Stem-and-leaf plots 


¢ Stem-and-leaf plots represent each value in a data set in the form of a leaf and a stem. 


e The leaf is usually the last digit of the value, and the stem is the first digit of a two-digit 
number, or the first two digits of a three-digit number, and so on. 


For example, for the number 47, 4 is the stem and 7 is the leaf. 
For the number 251, 25 is the stem and 1 is the leaf. 


Steve kept a record of the number of emails he received at work each day during the month 
of July. His data are shown below. 


124, 112, 123, 145, 123, 109, 114, 94, 98, 144, 112, 101, 127, 147, 149, 142, 
127, 122, 110; 140; 107, 1112; 118, 114, 149; 105, 120, 122, 1123, 92, 91 

a Draw a stem-and-leaf plot of the data. 

b What was the mode for these data? 


Stem | Leaves 
9/1248 
10 | 1579 
11 | 0222448 
12 | 022333477 


14 | 0245799 


b There are two modes for these data. The modes are 112 and 123. Steve received 
112 emails per day on three of the days in July and 123 emails per day on another three 
days in July. 


@ Exercise 20C 


1 A survey of the prices of jeans was conducted at a shopping centre and the following prices 
were observed. 


$78, $45, $68, $56, $39, $87, $85, $78, $99, $73, $49, $89, $87, $98, $99, $49, $67, $78 


a Draw a stem-and-leaf plot for the data. 
b What were the lowest and highest prices for jeans recorded? 


c What is the mode? 
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2 James and Talis drew the stem-and-leaf plot shown below for the numbers of people 
travelling in buses from their suburb to the central train station over the course of a day. 


Stem | Leaves 

38 

559 

0223 
02235888 
0138 

5 | 233 


RWN > CO 


a How many buses did they see? 
b What is the mode for this data set? 


3 Marianthi keeps a record of the number of text messages she sent from her mobile phone 
each day. Her records for one month one shown below. 


103, 97, 102, 110, 101, 86, 98, 78, 79, 113,99, 81, 100, 120, 114, 118, 
101, 103, 92, 110, 86, 97, 94, 99, 112, 88, 102, 101, 103, 76 


a Draw a stem-and-leaf plot of the data. 


b What was the mode for these data? 


20 Median, mean and range 


Median 


The median is the ‘middle value’ when all values are arranged in order of size. 


Here are some numbers in order of size: 
2, 2, 3, 3, 3, 4, 5, 11, 13, 18, 18, 19, 21 


This data set has an odd number of values. The middle value is 5, since it has the same number of 
values on either side of it. Hence, the median of this data set is 5. 


Here are some more numbers: 
1, 3, 4, 4, 5, 6, 8, 11, 13, 13, 19, 21 
This data set has an even number of values. The middle values are 6 and 8. We take the average of 6 


and 8 to calculate the median. 


Median = “5 


=7 


Hence, the median of this data set is 7 even though it does not occur in the data set. 
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20D MEDIAN, MEAN AND RANGE ir 


e When the data set has an odd number of values, the median is the middle value. 


e¢ When the number of values is even, the median is the average of the two middle values. 


Example 6 


Students measured their heights to the nearest centimetre, and recorded the results shown 
below. 


164, 168, 167, 158, 164, 154, 170, 175, 164, 168 


Calculate the median. 


Arrange the data in order. 


L 
154, 158, 164, 164, 164, 167, 168, 168, 170, 175 


The median lies between 164 and 167, so we need to take the average of these two values. 


Median = we 
= 655) 
Mean 


You may have already heard of the mean and know that it is commonly called the average. To 
calculate the mean, we find the sum of the values and divide this by the number of values. 


sum of values 


Mean = 


number of values 


Example 7 


Students measured their heights to the nearest centimetre, and recorded the results shown 
below. 


164, 168, 167, 158, 164, 154, 170, 175, 164, 168 


Calculate the mean. 
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N 20D MEDIAN, MEAN AND RANGE 
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The mean is found by dividing the sum of the values by the number of values in the data set. 


164 + 168 + 167 + 158 + 164 + 1544+ 170 + 175 + 164 + 168 


M = 
ean 10 


_ 1652 
Rion 


= 165.2cm 


The difference between the mean and median can make quite an impact. Consider the 
following examples of the mean and median of house prices. You might think that you could 
not afford to buy a house in this suburb, based on the mean. This is because the mean is 
affected by the two extremely high prices. The median gives a clearer picture of what the 
‘average’ house in this suburb might cost. 


Example 8 


Listed below are some house prices achieved at auction last weekend. 
$320000, $299000, $308 000, $335000, $1005000, $325000, $985 000 
a Calculate the average house price. 


b Calculate the mean, excluding the two extremely high prices. 
c Calculate the median house price. 


sum of values 
number of values 


a Mean= 


_ 320000 + 299000 + 308000 + 335000 + 1005000 + 325000 + 985 000 
7 


_ 3577000 
7 


= $511000 


320000 + 299000 + 308000 + 335000 + 325000 


b Mean = 
ean 5 


_ 1587000 


=) 
= $317400 


c Arrange the values in order. The median is the middle value. 
299000, 308000, 320000, 325000, 335000, 985000, 1005000 


The median is $325 000. 
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20D MEDIAN, MEAN AND RANGE a 


Using the frequency table to calculate the mean 

The frequency table for a data set can be used to calculate the mean. 

To calculate the mean, we: 

¢ multiply each value by its frequency (this gives the total contribution of that value) 

¢ add up all the products calculated in the previous step (this gives the sum of the values) 
¢ divide the total by the number of values. 


For example, the number of birds’ nests in each tree in a park was recorded. 


sum of values 


Mean = 
number of values 


_~Udx4)+@2x0)+Bx6)+ 4x4 +6 X2)+(6x3)+(7X2)+ 8X) 
a2 


sor0 184164 10+ 18414 +5 
22 


= 58 
22 


=4 


The mean of the number of nests in each tree is 4. 


> Measures of central tendency 


¢ The median is the ‘middle value’ when all values are arranged in order of size. 


¢ The mean of a data set is found by taking the sum of the values and dividing the result 
by the number of values. 


Example 9 


Barry the bricklayer laid the following numbers of bricks over seven days. 


a Calculate the median number of bricks Barry laid each day for the week. 
b Calculate the mean number of bricks he laid per day. 


c Comment on the results. What number of bricks should Barry tell people he is capable of 
laying in one day? 
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a Order the results below. 
43, 301, 337, 347, 350, 391, 394 


The median is the middle value. 


Median = 347 
sum of values 
number of values 
Bene ai ees eee a re Ulan ees 
7 


b Mean = 


_ 2163 
7 


= 309 
c The mean is affected by the very low number for Thursday. (Barry may have gone home.) 


Hence a number close to the median, say 350, would be a reasonable claim for the 
number of bricks he can lay in a day. 


Example 10 


Use the frequency table of Thea’s netball scores below to calculate the mean of her scores. 


8 | 2 | 1d | Wa | 12 | Ws 
2 | 2 7% | 1] 4 3 


sum of values 
number of values 
me SO 2) 0 7) ax 10) a) 3) 
DS) 
plese Sie (Os RO lee 32 
Ds 


Mean = 


_ 265 
25 
= (0K 
This tells us that the mean of Thea’s scores over the 25 games is 10.6 points. (The median score is 1 1.) 


Range 


The word range is used in statistics in the same way as everyday speech as a verb, e.g. ‘the values 
of the observations range from 8 to 13’. But as a noun it is used to give the distance between the 
smallest and the largest observations. In the example above, the range of the data is 13 — 8 =5. 


The range of the data gives a summary of how spread out the observations are. Another person’s 
scores might range from 5 to 14, so the range of the data for that person is 9. 
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@ Exercise 20D 


1 The winning margins (in metres) of the Onslow Cup winners over the last 12 years are 
shown below. 


7, 6, 4, 7, 4, 4, 7, 8, 9, 8, 6, 2 

a Calculate the median. b Calculate the mean. c Calculate the range. 
2 The weights of a group of students, in kilograms, are given below. 

45, 44, 43, 44, 40, 39, 43, 39, 47, 44, 40, 41 

a Find the mode. 

b What is the median? 

c Calculate the mean, correct to two decimal places. 

d Calculate the range. 


3 The mean price of bags of potatoes at different supermarkets was $4.50. The sum of the 
data was $90.00. How many bags of potatoes were included in the survey? 


4 Sue spent the following amounts on her lunch each day over the course of two working weeks. 
$12, $4, $10, $42.50, $7.50, $10.50, $6, $8, $6.50, $7.50 
a Calculate the median. b Calculate the mean. 


c Compare the median and mean and comment on which is the better indicator of how 
much Sue usually spent on her daily lunch. 


d Calculate the range. 
5 Use the frequency table below to calculate the mean of the ages of Melbourne Cup winners 


from the last 12 years. 


Age of horse | Frequency 
4-year-old 4 


5-year-old 4 
6-year-old 3 
1 


7-year-old 


6 ‘Twenty students took a maths test. Below are their results. 
D1, Te 810.6, 3, 2.35 1, 
Les, ty 1 By 1 A 2 OLS 
a Prepare a frequency table of the scores. 
b Using the frequency table, calculate the mean, median and mode. 
c Calculate the range. 
7 Construct a stem-and-leaf plot for the data below, then highlight the median. 
31, 21, 41, 54, 27, 53, 23, 41, 20, 33, 36, 38, 
32, 30, 31, 42, 27, 38, 52, 36, 34, 53, 48 
8 Five positive whole numbers have a mean of 4, a median of 5 and a mode of 6. Find all five 
numbers. 
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Review exercise 


1. The heights of 42 students were measured, correct to the nearest centimetre. The results 
are shown below. 


HOM 156, 143.98) tio, 99° 112) 2 6. 145; oy, L/ie lis, 108, 100, 
139599 99 WOO 03 105. 1S Ot 102 9S. Oo se 152. 
144, 147, 138, 132, 155, 102, 122, 119, 142, 167, 101, 100, 108 


a Construct a stem-and-leaf plot. b Find the median. 


c Find the range. 


2 Over a 22-day period, the numbers of employee absences from work were recorded. 
2 Os OF? ee OO Oa el Ora. .> O21 


Draw a dot plot representing this information. 


3 Find the mean, median and range of each of the following sets of data. 
a 34, 45, 67, 89, 45, 56, 34, 21 
b il. 23, 24, 45, ol, 43,21, 56, 78, 562 


4 The following table gives the salaries of 16 employees in a small company. 


Job Number having job | Annual salary ($) 


Manager 4 300000 
Deputy manager 220000 
Supervisor 115000 
Sales representative 75000 
Warehouse worker 56000 
Clerical worker 52000 


a Find the median salary. b Find the mean salary. 


c Find the range of the salaries. 


5 Find the mean and median of the data given in the stem-and-leaf plot. 


Stem | Leaves 

2 

47 

2 al 

2D 

22S E 

a} Al al to) by 7/ t3} 


NO BP WN B= 
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REVIEW EXERCISE 


6 The number of hours lasted by 25 light bulbs of a particular brand was recorded and 
entered in stem-and-leaf plot as shown. 
Stem | Leaves 
86 90 
20 21 26 
72 
30 43 46 71 82 90 
22 24 26 30 63 64 77 82 
12 40 64 
12 33 


Oo ON DN FR W 


(Here 7124 means 724.) 
a How many light bulbs lasted between 500 and 700 hours? 


b What was the median time? 


7 The lasting times of another brand of light bulb is recorded here. There are 25 light bulbs 
involved in the study. 


506° 556 56) 598 ~630> 721 734 763° 76S “772 778 
790 882 824 846 843 853 852 864 865 910 912 
O14 935,958 

a Construct a stem-and-leaf plot. 

b How many light bulbs lasted between 500 and 700 hours? 

c What was the median time? 


d What was the range? 


8 The mean of the numbers 11, 17, 18, 22, 38, x is 24. 
a What is the value of x? 
b What is the median? 


9 The range of a set of data is 56. The minimum value is 22. The data in order from 
smallest to largest is 22, 45, 50, 52, 58, x, 67, 71, y. 
a Find the maximum value. 
b Find the median. 


c The mean is 56.5. Find the value of x. 
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21 


Measurement and Geometry 


In the real world we have to deal with three-dimensional objects. When we 
represent these objects in drawings, we draw on paper and this allows us to 
work only in two dimensions. This is a significant challenge, as real objects can 
be viewed from many different directions and look quite different from each 
direction. If a viewer looks at a three-dimensional object from three different 
directions, an understanding of the shape of the object is achieved. A drawing 
on paper, on the other hand, can represent this object only as viewed from one 
particular direction. No matter how much we move to view the drawing from 
different directions, it does not change our understanding of the drawing. 


The difficulty of drawing three-dimensional objects is exemplified by the fact 
that it is only about 500 years ago that painters first mastered the techniques of 
perspective that made their paintings in the real world look three dimensional. 


Drawing simple three-dimensional shapes is an important skill for a student of 
mathematics. In this chapter we consider some basic techniques and apply them 
to some three-dimensional geometric shapes. 
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21 Polyhedra 


A polyhedron is a solid where the outside surface is made up wholly of flat panels called faces 
with simple polygonal shapes and is not pierced by holes. We note that the plural of polyhedron is 
polyhedra or polyhedrons. A polygonal shape is a closed plane shape with a border made up of 
intervals. Triangles and quadrilaterals are examples of polygonal shapes. So, solids like spheres, 
tubes and living things are not polyhedra, but there are many manufactured solids such as boxes, 
houses and books that are very close to being ideal mathematical polyhedra. 


Here are three polyhedra. The two to the left are named and the third described. 


Pentagonal prism Truncated cube Cube with square pyramid 
on top of it 


Platonic solids 


We recall from Chapter 18 that a regular polygon is a plane figure with sides that are intervals of 
the same length. A regular polyhedron is a three-dimensional solid with faces that are all identical 
regular polygons and with the same number of edges meeting at each vertex. There are only five 
such solids and they are shown below. They are also known as the Platonic solids. They have many 
interesting properties. 


\ 


Tetrahedron Octahedron 


LL a 
<P my 


Icosahedron Dodecahedron 
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21 A POLYHEDRA 


The following are not polyhedrons since their faces are not polygons. 


Sphere Cylinder Cone 


Names for parts of a polyhedron 


Each polygon forming the surface of a polyhedron is called a face. 


vertex 
The pyramid shown opposite has five faces. 
Two faces of a polyhedron meet along a line called an edge. 
The pyramid shown opposite has eight edges. 
The point at which three or more edges meet is called a vertex. 
edge 


The pyramid shown opposite has five vertices. 


Prisms 


A prism is a polyhedron that has two identical and parallel faces and all of its remaining faces are 
parallelograms. The following are examples of prisms. 


Cross-section of a prism 


A cross-section of a prism is the polygon produced by intersecting the prism by a plane parallel to 
the base. 


If the intersecting plane is parallel to the planes containing the identical faces, the cross-section will 
be identical to the faces at the ends and so, a prism has a uniform cross-section. 


For example, for the prism shown to the left below, the cross-section is always a triangle that is 
indentical to the triangle that is the base. The figure is called a right-triangular prism. 


The figure to the right is called a right-rectangular prism. 


<i, 
Oblique prisms de es 


The figure shown to the right is an oblique rectangular prism. 
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21 A POLYHEDRA 


@ Exercise 21A 


1 Determine which of the following shapes are polyhedra. 


2 Find the number of faces, edges and vertices of the following solids. 


Wt] & 


3. Which of the following are prisms? 


a 
ne 
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21 A POLYHEDRA 


4 a Complete the following table for prisms with the given cross-sections. 


Triangular prism Rectangular prism Pentagonal prism Hexagonal prism 


b For each of the above, evaluate V- E+ F 

c If the polygonal cross-section of a prism has n sides, find in terms of n: 
i the number of faces (F) 
ii the number of edges (£) 
iii_ the number of vertices (V) 


d Find V— £ + F using the results of parts i, ii and iii. 


5 Ifa pyramid has a triangular base it is called a triangular pyramid. If it has a pentagonal 


base it is called a pentagonal pyramid. Several pyramids are illustrated below. 


Triangular pyramid Rectangular pyramid = Pentagonal pyramid = Hexagonal pyramid 
a Complete the table. 


b For each of the above evaluate V— E+ F. 


526 ICE-EM MATHEMATICS YE . a 
ICE-EM Mathematics 7 3ed_ ~ISBN 978- ey F 08-40124- 1 ©The University of Melbourne /AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


a 


c If the polygonal base has n sides, find in terms of n: 


i the number of faces (F) 
ii the number of edges (£) 
iii the number of vertices (V) 


d Find V — £ + F using the results of parts i, ii and iii. 


6 a Complete the following table. Diagrams of the platonic solids are on page 523. It is a 
good idea to have models of these solids when doing this question. 


cu be 
Tetrahedron 


Icosahedron 
Octahedron 
Dodecahedron 


b For each of the above evaluate V— E + F. 


In Questions 4, 5 and 6 you calculated V — E + F. You should have got 2 in each case. 
The formula V — E' + F = 2 is known as Euler’s formula. 


21 Drawing a solid 


Views or elevations 


The most basic drawings of a solid are done according to the following rules. 


The front view (or front elevation) outlines what is seen as you stand directly in front of the solid. 
The rear view (or rear elevation) outlines what is seen as you stand directly behind the solid. 


A side view (or side elevation) outlines what is seen as you look at the solid from a side. This line of 
view should be at right angles to the front view. 


The plan view outlines what is seen when the solid is observed from directly above. 


House plans are often presented in this way. The front and one side view of a house are shown here. 


VA 


KNVEYKIMINAN DS 
Dali] 
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21B DRAWING A SOLID 


Three views of a house are shown below. 


fap) ow 


Front view Side view Plan view 


Although none of these drawings by itself can give a good representation 
of the solid, we have the ability to use the three drawings to produce 
an image of the solid in our mind. 


Isometric drawing 


An isometric drawing combines the three views into one. The object 

is drawn so that the front, side and top views of the solid are all visible 

to the person making the drawing. This drawing is called the isometric i 
drawing of the solid. The isometric drawing for the house in the 

previous section is shown. 


It should be noted that, from this view, the geometrical properties of the 
faces of the solid are no longer maintained. The right angles are not right angles when measured. 
However, parallel lines in the original solid remain parallel in the isometric drawing. 


Drawing on isometric paper 


Isometric paper is a type of paper used for drawing solids from an isometric viewpoint. The angles 
formed by the lines on the paper represent right angles from the isometric viewpoint, so this paper 
is best suited for drawing shapes with horizontal bases and side faces that are upright and at right 
angles to each other. Isometric paper is available to download from your Interactive Textbook. The 
simplest solid with these properties is a cube. The diagrams below show two cubes of different sizes 
and a short set of steps drawn on isometric paper. 
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21B DRAWING A SOLID a 


On the right are the three different ways two cubes 


stuck together to form one prism may be drawn on . . 2 : 
isometric paper. ‘ : 
Example 1 


Draw the front view, right side view and plan view of the solid. 


right side 


Front view Right side view Plan view 


@ Exercise 21B 


For this exercise it is useful to have a set of unit cube blocks. 


1 Draw each of the following on isometric paper. 


a b c 
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21B DRAWING A SOLID 


e ¢ f 


2 Draw the front, side and plan views of the following solids. 


3 a On isometric paper, draw three cubes, all on the same level and stuck together to form a 
prism, in as many ways as you can. You will find that there are only two such prisms but 
different isometric drawings of each of them. 


b Is it possible to make an object that is not a prism if the three cubes are stuck together 
such that each cube has at least one face stuck to the face of another cube? 


4 a Draw four other objects that can be made Pa ae ° ; ? . "4 
from four cubes stuck together as described in -- . 
Question 3b. Only one version of each object ; ’ 
needs to be drawn on isometric paper. Three of ° , : 
them have been drawn for you here. * Se : 

b How many of these objects were not prisms? eas . 
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Review exercise 


1 A wedge-shaped solid is shown. It is drawn on isometric dot paper. 


a What type of prism is this? 

b Name the faces of this prism. 

c Draw the plan view, back view and side view of this solid. 

d Draw the prism again from a different view on isometric dot paper. 


e Verify that V-E+F=2. 


2 a For the figure shown, draw the plan view, front view, back view and side view. 


=< 
7 S 


b Is the figure a prism? 


side front 


3 Draw two different isometric drawings of each of the following. 
a b 
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Challenge exercise 


In the following work with Euler’s formula, V — E + F = 2. 


1 


| 
ICE-EM 


Find a polyhedron with the given number of edges and vertices. First find the number of 
faces using Euler’s formula. 


a 8 edges, 5 vertices b 9 edges, 6 vertices c 16 edges, 8 vertices 
A tetrahedron has four faces and four vertices. Name a polyhedron with: 
a five vertices and five faces b six vertices and six faces 


The diagram is of a solid called an extended triangular pyramid. It has seven faces and 
seven vertices. 


a Draw an extended square pyramid. 
b How many faces, edges and vertices does an extended square pyramid have? 


c A pyramid has a polygonal base with n sides. How many vertices and faces does the 
associated extended pyramid have? How many edges does it have? 


d Name two polyhedra that have nine faces and nine vertices. 
a Draw a prism with a cross-section that is a quadrilateral with two parallel sides of 
unequal length and the other two sides of equal length. 


b Show with a drawing how two of the prisms of part a may be put together to form a 
hexagonal prism. 


c Show with a drawing how a number of prisms with cross-section a regular hexagon 
may be put together to form a ‘honeycomb’. 


a Draw two tetrahedrons joined at a base. Describe the polyhedron you get. Calculate 
V — E+ F for this polyhedron. 
b A parallelepiped is a prism with all faces a parallelogram. Draw a parallelepiped. 


c Show how a tetrahedron can be inscribed in a parallelepiped with each edge of the 
tetrahedron lying on a face of the parallelepiped. 


d Find, by means of a rough sketch, what polyhedron has its vertices at the midpoints of 
the edges of a tetrahedron. 


Show with a drawing how a cube can be cut up into six identical square pyramids. 
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22 review 


Chapter 11: Integers 


1 
2 
3 


10 


11 


12 


List the integers less than 4 and greater than —6. 


The sequence —60, —57, —54, ... is ‘going up by threes’. Write down the next four terms. 


Simplify: 

a -(-5) by (34) ¢ —¢-7)) d =-G¢13)) 
Write the answers to these additions. 

a -3+11 b -5+7 e¢ —-5+12 d —29+ 18 

e -35+ (-7) f -12+18 g —34+(-2) h -6+ (11) 
Write the answers to these subtractions. 

a 3-6 b 6-18 e -3-11 d -15 —(-8) 
e -8-—26 f 17-(C3) g -16-19 h -11 -— (-22) 
i -36—-(-32) j —-23-(-9) k -20-(-11) 1 20-(-—30) 


The temperature in Montreal on a winter’s day went from a minimum of —22°C toa 
maximum of —7°C. By how much did the temperature rise? 


Write the answers to these multiplications. 


a 5x (-7) b 6x (-3) ec 10x (-11) d 12x (-7) 
e 10x (-16) f -—5 x (-10) g -11x4 h -12~x (-4) 
Complete these divisions. 
a -18+ (3) b -36+4 ¢ -33+ (7) d -—27 + (-3) 
Complete these divisions. 

18 » 793 «784 

—6 7 12 
Evaluate: 
a (-9)? b —8 C =<j=3 76 
d 9x (-8)+7 e -3 x (-8) + 24-15 


In an indoor cricket match, a team has made 30 runs and lost 8 wickets. What is the score of 
the team? (A run adds | to the score and a wicket subtracts 5.) 


Evaluate: 

a -6x (6-7) b 8x (12-20) ec -—3 x (25+ 15) 

d -6x(-14-6) e -—12 x (-6+ 40) f —-(-5)? 

g (2-11) x (11-20) h (10-3) x (3+ 10) i (-5-10) x (0-4) 
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Chapter 12: Algebra and the Cartesian plane 


1 Evaluate each expression for x = -4. 


a 2x b -x C x2 d x-3 

e 2x+3 f x g - h (-x) 

1 sx j 3-2x k 5+2x 1 2-x 
2 Substitute m = -—5, n = 6 and p = —60 to evaluate: 

a m+n b m+p c m-p d mp 

e np f F g mnp h e 


3 Given that m = —12, n = 4 and p = -3, evaluate: 


a m+n b m+p c m-p 

d mp e np f - 
4 Evaluate each expression for x = —5. 

a 5x+4 b -5x+4 ec S5(x+4) 

d -5(x+ 4) e —5x? f (-5Sx)? 
5 A piece of string is x m in length. It is divided into five equal parts. 

a_ Find the length of each part in terms of x. 

b_ Find the length of each part for the following values of x. 

i x=20 ii x = 42 iii x = 96 


6 Angel has $2000 in a bank account. She takes $x from the bank account every day. 


a How much money does she have in the account after: 


i lday? ii Sdays? 
b_ Find the value of her bank account after five days if: 
i x= 100 ii x = 200 iii x = 450 


7 Write down the coordinates of each of the points marked on the Cartesian plane below. 
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8 Do each part of this question on graph paper. 


a Plot the points O(O, 0), A(5, 0), C(5, 5) and D(O, 5), and join points to form 

OA, AC, CD and DO. Describe the shape formed. 

Plot the points A(—S, 0), B(5, 0) and C(O, 10), and join points to form AB, BC and CA. 
Describe the shape formed. 

c Plot the points A(—3, 0), B(3, 0), C(3, 3) and D(—3, 3), and join points to form 

AB, BC, CD and DA. Describe the shape formed. 

Plot the points O(O, 0) and A(4, 4), and draw the line passing through them. Now 


plot the points B(2, — 3) and C(5, 0) and draw the line passing through these points. 
Describe the relationship between the lines. 


9 For each given rule, complete the table, list the coordinates of the points, and plot the 
points on the Cartesian plane. (After you have completed the table, decide on the scale of 
your axes.) 


a y=4x 


Check the points are collinear. 


Chapter 13: Triangles and constructions 


1 Find a, B, y or 6 in each diagram below, giving reasons. 
d 


ec Cc B 
a sf 
92° D 
B ley 
Cc 35° eo 
85° 70° B\/a 
A Cc 


h C 


88° 
B 55° a)D 
Ss 68° 
A 
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2 
Ww 
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‘ 
20 
O. 120° 
U 
Bos a\B 
1D° R 
V Cc 
2 Use aruler and compasses to construct a triangle: 
a_ with side lengths 5 cm, 8 cm and 10 cm 
b_ with side lengths 6 cm, 6 cm and 4 cm 
Chapter 14: Negative fractions and decimals 
1 Arrange the numbers —3 =, 25, 15, 0, 2, -2;5, 3 5 from smallest to largest. 
2 Calculate: 
3 5 2 3 5 3 
—-—+4 b -1=+4 = aS d = —+=— 
a4 6 a la 8 8 
1 1 3 2 1 1 
e eet f ee g = 22 h == 135 
3 Calculate: 
a8 3 3 ee: 3 3 
a es eee ee ee d es es 
eB we aA © 28 i110 
2. 7 1 7 3.3 
a4 f -~+— — — — h =-= 
o 25 10 8 27 20 73 
4 Calculate 
xf 3 7_{ 16 1 ( 4 3 | 5] 
=x ]-= —x {[-— -l=x{[-= d —-=>x|-= 
' 2x (-3) ? rx (-9| 7 :x(-4] 4*\"8 
5 2 1 35 2 i 1 
-ix|-< f 1-x|-—= —l+|-— 1-+|{-— 
a se :| cs a 3 -3) 3 (-4] 
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3 


6 


Evaluate each expression for x = -2. 


a 3x b -x ec x-3 d 4x 
e (-x) f -3 g 3-x h 4-4x 


Given that m = —2 > n= 2 and p = —5, evaluate: 


a m+n b m+p c mn d np 


e mnp f 2m+p g 4m h -—8n 


Chapter 15: Percentages and ratios 


1 


6 


Write the following fractions as percentages. 


9 17 6 12 
= cal = a 22 
* 10 » 20 5 25 
Write the following decimals as percentages. 
a 0.78 b 0.095 c 0.97 d 1.35 


a_ Express 30 cents as a percentage of $1. 
b_ Express 1 kg as a percentage of 800 grams. 


c Express 4 months as a percentage of | year. 


Arrange the following from smallest to largest. 


b 64%, 0.6, 


Fill in the table with the equivalent fraction, decimal and percentage for each number. 


Write each percentage as a fraction. 


a 625% b 875% c 15% d 51% 
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Chapter 16: Solving equations 


1 Solve: 
a £ESS3 b x-2=9 ce x-4=8 
d 2x=10 e. 3x=7 f z-—10=12 
g 5x=20 h aoe i z+8=16 

2 Solve: 
a 26+3=7 b 3x-6=9 c 2x-4=8 
d 2x+8=16 e 3x-5=7 f 6z-10=12 
g 2x-11=13 h 7+ 6=10 i 5456 

3 Solve each equation for x. 
a xe352 b 2x+4=-2 ec 2-x=8 
d a e 2x-5=-6x+7 f 2@-2)=11x 
g 2(2x-1)=10 h 3(2x+5)=15 i 5@3x-1)=20 


4 Ineach case below, write an equation and solve it. 
a_ Three is added to a number and the result is 6. 
b_ Five is subtracted from a number and the result is 10. 
c A number is multiplied by 7 and the result is 84. 
d A number is divided by 4 and the result is 15. 
e A number is multiplied by 4, and 3 is subtracted from the result. The result of this is 17. 
f Six is added to a number and the result is multiplied by 3. The result of this is 28. 
5 A rectangle is five times as long as it is wide. The perimeter of the rectangle is 120 cm. 
Find the length and the width of the rectangle. 


6 The difference between two numbers is 18. The sum of the two numbers is 20. Find the two 


numbers. 
7 Solve: 
a x+5=-12 b x-7=-14 ¢ *¢+7=S8 
d 3x=-12 e —6x = -24 f -3x=9 
g +=-20 h ==-6 i 4x¢1=-11 
j 5x-3=-18 k —2x+ 10=-12 ] 4x-6=-8 
8 Solve each equation for x. 
a 5x+4=2x+5 D Oxt 7 S2xy+ 10 € Ive 2S271 
d 4x-2=5x+1 e x+14=3x+10 f 10x+4=2x+7 
g 3-2)=x+4 h 5x-4=20-1) i 2G6x-1)=5@2-%) 
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9 If you add 13 to a number, you get the same result as when you subtract half the number 
from 4. What is the number? 


Chapter 17: Probability 


1 A jar contains 20 blue marbles and 30 red marbles. A marble is chosen at random. What is 
the probability that it is: 
a_ red? b_ blue? 


2 A box contains 24 balls. There are eight red balls numbered 1 to 8, six blue balls numbered 
9 to 14, and ten green balls numbered 15 to 24. One ball is taken out of the box. Find the 


probability of getting: 

a_ared ball ba green ball c an odd number 
d a green ball with an odd number e a green or a red ball 

f anumber greater than 10 g anumber divisible by 5 

h aprime number i aball that is not red 


3 A dart is thrown at the board shown opposite. There is an equal chance 
of hitting any point on the board. What is the probability of: 


a_ hitting the blue square? 


b_ not hitting the blue square? 


c hitting one of the bottom two squares? 


4 The letter tiles that make up the word MATHEMATICS are put in a sack 
together with the letter tiles for the word FOOTBALL. There are a total of 19 tiles. A tile is 
drawn. What is the probability of obtaining: 
a anM? b anA? c anF? d avowel? 


e aconsonant? f a letter other than an M? g anMoranA? 


5 A school has 1800 students. The table below gives information about whether or not a 
student studies an Asian language. 


A student is chosen at random. What is the probability that the student is: 
a aboy? 
b_ aboy who studies an Asian language? 


c a girl who does not study an Asian language? 
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Chapter 18: Transformations and symmetry 


1 Copy the points listed below onto your graph paper and translate them 3 units right and 
1 unit up. Be careful to label each point and its image. Also write down the coordinates of 
each image point. 
a_ A(0, 0) b BQ, 2) ec C(-2, 1) d D(-5, -5) 

2 Given the following points and their images under a translation, plot each point and 
describe the translation. 
a A(0, 0) and A‘(1, 3) b B(2,-2) and B(3, 4) 

3 Plot the points listed below onto a number plane and rotate them 90° anticlockwise about 
(0, 0). Write down the coordinates of each image point. 
a A(2, -1) b BQ, —2) c C(-3, 4) d D(-4, —4) 

4 Plot the points listed below onto a number plane. Find their images under a rotation of 180° 
anticlockwise about (0, 0). Draw each image and write down its coordinates. 
a A(2, -1) b BQ, —2) ec C(-3, 4) d D(-4, -4) 

5 Copy these points onto a number plane and find their images under reflection in the x-axis. 
a A(2, -1) b B(-3, 3) ec C(-5, 0) d D(0, 4) 


Chapter 19: Graphs and tables 


1 Inaschool, 720 students were asked to name their favourite colour. The results are shown 
below. Copy and complete the table and draw the corresponding pie chart. 


Angle required for pie 


Colour | Number of students | Fraction of students 
chart 


60° 


if 
6 


Blue 120 


Green 240 
Red 200 
Yellow 40 
Purple 60 
Brown 60 


2 Apie chart is drawn to show how a university student spends her money. She spends 20% 
of her money on food and 40% on rent. Calculate the angles of the sectors used to represent: 


a_ the amount she pays in rent b_ the amount she pays for food 


3 The line graphs shown over page give information about the temperatures in a city in the 
south of Australia. The graphs shown are (from the bottom up): 


¢ the lowest temperature for each month 
¢ the average daily minimum temperature for each month 
¢ the average daily maximum temperature for each month 


¢ the highest temperature for each month. 


541 


CHAPTER 22) REVIEW_AND PROBLEM-SOLVING 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


N 22 A REVIEW 
EO ON 


50 


40 


Temperature (°C) 
N 
| 


ts oh 
Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec 
Month 


Which month is the coldest month? 


a & 


Which two months are the hottest months? 


c What is the average maximum temperature for May? 


Q 


What is the average minimum temperature for May? 


4 a Draw apie chart to represent the amount of wheat, barley and rice produced in a 
particular region, given that the angles of the sectors representing wheat, barley and rice 
are 90°, 120° and 150°, respectively. 


b_ If the total production of the three crops is 48 000 tonnes, calculate how many tonnes of 
each crop are produced. 


5 Asum of money is divided in the ratio 1:3:5. Draw a pie chart to illustrate the division. 
Indicate the angles of the sectors carefully. 


6 The table below shows the number of people visiting a museum each day of a particular 
week. 


Draw a line graph to represent the information in the table. 


Chapter 20: Statistics 


1 The numbers of wombats that crossed a particular road over a number of weeks are 
recorded in the table below. 


a_ Draw a stem-and-leaf plot of the data. b_ Find the median of the data. 
c Find the range of the data. 
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2 Twenty students took a maths test. Here are their results: 

1d, 12, 13, 15, 15, 20; 11, 9, 5, 15, 19, 19, 16,8, 12, 12, 16, 16, 20, 10 

a_ Find the mean. b_ Find the median. c Find the range. 
3 For the data shown in the stem-and-leaf plot: 


Stem | Leaves 
7 | 46788999 
8 | 001122236666667889 
9 | 01223356679 
10 | 013 


a find the median b find the range 


4 Students are asked to cut a piece of string of length 50 cm. The following observations were 
taken. Measurements are to the nearest centimetre. 


48, 48, 48, 49, 49, 49, 49, 50, 50, 50, 50, 50, 51, 51, 51, 51, 52 
Draw a dot plot for the data. 


5 The numbers 5, 12, 16, x, y, 24, 30 have mean 18. If x and y are positive integers and 
the numbers are arranged from smallest to largest with no two numbers the same, find the 
possible values of x and y. 


6 For the data sets below find the median and range: 
a 12, 14, 16, 18, 20, 22, 24 D 3, 7,9, 11; 13, 17, 195.29 
7 The waist measurements of 22 people measured to the nearest centimetres are: 
85, 91, 81, 92, 92, 101, 76, 84, 74, 76, 80, 86, 82, 82, 96, 81, 76, 84, 88, 82, 96, 99 
a_ Find the mean. c Find the range. 
b_ Find the median. d_ Construct a stem-and-leaf plot. 
Chapter 21: Polyhedra and three-dimensional drawing 


1 a How many faces, edges and vertices does each solid have? 


of ae 


Parallelepiped 


Solid consists of square at the top and 
bottom and equilateral triangles joining them 


Truncated octahedron 


b Calculate V — E + F for each of these. 
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2 Draw the front view, side view and plan view. 


a b 
side 
ade front 


c front d 


side 
front 
side 
front 


3 a Draw the diagrams shown in 2a, c and d using isometric paper. 
b Draw two different drawings of a triangular prism on isometric paper. 


4 Draw a front, plan and side view for the diagram below. 


front side 


22 Tessellations 


A tiling pattern with no gaps or spaces between the tiles is called a tessellation. The tessellations we 
are going to look at are made up of tiles that are polygons and completely cover a plane. You will 
need a ruler, compasses and a protractor. Set squares will be useful. 


A single tile is said to tessellate if the tessellation is made up of copies of the one tile. 


We will begin with tessellations that can be created using just one polygon. If we limit ourselves to 
regular polygons, there are only three possibilities: 


1 equilateral triangles will tessellate 
2 squares will tessellate 
3 regular hexagons will tessellate. 


The resulting patterns are called the regular tessellations. 
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Activity 1 (Why are these the only regular polygons that tessellate by 
themselves?) 


Use a template to show what happens when you try to use a different regular polygon — such as a 
pentagon, an octagon or a nonagon — to tessellate the plane. Copy and complete this table of the 
sizes of interior angles. Then explain why the equilateral triangle, square and hexagon are the only 
regular polygons that can be used by themselves to tessellate. 


Polygon Number of sides | Interior anglesum | Size of each angle 
Triangle 180° 60° 

Quadrilateral 3607 
Pentagon 540° 


Heptagon 


Dodecagon 


Activity 2 (Tessellations with non-regular polygons) 


If we consider polygons that are not regular, we can find many other single- 
polygon tessellations. For example, any rectangle tessellates the plane. 


But even a rectangle can be used more inventively to tessellate. 


It can be proved that any triangle can tessellate the plane by itself. Try 
doing this using a triangle like the one on the right. 


Set it out along a line like this: 


Use a similar construction to explain why any quadrilateral can be used to tessellate the plane. 
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Activity 3 (The Cairo tessellation) 


The Cairo tessellation is so named because tiles such as these were used for many years on the 
streets of Cairo. Each tile is a pentagon with all sides of equal length. 


seseeneesnenen 
esceseeseescese 
TET 


Note that this pentagon is not regular, even though its sides are of equal length, because it does not 
have all its interior angles of the same size. 


D 
E Cc a o\ 
1 {7 
was Y 
A M B 


You can draw one such tile using your protractor, ruler and compasses. 

Step 1: Draw the interval AB. 

Step 2: Find the midpoint M of AB. 

Step 3: Draw rays from M at 45° to AB. 

Step 4: Use your compasses set at the length of AB to complete the pentagon. 
The angles of the pentagon at F and C are 90°. 

Draw one of these pentagons on card. Use it to form the Cairo tessellation. 


Why does this pentagon tessellate? 


Another way of drawing such a pentagon is suggested by the diagram shown. C 
Draw two identical right-angled isosceles triangles 

on card. Cut them out, join them at D as shown, and rotate one E 

around D so that AB is the same length as the equal sides of the 

isosceles triangles. : 7 


Activity 4 
Here is a heptagon that can be used to tessellate the plane. 


Draw it on card and use it to cover a rectangular piece of paper at 

least 15cm x 10cm 

to show how the tessellation works. The angles of the heptagon are all one of 
45°, 90° or 270°. 
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Activity 5 


After Activity 1, you probably noticed that, because the angles about a point add up to 360°, there 
are some combinations of regular polygons that can be used to tessellate the plane. These are called 
semiregular tessellations. One way of describing them is to look at the set of regular polygons that 
meet at a point and write down the numbers of sides these polygons have, ‘in cyclic order’ (that 

is, clockwise starting from the highest number), in square brackets. For example, the code for the 
second tessellation shown below is [6, 4, 3, 4]. 


Write the codes for the other seven semiregular tessellations. 


oO 
8 GR 
Tae Gee 
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Answers to exercises 


Chapter 1 answers 
Exercise 1A 


1 a0,1,2,3,4,5, 6,7, 8,9, 10 
b 53, 54, 55, 56, 57, 58, 59, 60 


2a 
I | 4 rt 4 | 4 | 4 1 ! > 
(0) 1 2 3 4 5 6 7 8 9 10 
b 
l 4 L 4 L 4 N 4 L ! — 
0 1 2 3 4 5 6 7 8 9 10 
c 
$e ee he 
0 1 2 3 4 5 6 7 8 9 10 
d 
U L L + + + 4 + L 1 > 
(0) 1 2 3 4 5 6 7 8 9 10 
3 eto te ta eas a 
Exercise 1B 
1 aQ20 b 30 c 20 d 80 
e 65 f 44 g 97 h 41 
i 62 j 61 k 65 1 143 
2 a 43 b 45 c 36 d 45 
e 94 f 84 g 98 h 117 
3 a 80 b 200 ¢ 110 
d 90 e 110 f 50 
4 a 300 b 610 c 350 d 810 
e 460 f 1020 g 1010 h 615 
5 99L 6 400 7 399km 8 $37 
9 84 10 66 11 633 
12 a 45 b 4950 
Exercise 1C 
1 a1351  b 784 c 981 d 1419 ~~ e 1269 
f 3096 =6.g 5223. Sh 1540s i :16085 © j._:10031 
2 a 1813 b 10130 ¢ 2349 
d 765 e 983 f 1015 
3 a 658 b 8 04 
+339 + 0, 9,9 
997 903 
c 919 d 6 73 
+ 89,9 + ,5, 8,9 
18 1 8 1262 
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4 478 + 487 + 748 + 784 + 847 + 874 = 4218 


5 a 994 
6 55752km 


9 aE,D,A,C,B 
c A,B,D 


10 663 + 792 + 587 = 2042 


Exercise 1D 
1 a6 
e 84 
2 ag 
d 56 
3 a l75 
4 a 3222 
5 a 716 
= 2 9 
47 
c 2336 
-2297 
39 
e 2761 
= 843 
1918 
6 al0 
c 68, 68 
7 $3333 
10 50 
Exercise 1E 
1 a 170 
d 18000 
g 73000 
2 a 600 
d 4900 
g 680 
3 a2 
4 13 5 
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f 4.33 
+ 17, 7, 7 
oe Oe aie 
b 5750 
7 $2073 8 6670km 
b 214 
d 1535 
b 205 e 303 d 28 
f 108 g 380 h 991 
b 0 el 
e 38 f 101 
b 493 e 119 d 194 
b 10640 c 2789 
b 93 
249 
46 
d 1153 
-~ 419 
734 
f 5376 
-2148 
3228 
b 9, 27 
d 63, 81, 63 
8 350km 9 1330 
11 16388 12 9624 
b 0 ce 100 
e 12000 f 10000 
h 1000000 i 67430000 
b 260 ce 4300 
e 3200 f 0 
h 1200 i 420 
b5 
60 6 1200 7 18 


Cambridge University Press 


Exercise 1F 
1 a27 b 15 c 37 d 72 e 55 
f 24 g 84 hl i 20 
2 a 870 b 7700 c 7800 
d 108 e 918 f 8787 
3 a5 b 15 ¢ 23 d 21 
4 a174 b 7700 ce 780 d 600 
5 a5 b 15 c 19 d 99 
6 36 vi 174 
8 a 16 b 48 
9 a 168km b 48 km 
10 15 11 $48 
12 a 41 b 65 c 18 d 70 e 72 
Exercise 1G 
1 al b 2 c 2 d4 
e 3 f 3 g 6 h 6 


2 a4x10!+6,6 
c 5x 102+ 6x 10! + 9, 60 
e 2x 10?+8x 10'+6,6 


b 6x 102+2 x 10! + 3, 600 
d 6x 10! + 3, 60 
f 7x 102+6 x 10!, 60 


3 a2x10°+8x 10! +3,3 
b 3x 10°+7x 102+5 x 10! + 8, 3000 
¢ 5x 10°+3 x 10! +6, 30 
d 4x 104+3 x 10°+ 1x 10?+7 x 10!, 3000 
e 5x 104+7x 10?+3 x 10! + 2, 30 


f 2x 10°+3x104+5x10°+6x 10?+7x 10! 
+ 8, 30000 


g 2x 107+3x 10°+6x 10°+7x 104+8 x 10° +9x 
10? + 7 x 10! + 8, 3000000 


4 = 952, 925, 592, 529, 295, 259 


5 999, 995, 992, 959, 955, 952, 929, 925, 922, 599, 595, 592, 
559, 555, 552, 529, 525, 522, 299, 295, 292, 259, 255, 252, 


229, 225, 222 
Exercise 1H 
1 a 212 b 152 c 448 d 340 
e 2052 f 6552 g 1645 h 14042 
i 45801 j 32636 k 822330 1 263922 
2 a 10872 b 15394 c 28858 
d 40275 e 3645 f 34408 
g 7990 h 412158 i 3559530 
j 418338 k 527904 1 9959330 
3 a 234 b 10716 
c 31089 d 37250 
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4 2924 5 3341 
6 a 8 6 b 169 
x 7 x 3 
6 02 507 
e 216 
x 23 
648 
4320 
4968 
7 a 884 b 26520 
8 415kg 9 862 
Exercise 1 
1 a9 b 200 c 6,6 
2 a2 b 10 c 36 
d 56 e 18 f 24 
3 #7 12 
5 a5,2 b 7,2 c 6,1 
d 10,7 e 8,1 f 12,4 
6 
vi 
8 aZT7=3x2+1 
(i WW?w™n | l = 
(0) 2 4 6 8 10 
b 13=4x341 
13 
PEER = 
(0) 3 6 9 12 15 
9 a2 bs c 6 
d 12 e 9 f 40 
10 a l4 b8 c 23 
11 a 127 b 55 c 78 
d 209 e 92 f 130 
Exercise 1J 
1 a 278 b 124 remainder 1 
¢ 567 d 1078 
e 121 f 912 
g 136 h 2796 
i 4360 
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2 a 131 b 365 
ce 83 d 53 remainder 7 
e 67 remainder 3 f 813 


g 11257 remainder | h 2715 


3 $850 4 45 boxes, 2 balls are left over 
5 1 row of 96 biscuits, 2 rows of 48 biscuits, 3 rows with 
32 biscuits, 4 rows with 24 biscuits, 6 rows with 16 biscuits, 
8 rows with 12 biscuits, 12 rows with 8 biscuits, and so on 


6 33 children 7 37 people 8 494 books 

9 28 full cartons, 9 eggs are left over 

10 761, 1 left over 

11 a 319 b0O 

Exercise 1K 

1 a 56 b 75 c 84 d 213 

2 a42 b 92 
c 76 d 17 remainder 9 

3 $284 4 $526 5 45cm 

6 216 boxes, 20 golf balls are left over 

7 47 children 8 = 41 people 

9 2hours, 6 minutes and 8 seconds 

Exercise 1L 

1 a 32 b 12 e 5 d7 e9 
f 20 g 10 h 0 i 0 

2 a49 b 20 C57 
d 40 e 112 f 12 

3 a 4000 b 21 ec 17 d 28 
e ll f 14 g 139 h5 
i 130000 j 8 

4 a5 b 19 c 0 d 23 
el f 440 g 190 h 6 


i 246 j 113 


5 a3x(6+4) =30 b 3x (7-6) +3=1 
c 8x (7+30+5) =104 d7x3x (248) =210 
e (5-2)x (1+23)+6=12 f (6+7)x (1141) = 156 


6 a 100 b 100 c 8 

d 40 e 4000 
7 als b 14 ce 13 d 45 
8 743 9 213 10 720 11 $882 


Review exercise 


1a 1305 b 24 ce 27 
d 10 e 2574 f 50 
g 118 h 2680 i 118 
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2 26 packets 3 54 boxes 4 170 people 


5 15 buses 6 2592 cans 7 714 students 


8 360 minutes 9 72 10 377 hot dogs 


Challenge exercise 


1 


2 39893, 39993, 40004, 40 104, 40204 


3 
19|18] 8 
4 | 15 | 26 
22/12) 11 
4 


5 One solution is ((6 + 6) — (6 + 6)) X 6 = 66 


t—) 


This solution is unique. 


This has many solutions. 


Cambridge University Press 


8 36; this solution is unique. 


9 One solution is (6 x 7 x 2) + (3 x 4) +5 -—1= 100 
TRE aCe) 


This solution is unique. 


11 


This has many solutions. 


12 1,2,4,8,8or1, 1,3, 6, 12 
or 1, 2, 2,6, 12 or 1, 2, 3, 7, 10 
or 1, 2, 3,6, 11 or 1, 2,4, 7,9 
or 1, 2,4, 6, 10 or 1, 2, 4,5, 11 


13 987 
4 121 
987 
19740 
98700 
119427 

14 


[o) 
a 
N 
w 
B 
oO 
Oo 
N 
00 


~ fe) 


on 6 


16 1,3,9,27 


17° a 97531 + 86420 = 183951 
b 13468 + 20579 = 34047 


These solutions are not unique. 


18 27 19 = 5050 
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Chapter 2 answers 


Exercise 2A 

1 al,2,3and6 b 1, 2, 3, 4, 6 and 12 
e 1, 2, 7 and 14 d 1, 3, 5 and 15 
e landll 

2 ail,2,4,8 b 1, 2, 7, 14 
ec 1,11 d 1, 2, 4, 8, 16, 32 
e 1,5, 25 f 1, 2, 3, 4, 6, 12 
g 1, 2, 13, 26 h 1, 13 
i 1, 3, 11, 33 j 1, 3, 9, 27, 81 


10 


11 


12 


13 


14 


15 


k 1, 2, 3, 5, 6, 10, 15, 30 


— 


1, 2, 3, 6, 7, 14, 21, 42 
6, 9, 27, 51 4 144, 192, 228 


a 0, 6, 12, 18, 24, 30, 36, 42, 48, 54, 60 

b 0, 8, 16, 24, 32, 40, 48, 56, 64, 72, 80 

c 0, 11, 22, 33, 44, 55, 66, 77, 88, 99, 110 

d 0, 13, 26, 39, 52, 65, 78, 91, 104, 117, 130 

e 0, 15, 30, 45, 60, 75, 90, 105, 120, 135, 150 
f 0, 19, 38, 57, 76, 95, 114, 133, 152, 171, 190 


68, 85, 170 7 3,4, 6, 8, 9, 12, 24, 36 


a 12 x 26, 13 x 24 

b 14 x 28 

e 11 x 13 

d 12 x 45, 15 x 36, 18 x 30, 20 x 27 
e 13x17 

f 12 x 34,17 x 24 


12:1, 2, 3, 4, 6, 12;18:1, 2, 3, 6, 9, 18; common factors 
of 12 and 18:1, 2, 3, 6 


0, 6, 12, 18, 24, 30, 36, 42, 48, 54, 60;0, 8, 16, 24, 32, 
40, 48, 56, 64, 72, 80; common to both: 0, 24, 48 


a 49 b 98 c 203 d 301 
a 99 b 198 e 121 d 55 
e 495 f 1001 


a 30;15;10;7 remainder 2;6 
b 1, 2, 3, 5, 6, 10, 15, 30 


a 35;17 remainder 1;11 remainder 2;8 remainder 3;7;5 
remainder 5 


b 1,5, 7, 35 


a 1 isa factor of every number because every number is 
divisible by 1. 

b Every number is a factor of 0 because any number 
multiplied by 0 equals 0. 


el 


d 0 =n X 0 where n is any number. 
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16 factors of 6:1, 2, 3;1+2+3=6 8 a 216 b 64 ec 16 
factors of 28:1, 2,4, 7, 14,1+2+4+7+4 14=28 d 3125 e 125 f 16807 
factors of 496: 1, 2, 4, 8, 16, 31, 62, 124, 248; 
1+2+4+8+ 16+ 31 + 62+ 124 + 248 = 496 9 als b 36 ¢e 100 

d 400 e 16 f 64 

17 a It is a square number. Zan Gon msan canon 
b 36 ¢ 81 . 

Exercise 2B 10 a 60 b 18 11 1048576 

1 a1,3,5,15 b 2, 6, 10, 30 Exercise 2E 
c 0, 6, 12, 18, 24, 30, 36, 42, 48, 54 1 a210 b 80 c 90 

2 a 21, 23, 25, 27, 29, 31, 33 a eo) Poe 
b 376, 378, 380, 382, 384, 386, 388, 390, 392 2 a % b 448 © 2128 
oy ae d 336 e 1048 f 4032 

3 215, 217 b 491, 493 513, 515 
- . 3. a 750 b 114 c 888 d 600 

4 Various answers are possible. e 672 f 1024 g 108 h 296 

5 a even b even e odd 4 a 682 b 528 ce 1089 

7 7 
6 ai 48 ii 30 iii 35 aniss eo? 
b i even ii odd iii even 5 a 86 b 174 e 127 d 34 
27 f 51 h 21 
7 a unreadable b readable . : e > 
i 31 j 127 k 42 1 56 
¢ unreadable d readable 
6 a 4000 b 2970 e 55 
8 even 
f d 84 e 3303 f 240 
Exercise 2C 
1 a23 b3,5 3,7 442 e5,7 | Exercise 2F 
1 a2x3 b 23 c 3? 
2 a 2and3 b 3 and5 e 3and7 d 5and 11 dz x3 e2xz £233 
3 a47 b 67 ce 97 
2 a3x5 b3x 5 c 2? x 3? 

4 2and any other prime number d2> x3 e 28 f 29 

5 32=3 + 29, 34=3 + 31, 36=5 + 31, 3 a 900 b 10800 ¢ 57600 
38 =7 + 31, 40 = 11 + 29, 42=11 +4 31, 

44 = 13 + 31, 46 = 17 + 29, 48 = 11 + 37, 4 a105=3x5x7,154=2x7x1l 
50=7 + 43, 52=11 + 41, 54= 134+ 41, b7 

56 = 13 + 43, 58=5 + 53, 60 =7 + 53, 

62 =43 + 19 5 30, 42, 66, 78 

on Exercise 2G 

Exercise 2D 1 al6 b 144 © 256 

1 2!'=2, 2?=4, 23=8, 24= 16, 2° = 32, 2° = 64, d 289 e 484 f 1089 
27 = 128, 28 = 256, 2° = 512, 2!° = 1024 

2 aT b 12 c 20 

2 3,9, 27, 81, 243 3. 5, 25, 125, 625, 3125 d 13 e 15 f 19 

4 afl b 12° c 7° xe d 7x 114 g 25 h 31 i 38 

j 75 

5 a5 b 8 ce 10 d 16 e7 
f 5 g 12 h6 i 24 3 a even b odd 

6 a5 b9 c 4 dl e 2 f 3 4 even 

7 a3xS? b 6x7! e 25x 35 5 odd 
d 23 x 33 e2x*x7P f 3x7? 


po2 
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6 (Note: There may be other possibilities.) 


b 38=17+17+6 
d 59=17+37+77 
f 230=77+ 92+ 102 


a 14=174+27?4+3? 
¢ 45=27+44+5° 
e 70=2 +546 


7 10°-7 


8 746% or2?2+ 9? and 11? - 62 


Exercise 2H 
1 a 24 b 72 ec 17 d 60 e 49 
f 180 g 12 h 72 i 120 
2 aéo b 3 ce 12 d 1 e 4 
f 13 26 h 1 i 10 
3. a HCFis 112, LCM is 672 
b HCF is 6, LCM is 126 
ce HCF is 15, LCM is 450 
4 9:30 a.m. 5 29 June 6 5236 seconds 
7 210 
Exercise 2| 
1a yes b no ¢ yes d yes 
2 a yes b yes ¢ no 
d no e yes 
3. a yes b yes c yes d no 
4 a yes b yes c no 
d yes e yes 
5 a yes b yes c yes 
d yes e yes 
6 a 792, 5838, 45891 and 19283 746 556000000001 
b 792, 45891 
7 2,3, 4,5, 6, 8, 10 8 2,3,6 
9 a 1002 b 1008 ec 1004 
d 1002 e 1008 f 1020 
10 (Note: There are many other possibilities.) 
a 74424 b 78428 e 79425 d 72426 
e 73422 f 74420 g 77424 h 76428 
i 75420 j 73425 k 72420 1 76425 


11 a 1, 3, 7, 21, 49, 147 
b 1, 3, 5, 15, 23, 69, 115, 345 


e 1, 2,3, 4, 6, 7, 8, 12, 14, 16, 21, 24, 28, 32, 42, 48, 56, 
64, 84, 96, 112, 128, 168, 192, 224, 336, 384, 448, 672, 
896, 1344, 2688 


12 a 108, 999 b 115, 989 c 207, 828 
13 a 67 b 33 c 167 
14 2520 
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Review exercise 


1 al, 2, 3,6, 9, 18 
b 1, 2, 3, 4, 6, 8, 12, 24 
€15.5;25 
d 1, 2, 3, 4, 6, 8, 12, 16, 24, 48 
e 1, 2,5, 10, 25, 50 
f 1, 2, 3, 4, 6, 8, 12, 16, 24, 32, 48, 96 


a 0, 9, 18, 27, 36, 45, 54, 63, 72, 81, 90, 99 
b 0, 17, 34, 51, 68, 85 
c 0, 33, 66, 99 
d 0, 18, 36, 54, 72, 90 
e 0, 15, 30, 45, 60, 75, 90 
f 0, 21, 42, 63, 84 
3 a,b Various answers are possible. 
c 3 


4 Various answers are possible. 


5 6! =6, 6? = 36, 6 = 216, 64 = 1296, 6° = 7776, 6° = 46656 
6 91=9, 92=81, 93 = 729, 94 = 6561, 95 = 59049 
7 a3~x 4 b 87 
c 100° d 33x 7 
8 a 36 b 324 ce 108 
d 162 e 4096 f 1000 
9 a 68 b 136 ce 85 d 204 e 340 
f 425 g 109 h 124 i 52 
10 a 25 b 100 ce 169 
d 225 e 441 f 1849 
11 a 20 b 40 ce 30 
d 15 e 22 f 19 
12 a 54 b 99 e 153 
d 198 e 252 f 297 
13° a 1008, 9999 b 1015, 9976 ec 1044, 9918 
14 a2 b 3 ec 3 d 3 
e 20 f 20 g 20 
15 a2? b 2!0 
c 53 d 2? x 53 
e7x 11x 13 f 7x 11x 13x17 
g¢7x 11x 13x 19 h 2x 53 
i 2!°x 5 j > 
k Sx 7 1 2x 31 x 43 
16 a 1000 b 1001 e 29029 
d 27000 e 14000 f 9800 
g 343000 h 1225 i 2450 


17 6, 10, 14, 15, 21, 22, 26, 33, 34, 35, 38, 39, 46 
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Challenge exercise 16 a 20002 b 10101 e 21012 
d 50005 e 20202 f 10101 
1 = 13 and 31, 17 and 71, 79 and 97 g 21112 h 10701 
2 a7x20=4x20+4+3 x 20= 80+ 60 = 140 
Chapter 3 answers 
b 7x 25=4x254+3 x 25 = 100+ 75 = 175 
e 72x7=(8xX9)x44+ (8x9) x3 =504 Exercise 3A 
d 78 x 11 = (6 x 13) x 11 = 858 
; 1 x+3 
3-114 is one such number. 
2 aat+6 b pt+4 c p-2 
4 a 18, 20, 24, 30, 36 
b The factors are: te? sual Ea 
1,3, 5, 7, 9, 15, 21, 27, 35, 45, 63, 105, 135, 189, 315. gptq hxt+y+2 iatbtce 
Sum of factors = 975 > 945. 
3  aSxx bxxy e3xx dp+q 
5 65 =174+ 8? =444+77, 85=274+9%=64+7 
4 a7Txx baxb c y-6 
= 13423443 = 134334 43 
6 a 73=1°+2?+4 b 92=1°+3°4+4 Gan £3 Pe ee Ps wees 
c 99 =274+ 3744 
5 ax+3+2 bx+3-2 
Fe taee be ecpt+qtr dxxyxz 
e 1,2,3,4 d 1,3,2,4 
6 n-20 TSX 8 n+3 
8 a 134+19+23 b 13+ 123 
e 13423433 d 124+ 13423433 9 $(w+ 1000) 10 (x +5) years old 
23 23 23 3 f 23 3 43 
aonb ih sates: aes Wox+4em 12 8xm 13. 10-n 
g 12423433443 h 33+ 5° 
i 334+33+6 14 n+ 20 15 s+3cm 
9 There are many possibilities. Exercise 3B 
a 120940 b 120945 e 120940 
d 120945 e 120945 By Re eee ett to 
e 3x? f 35x g 18ac h 6x2y? 
10 O=7,A=6 i 105x j 212 k 2x2y3 1 3x+9y 
11 a 21 b7 ce 147 wy bab ep? 
12 a 2,3,5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, d 12x e I5a f 6px 
59, 61, 67, 71, 73, 79, 83, 89, 97 
b 101, 103, 107, 109, 113, 127, 131, 137, 139, 149, 151, x x x Zz 
157, 163, 167, 173, 179, 181, 191, 193, 197, 199 a es ie a eT 
c 14 (between 113 and 127) af ‘ q w " 
d (3,5), (5,7), (11,13), 17, 19) (29, 31), (41, 43), (59, 61), ara P ee y 
(71, 73), (01, 103), (107, 109), (137, 139), (149, 151), 
(179, 181), (191, 193), (197, 199) A 53H bax CAR PSE 
e The exception is (3, 5). Otherwise, all prime pairs are oe FG ue 
of the form (6k — 1, 6k + 1), so their sum is 12k and oe ecm Lars 
product is 36k? — 1. 
5 ax+3 b f+3 e x+y d mn+p 
f For any odd number n, one of the numbers n, n + 2 and 
n+ 4 must be divisible by 3, so they can’t all be primes, 6 ax b 2 Gab 
except when n = 3. “ p 
d 21a? e— f - 
13 a2 b 24 : H 
g 7x+5 h 7m -—2 
14 a 1°4+274+3°7+4 b 1° +374+57+67 x : 
7  =—apples 8 = 5x jelly beans 
¢ P4+4V47 +8? d 2? +2? + 8 + 12? 7 
e 374 13°+ 147+ 16° f 474+574+ 17° + 18? 
9 11x + 18y passengers 10 $(5x + 62) 
15 7+11? 
11 ax b x°+3 ca d a+3 
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Exercise 3C 
1 a7 
d 23 
g 203 
2 ao b 3 
3 a 20 b 8 
4 al2 b 6 
5 a4 b9 
6 a3l b 40 
e | f 6 
7 ad b 18 
e 12 f 16 
i 14 j 2 
8 ao b7 
9 a2 
d 0 
10 $40 11 $300 
Exercise 3D 
1a like 
d unlike 
g unlike 
2 a 9x 
d 11x 
g 10x + 4y 
3 allx 
d 23ac 
g 7x 
4 a 5x 
d 4a 
g 13xy 
j 3x? + 4x 
5 a 10y 
d Ilxy 
6 a 5x+lly 
d 95x + 20y 
g 6vw 


7T nt+(nt+1)+(14+2)+ (+3) + (n+4) =5n+ 10 


Exercise 3E 
1 a 3(x+6) 
ce 4(x + 10) 
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b 9 ec 10 
e 103 f 1003 
h 10003 
e7 d 0 
e 40 d 348 
c4 d 2 
e 81 d 100 
e 23 d 47 
gl h 6 
c d4 
g4 h 16 
k 40 
ce 14 d 10 
b 4 cl 
e 10 
12 $35 13 128 
b like c like 
e like f unlike 
h like 
b 9x ce 16x 
e llx+ lly f 4x + 6y 
h 9x + 3y i 3x+3y 
b 15b ce 15ab 
e 3xy + 5xz f 8abc 
h 7x? + 2y? 
b 7xy ce 4xy 
e 5x+ lly f 10x+7y 
h 8x? i 8x? + 5x 
b 13xy ce 7xz + I1xy 
e 30xy f 17ab 
b 3x + 8y ce 2x + 15y 
e 70a + 30b f 80w 
h 3xy 
=5(n + 2) 
b 5@-7) 
d 7(x- 11) 
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2 a3x+2 
e 5x-3 
3 a l6 
d9 
4 a8g 
d 10 
5 a 30 
d 13 
6 a 5m 
7 a 80 
8 a 24 
9 aé8l 


b 3(2+ x) 
d 5(x - 3) 
b 13 c 6 
e 17 f 28 
b 35 ce 22 
e9 f 14 
b 12 c9 
e 10 f 45 
b (5x)? ¢ (2z)3 d 3a3 
b 400 
b 216 
b 38 ce 55 


10 a (n+ 2) bananas 


11 20(x + 4) seats 


Exercise 3F 
1 a 6a 

e 21x? 
2 a 25n? 
3. a 12ab 

e 24mn 
4 a4 

d 6x2y2 
5 a 18x4 

d 100x*y? 
Exercise 3G 
1 ail3 


2 a 6x? cm? 
3 (2Qxy + x?) cm? 
4 a2n+1 


5 a 3m+2ncm? 


c 3m + 2ncm? 


6 a yes 
e yes 
i no 

7 ab+2 


8 a even 


e odd 


9 a (8b+ 4a) cm 
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b 12x 
f 6xy 


b 1622 


b 12x? 
f 77m?n?2 


b 48x3 
e 8x3 


b 2xy? 
e 36x7y 


b 150 cm2 


b yes 

f yes 

j yes 
ba+3,a 


b odd 


f even 
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b 5(n + 2) bananas 


ce 12m 


g Ox’y 
¢ 25622 


ce 7/ab 
g 12n? 


b 301 


b 2n+2 


d 8x? 
h 8x7y? 


d 16922 


d 66c? 
h 42m3 


¢ 18x3 


f 30y2z3 


c 100a* 
f 20w> 


c 600 cm? 


b 4m + 2n cm? 


d 4m + 2n cm? 


c yes 
g yes 
k no 


+6 


ce even 


g even 


b 8ab cm? 


d yes 
h yes 
1 no 


ecn-2 


d odd 
h odd 


10 a 4€cm 


11 a (2x4+ 16) cm 


Review exercise 


b &cm 


b (6x + 12) cm? 


1 a3+x b z-6 ce 4x 
dll-t e 2b+3 f 4(2 +6) 
g x43 h ot 3 
2 a3 b 11 ce 28 d 10 
e 12 f 26 g 60 h 29 
3 144 4 Al 
5  ~metres 6 $m+n+p) 7 24-n 
8 amn b 6m? ¢ Ty? 
d 24p3 e 30x°y f 4023 
9 aX b a ee 
5 y n 
10 a liz b - ca 
d x* e 24b2 f 27x 
11 a 53 b 10 ce 79 d 125 
e 20 f 254 g 625 h 3125 
12 a 9x b 5xy ¢ 11x? 
d 2xy e 4xy f 60x + 50y 
13. a 6(8 +m) b 3(d—7) 
14 a 9n? b 873 c 16n3 d 8x* 
15 a 20 b 16 ce 39 d 14 
16 a 14x? cm? b 3x? cm? ¢ 4x? cm? 
17 a6 b 30 ce 196 d 147 
18 a 103 b 10000 ce 30 d4 
19 a 16 b5 ec 9 d 384 
20 a 9at+b b 42a? 
c 22a*b d 4c?d + 5cd 
2 v 
21 a cm? b cm 
2 4 
Challenge exercise 
1 acm b xy cm? c 2xy cm? 
2 a2x-5 b 3(2x —5) = 6x- 15 
e 6x-— 154+ 15 =6x d 6x-5x=x 
3 a@dxrcm ©@ 6xcm © 4xcm? @ 24cm? 


b («+ 6)(« + 4) cm? 
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ES 


d @ 4x cm @ (12 + 2x) cm? 
@ (8 + 2x) cm ® 20cm 

e (4x + 20) cm 

a (6x + 12) cm b 12x cm? 


a rectangle ABCD, 18x cm?; shaded rectangle, 6x cm? 


b 12x cm? 
a 1, 4, 9, 6, 5, 0 b 1, 5,7 
c 2, 4, 6, 8,0 d yes 


a n+2|n-2 | (n+1)(n—2) | n2 
4 


C (n+ 2)(n — 2) =n(n — 2) + 2(n — 2) 
=n —2n+2n-4 
=7-4 


Chapter 4 answers 


Exercise 4A 
1 4 4 9 
3 3 3 
L [4 | | | 
0 1 2 3 eo 
2 4 9 4 
i prirritly Hi | H ems sued Ce Cee ct Baas a cS aE CSC sak so Ce a! 
10) 1 2 3 4 
a 
Litiutertlipriirtirpyirirtiipyy | y 
) 1 2 3 4 
i Dee » 4 26 48 
3°33 1 5 SS 
1 14 23 
Cea 
4 4 4 
5,6 Various answers are possible. 
7 a 2 3 p 2-4 atl atel 
16 4 9 3 8 8 2 
8 att be e* 
20 4 vi 
«a gai4 peo 
4 31 12. 3 
23 ch <i 
60 18 8 
719 
23 
9 aB bB 
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Exercise 4B 


1 a b | 
c | d 
e | f 
2 a 1 
3 
| L111 heise elie pe eres 
0 - 1 2 
b 1 
8 
pee Tole ee te aD ei 
0 = 1 
c 1 2 3 
8 6 Fs 
| | | | | | 
a I “ 
1 2 
d i4 
8 
Pe apes Pe spe ff [eae fe pe foe fa a 
7 
0 1 - 2 3 
3 b x3 ce x2 d x4 
bcos 5h 2 AO 8 AG. SLs 
4 LSS = Se baja SS 
3° ° 15° 75. 120 4 8 68 100 
gee Se fee ae 
3 15 96 108 2 12 34 102 
ee ne po a 2 SD 
8 1000 64 16 5 30 50 100 
5 a50 b9 e 120 
15 ell f 36 
6 gee ie ee 
2 2 4 
at oo ce 
3 3 4 
1 4 . 3 
= h— ee 
ae 5 4 
72 int il 
3 2 8 
mL n 16 i= 
5 2 
7 3 
a 7 r= 
er m 5 
3 6 3 
s — t — u— 
14 13 2 
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Exercise 4C 
1 ao 1 
| | 
& A AX _ 
1 1 1 
3 3 3 
bo 1 2 3 
| | | J 
Ce A a. 
aa: 13 
co 1 2 3 4 5 
| | | | | | 
Cc KK IN 7D 
do 1 2 3 4 5 7 
| | | | | | | 
— A AW A =] 
eth eth Fath Fath 
a 2 | | | 
0) 1 2 23 
bLi | jie] | | 
0) 1 12 
eLitit Lit L LI ! L L4 
(0) 4 2 3 4 43 
i EV EE ea Ov 
0) 1 2 3 33 
3 22 3 68 
a 64 e 
[esi ete seats tess infer gage] shee fe ciel 
5 6 7 8 9 10 
: 2 $ A. aU 42 pL 
3 6 3 6 3 
ei einen oe space ees ee. 
0 1 2 3 4 5 6 
4 6 3 1 5 1 
5 a 4°,55,7; b 24,, 277, 30; 
2 1 1 
6 a 35 b5, ce 4; 
2 1 3 
d 3; e 4! fi; 
1 3 1 
B45 h4; i 5; 
#5132 2 6 
j 835 k lls 1855 
7 ea es ee 
7 4 5 
ail 228 p 104 
11 5 9 
103 43 . 101 
g — h — i — 
10 2 3 
ee pt ) 21 
4 7 
8 88 881 1105 609 
a— pitts Pate peal ars 
2 30 21 13 


9 a pe ee, 
Be le eet 
¢ a eee ES eye eee 
ee eee 

ne = 


Exercise 4D 


1 a-c Various answers are possible. 


2 Number lines are not required. 


34 a5 36 37 38 39 40 41 


I 
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I 

i 
gas 
als 
as 
ale 


vie 
ala. 
vis 
alS 


alg 
SIR 
| 
I 


Sle 
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N 

al 
aIS 
als 


apy 
al 
| 
| 
w 
| 
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arn 
ons 


o 
rs 
a 
a 
Ny 
N 
cs 
© 
N 
8 


yy 
R 

i 

R 

1} 

4 

1} 

R 
Bl 
ny 

R 

1} 

4 

1} 

R 
IR 
RIN 
ny 

R 

1} 

& 


8 
Q 
g 
8 
1S 
ss 
sige 


61 62 68 
QQ QB 


sy 
a 
by 
a 
a 


a|B 


3 
\s 
| 
a 
KK 


Fe Clr W|I wo 
oo 


6 a— be 
16 6 


7 cd is larger as it is closer to 1. 
100 
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S 
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3 
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8 5° 20° 40’ 10° 4 
a 157 
20 


S YEAR 7 


Exercise 4E 


! ! ie 
A a 2 5 6 7 
0 a a a 2 a a 4 
a ee ee psf cf fy 
0 1 2 3 4 5 6 7 8 9 1 11 12 13 14 
10 10 10 10 10 10 10 10 10 =- 10 10 10 10 


0 5 
» geaeee 
4 4 4 
32 41 OB 
¢ —— + — =— 
100 100 100 
Se b> 
10 6 
elz fiz 
4 a 12 b 
dis e 
gle h 
j = k 
5 me b 
8 
ae e 
8 
3 
_ h 
B56 
23 
ee k 
J 35 
1 
6 al; b 
a e 
7 
g 2: h 
. 61 
oom k 
I 196 


COIN NIK w|W 


7 a —c Various answers are possible. 


8 at 
7 

1 

9 a3, 
13 
ells 
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3 19 1 
4 2. 5 SL 6 ; 7 a6: b 145 c 85 
5 1 bl 
bial et » 3 d7= e 45 f7> 
Q 6 16 14 1 
8 6 16 g3u h 302 
2 1 13 
10 a= b — c — 
9 3 21 Bye: b> gil 
decal sat 2B 40 40 12 
18 54 54 Ne ble a BF. 
240 30 230 
Exercise 4G g12 n 22 
12 60 
1 alt bit e3t 1 1 5 
5 3 a 9 a2, b 3, e353 
3 3 1 
2 12 fii 
a2 oa 8 a4t e 24 e352 
g5> eo i as 
20 40 40 g = h5> 
2 ar i: ae 
72 10 20 10 a x27 b x5 e x3 d x7 
3 7 5 
Ge el; yi Wat, - 
8 27 25 b-, - 
g 415 h22 hoe 
c-, -, tor+, +, - 
P 53 39 13 
j 2m k 557 Esae Gitta 
3 71> 4 26 = 5 4+ 2a 
6 a2 b 2! SEALS 
1 


cm, 


1 oa 
| | | | ae 
a 2 8 
b 3 
8 
| L L 1 L L ! ne 
A 2 3 4 5 6 7 1 b 
8 8 8 8 8 8 8 
a gual pe goat g38 
31 26 10 2 500 
3 a4 b 8 c 
d e 36 f 
4 ao b 12 e 120 
3 1 1 
5 a4 bi; e 15 
dia 13 ae 
27 . 4 3 
6 al= bt c 12 
- of 13 ! 14 2 
a 2 e ot p 2 16 6 
230 33 22 
28 89 13 3 
13 hi> 5 a— be 
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Se 
8 es 


Challenge exercise Bgl p Pek 
36 64 32 
1 aS is larger. d 1 e = f We 
3006 4 18 27 
eile. Sh Beat, alta ee hl i 
8 249 18°10 15°12 12 9 9 
ee k 4 ea 
3 Del age Na LN ae cage 15 9 10 
9 72°10 40°12 24 16 16 
Exercise 5B 
4 Various answers are possible. 
2 2 2 
Bn gl 1 a6; b 4; ce 22 
5 
d 8+ e 3: f 92 
13.37 
6 —and — 1 1 
30. 60 g 10; BASS 
24 
as biz os 
7 arya i a 55 
2/73] 3 5 
os - a2 ge fit 
0 | 15] 32 = 22 16 ° 
6 3 10 
1 1 v2 g 55 h 65 
3] 13) 15 5 84 77 
1 
3 a2 pi el; 
2 
8 at be 4 \ 1 
4 8 d — e lz f 1 
5 5 2 
2 a 20 65 
16 128 g — h— iit 
21 71 
e The answer is always the smallest fraction in the w3 2 f 
brackets. This means that the sum of the fractions is J 4 k 9 1 15 
getting closer and closer to 1. 
1 9 
9 45 marbles 10 29 black sheep Be ES bl ar 
a 322 e 16 t > 
729 81 64 
Chapter 5 answers ; 
gS h 5 i 1? 
Exercise 5A 
3 2 4 
135 k = l= 
3 15 1 5 ui 
1 a— b — c — 
20 32 16 cae | Pe o2 
2 15 15 2 a 
d — e — f — 2 
9 28 88 p— 
45 
9 9 ao 
845 h 1d i= 
5 6 6 16 7 33 
2 a2° b17 ce 2u y 
7 u 12 Exercise 5C 
d 7+ e 3; fit 
1 a 343 b 18 c 25 
1 1 15 9 
3 a= b— c — 2 ina 3 
6 9 32 d 15 14 f 350 
3 8 11 9 
dl = fee 30 — i 162 
* 4 27 ree 20 
4 
g 22 h 102 j 34 k 145 1 18 
b 3: et 
4 al b > c ; at on 5 9 
35 1 ilk 1B 
d 45 e 65, fis 
ae 2 7 oa 13 ul 
a fle 85 h 5 glo hs5.. 
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64 
eat 
75 
. 76 
i LO: 
81 
1 
4 65L 
al 
5 a2- 
6 2a 
18 
1 
9 a 135 
Exercise 5D 
1 64 
2 a 560 
3 a 4375 
4 ae 
5 
5 res 
4 


8 29 37 
b 25 c 25 diz 
F 85 3 
f 32 h = 
25 288 4 
i kit 112 
13 17 
7m 8 $7.50 
25 
bi 
hee 
12 
bi 
8 
b 25 


b Jan’s is $56000, David’s is $16000, Greg’s is $24000 


ws 
3 


b Back stalls has 450 seats, front stalls has 270 seats, 
balcony has 360 seats 


1 
7 GL 
gad (ee Peal ie 
6 | 12 | 2 
Be Pe |e 
4 | 12 | 12 
1] 1 |) 2 
3 4 3 
Ie 3 1 
4 
1 1 1 
F |) ae] a 
1 3 41 
i | > 
he ee b 20 
5 
10 a 400 girls b 1000 students 
11 $4608 vn 
6 
Exercise 5E 
Li -a 19 b a c Ls 
24 15 15 
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2 ald bit ae a> 
16 8 8 72 
5 1 1 
ely secrs or hl; 
19 3 3 
i 42 aa k — Le 
2 ay 10 8 
5 3 23 17 
m — nl: o — 3— 
6 7 210 Res 
Review exercise 
ta b 10+ eit &. 
2 3 4 25 
7 19 1 
3 3 1 
2 al: b2= c 185 d 32 
1 8 wh 2 
3 a8 b4s c 362 diz 
4 4 5 36 6 14m ae 
8 al2m b $15 c 1400 kg 
9 a 10 385 pages 11 $39.20 12 390ha 
Challenge exercise 
1 ee ee 2 ee ee 
2 2 4 4 
a 2 42 
5 
5 alt ! Sets is =1 
3 
1+ = = 
2 
bi+ — =1+ “= 1+ d 
1+ Le 1+= 
1 3 3 
1+ — a 
2 2g 
ie eas =I 
5 
3 
6 -asizZaot b12x12=2! 
2 a: 3 3 5° 3 
7 6 
8 a na for any non-zero n. 
n n+l 


1 1 


9 2L,1L, > L, ‘| L, - L (that is, half of what was there at the 


start of each night). No, there would always have been a bit left. 


47 5 
10 a Nathan b 35 rc km ce 3 oa km 
11 day 1, 240; day 2, 288; day 4, 315; day 5, 21 
12 1 13 a=1,b=5,c=2 


14 450 passengers 
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Chapter 6 answers 


Exercise 6A 
1 ABor BA, BC or CB, CA or AC 


2 a ABIIDC 


e No, the two lines are parallel. 


3. a AX, BX, CX, YX 
B d CX 


f None, the two lines are parallel. 


oO 


4 
b The three lines are concurrent. 
8 Q 
T 
S 
P B 
Ss A 
A 
9 


Q 
T 
D 
B 


y 
Ya 
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b BCIIAD cB 


b ACIIXY 


dc 
e A,B,C 
T 
B 
P 
Exercise 6B 
1 ai A,B,C andD ii B,C andD 
iii Band C iv A, B, C and D 
v A, Band C vi A, B, C and D 
b opposite 
c the interval BC 
2 a concurrent b yes c no 
d ray PA and ray PK 


3 a 
b 
4 a 
5 a 
b 
6 8a 
c 
e 
T a 
b 
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ray AP, ray AB, ray AO and rayAK 


2 2 2 e 
L N MP 
yes ¢ no 
ZABC b ZKLM c ZXVZ 
ZFGH, ZGHF, ZHFG 
ZRST, ZSTU, ZTUR, ZURS 
ZAOB b ZLOM, ZLMN 
ZFVH d ZAMD 
ZALX, ZLMB f ZPSQ, ZSRO 


ZBAD, ZBCD, ZADC, ZADB, ZCDB, ZABC, 
ZABD, ZCBD 


ZBAC, ZCAD, ZDAB, ZABC, ZCBD, ZDBA, ZACB, 
ZBCD, ZDCA, ZADB, ZBDC, ZCDA 
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Exercise 6C 
1a 75° b 55° c 18° d 2° e 34° 
2 a 20° b 80° e 105° d 92° e 34° 
3 a acute b obtuse ¢ reflex d right 
4 a 180° b 90° e 30° d 60° 
e 120° f 120° g 60° h 150° 
5 a 360° b 180° e 270° d 30° 
e 300° f 150° g 720° h 540° 
6 a 52° b 122° 
7 ai 42° ii 122° iii 56° iv 134° 
bi 318° ii 238° iii 304° iv 226° 


8 Various answers are possible. 


9 a ZAOB = 27°, ZBOC = 34°, ZCOD = 44° 


b ZAOD = 105° 
ce ZAOB, ZBOC and ZCOD 
d 255° 
e 333° 
10 a ZALP = 40°, ZALQ = 140° 
b supplementary 
c ZALP = 40°, ZBLQ = 40° 
d equal 
e 360° 
11 a ZPQA = 63°, ZPRL = 63° 
b equal 
c ZAQR = 117°, ZLRQ = 63° 
d supplementary 
e ZBOR = 63°, ZORL = 63° 
f equal 
12 a ZURS = 56°, ZUTS = 56° 
b equal 
ce ZRUT = 124°, ZSTU = 56° 
d supplementary 
e 360° 
f ZRUT and ZRST are obtuse, ZURS and ZUTS are acute. 
Exercise 6D 


5 a 75° (right angles at O) 
b 115° (adjacent angles at O) 
c 155° (straight angle at O) 
d 123° (adjacent angles at O) 
e 50° (straight angle at O) 
f 180° (straight angle at O) 
g 150° (revolution at O) 
h 170° (revolution at O) 
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130° (adjacent angles at O) 


j 20° (revolution at O) 
k 30° (straight angle at O) 
1 30° (revolution at O) 
6 a ZSOT b ZVQU c ZAQB d ZNQO 
7 a a=70° (vertically opposite angles at B) 
b B = 90° (vertically opposite angles at K), 
8 = 90° (straight angle at K) 
c &=50° (vertically opposite angles at V), 
B = 130° (straight angle at V) 
d a =50° (straight angle at M), 
B = 90° (vertically opposite angles at M), 
y = 40° (vertically opposite angles at M), 
8 = 50° (straight angle at M) 
e a& = 60° (vertically opposite angles at O), 
B = 60° (straight angle at O), 
Y = 60° (vertically opposite angles at O), 
8 = 60° (straight angle at O) 
f 0 =75° (vertically opposite angles at V) 
g a =50° (straight angle at W), 
B = 50° (straight angle at W) 
h a= 70° (vertically opposite angles at M), 
B = 110° (straight angle at M), 
Y = 30° (straight angle at D), 
8 = 110° (straight angle at D) 
8 a a=60° (straight angle at B) 
b B = 40° (straight angle at K) 
c 8 = 20° (vertically opposite angles at V) 
d B = 135° (revolution at O) 
e = 72° (revolution at V) 
f a = 30° (straight angle at W) 
g y= 30° (straight angle at F), 
8 = 120° (straight angle at F) 
h o = 65° (straight angle at K) 
Exercise 6E 
1a corresponding angles b alternate angles 
c co-interior angles d alternate angles 
e co-interior angles f corresponding angles 
g co-interior angles h alternate angles 
i corresponding angles j co-interior angles 
k corresponding angles 1 alternate angles 
3. ai ZPQB ii ZMLO 
iii ZTNO iv ZVCD 
bi ZAQR ii ZPLK 
iii Z2SNM iv ZWCB 
c i ZBQOR ii ZOLK 
iii ZTNM iv ZVCB 
4 e Ifa transversal crosses two parallel lines, the alternate 


angles are equal. 
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5 e Ifa transversal crosses two parallel lines, the 
corresponding angles are equal. 


6 e Ifa transversal crosses two parallel lines, the co-interior 
angles are supplementary. 


a 8 =70° (corresponding angles, ABI| CD.) 
b 0 = 130° (alternate angles, POIIRS) 

ec 8 = 130° (co-interior angles, ABIICD) 
d ao = 42° (alternate angles, RS II TU) 

e B = 84° (co-interior angles, LMIION) 

f y= 75° (corresponding angles, BK|| CL) 
g 90 = 64° (co-interior angles, DGIIEF) 

h o = 52° (corresponding angles, BX|I CY) 
i oa = 24° (alternate angles, FGIILM) 

j B = 90° (corresponding angles, RUIIST) 
k B = 69° (alternate angles, CAIIBD) 

1 y= 142° (co-interior angles, AXII BY) 


8 a a=70° (corresponding angles, ABIICD), 
B = 70° (alternate angles, ABIICD), 
y = 110° (co-interior angles, ABII CD). 
b ao = 105° (co-interior angles, PQIISR), 
B = 75° (co-interior angles, PSIIQR), 
y = 105° (co-interior angles, PQII SR) 
c B = 98° (co-interior angles, FI|IGH), 
Y = 98° (corresponding angles, FGII/H) 
d 8 = 90° (co-interior angles, MNII PO), 
y = 138° (co-interior angles, MN|I PO) 


e a = 110° (corresponding angles, ABII PQ), 
B = 110° (corresponding angles, ABI| VW), 
y = 110° (alternate angles, ABII PQ), 
68 = 110° (alternate angles, ABII VW) 


f o=71° (corresponding angles, AC II BX), 
B = 50° (alternate angles, ACII BX) 

g a= 125° (corresponding angles, ACIIDF), 
B = 125° (corresponding angles, AGIIBH), 
y = 125° (corresponding angles, AC|I DF) 

h y= 43° (alternate angles, CBIILM), 
8 = 76° (alternate angles, CBIILM) 


9 a ZWAV = 137° (co-interior angles, WBIIAV), 
ZAVB = 43° (co-interior angles, AWIIBV) 


b ZPBV = 85° (alternate angles, PQI| VB), 
ZAVB = 85° (alternate angles, AVII BP) 

c ZQAV = 35° (alternate angles, PQIIAV), 
ZAVB = 35° (alternate angles, AQIIBC) 


d ZVAR = 45° (alternate angles, RS|I VA), 
ZAVB = 135° (co-interior angles, RA II BV) 


Exercise 6F 


1 a a= 20° (vertically opposite angles at Q), 
B = 20° (corresponding angles, AB Il CD), 
y = 160° (straight angle at R) 


b a = 60° (corresponding angles, ABIIEF), 
B = 60° (vertically opposite angles at S$), 
Y = 60° (corresponding angles, CDIIEF), 
8 = 120° (straight angle at S) 
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ce a= 70° (straight angle at B), 
8 = 110° (alternate angles, ACII DE) 
d 8 = 110° (corresponding angles, AXIIBY), 
B = 70° (straight angle at A) 
e a= 70° (alternate angles, ABIIJK), 
B = 30° (alternate angles, ABIIJK), 
Y = 80° (straight angle at C) 
f a= 65° (corresponding angles, ACIIBM), 
B = 80° (alternate angles, ACIIBM), 
y = 35° (straight angle at B) 
g a= 150° (co-interior angles, ABIICD), 
6 = 120° (revolution at D) 
h ao = 90° (alternate angles, PQIIAB), 
B = 60° (alternate angles, RSIIAB), 
Y = 30° (straight angle at O) 


2 a ZNOQ=A4S° (corresponding angles, NRI|OQ), 
ZPOQ = 135° (straight angle at O) 


b ZFQR = 137° (straight angle at Q), 
ZPOQ = 137° (corresponding angles, PO|| FG) 

ce ZPON = 135° (co-interior angles, PAIION), 
ZQON = 145° (co-interior angles, QB||ON), 
ZPOQ = 80° (revolution at O) 

d ZPOY = 160° (alternate angles, XPIIOY), 
ZQOY = 150° (alternate angles, ZQIIOY), 
ZPOQ = 50° (revolution at O) 


3 a After some argument, ZVOW = 110°. 


b Construct XO parallel to VP. Then, after some argument, 


ZVOW = 135°. 
¢ Construct XV parallel to AB. Then, after some argument, 
ZVOW = 70°. 


d Construct XM parallel to VO. Then, after some 
argument, ZVOW = 35°. 


e Construct OX parallel to AC. Then, after some argument, 
ZVOW = 65°. 

f Construct XO parallel to VL. Then, after some argument, 
ZVOW = 52°. 

g Construct XO parallel to GV. Then, after some argument, 
ZVOW = 102°. 


h Construct XO parallel to AB. Then, after some argument, 
ZVOW = 50°. 


8 = 60° (corresponding angles, BL||CM) 

a = 90° (co-interior angles, PQIIRS) 

B = 72° (corresponding angles, ARIIBS) 

y = 40° (co-interior angles, FGII/H) 

8 = 45° (corresponding angles, ABIIDC) 

a = 60° (co-interior angles, SRIIPQ) 

ZGBD = B (corresponding angles, BGIICH), 
B = 60° (straight angle at B) 

h y= 90° (co-interior angles, LM INO), 

8 = 70° (co-interior angles, LM || NO) 


com oe eo em kf 


Exercise 6G 


1a ABIICZ (alternate angles are equal) 
b FPI|IGQ (corresponding angles are equal) 
c HJ\|KM (co-interior angles are supplementary) 
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d RS\|UT (co-interior angles are supplementary), 
RUII|ST (co-interior angles are supplementary) 


ADI||EH (corresponding angles are equal) 
DEI\I|GF (alternate angles are equal) 
KLI\|NM (co-interior angles are supplementary) 


= co — © 


DFI\AC (corresponding angles are equal), 
AVIIBF (alternate angles are equal) 


a ABIICD (alternate angles are equal) 
Hence, 6 = 98° (alternate angles, ABII CD) 


b ABIICD (corresponding angles are equal) 
Hence, f = 35° (corresponding angles, ABII CD) 


ce ABIICD (co-interior angles are supplementary) 
Hence, & = 115° (co-interior angles, ABI CD) 


d ABIICD (alternate angles are equal) 
Hence, y = 30° (alternate angles, ABII CD) 


a 0 =50° b a= 70° c B=55° 
d y= 20° e a= 20° f 0 =50° 
g B=50° h 0 = 30° 


a True. If you can walk, then you can run; false. 


b False. If a number is greater than 1000, then it is greater 
than 10; true. 

c False. If a man lives in Melbourne, then he lives in 
Australia; true. 

d False. If the last digit of a number is 5, then is divisible 
by 5; true. 

e True. If a woman is a mother, then she has a daughter; 
false. 


f True. If a whole number is less than 1000, then it has 
fewer than four digits; true. 

g False. If a dog can stand on its hind legs, then it has 
black and white hair; false. 


h False. If the area of a rectangle is 40 cm?, then one of its 
sides has length 8 cm; false. 


Review exercise 


a 8 =75° (corresponding angles, ABI| CD) 

b B = 90° (co-interior angles, POIIRS) 

¢ & =55° (corresponding angles, ABIICD) 

d o& = 20° (vertically opposite angles) 
ZQRD = 160° (co-interior angles, ABI CD) 
y = 160° (vertically opposite angles) 
B = 20° (supplementary angles) 

e 6 = 90° (co-interior angles, LM||NO) 


a 60° b 27° ce 16° d 6° 
a 53° b 104° c 46° d 165° 
ZAOC = 58°, reflex angle ZAOC = 302° 


ZAOC = 10°, reflex angle ZAOD = 350° 


a 45° b 120° c 66° d 100° 
a a= 30° ¢ @=65° 
b a= 35° d a= 93° 
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Challenge exercise 


1 95° 
2 a 40° bx=y+Bp-a 


3. x=180°-y+a-B 


4 
The fifth possibility involves three planes intersecting at a 
point. Draw it! 

5 © 900° 6  82.5° 7 16+ minutes 


Chapter 7 answers 


Exercise 7A 
i ac be e3 oe 
5 5 3 
=6 
42—” eof 3] 
3 ll 
2 gue pees 
2 4 
+11 - 
e2 a2 x 
4 7 
3 a 10 b 11 e 5 d2 
a bl eg ca 
2 


5 a = bananas b (2 + 3} bananas 
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n + 1000 


6 a (n+ 1000) tonnes b rannes 1.424 c 3 d 25 
10 15 
7T ax-2 2 1 9 
e < fii ae hi? 
5 9 eG 
b hours or minutes : 
x- x- Exercise 7C 
5 1 ax b 4x ce d 2e 
8 a 3 b s(50 = *) 2 5 : 
e 4x t é 5 h— 
3 a 4 
Exercise 7B 
2 ao b 8x ce 24y 
ie ae nese Ses ip 
3 4 2 d es e 3x f 18x 
9ab . 9x 
Z g 18x h — i= 
pee om ps6 2 a 
3 ¢ : j abe «22. , Lab 
cd 3yz 3d 
got h 7(% +7} i 9% - 5} 
3 aa ca d4 
2x 3 Ax 2(2 4x abe 
(B-) eye] ge | eee 
baad 7 9 13\3. 9 fg 
2, 2. 
2x 4 a 12xy 2 eo 
3 4a 4 
ab 2a? 
5 aa b — c — 
2 ad bO c 6 4 15 
3 a2 b 102 e 1? dl a® e & , 
3 6 5 
4 a 44 b 18 ce 24 a 
; g 25a h @ 
a4 e 2 f 252 5 
g 12 h 36 6 a2 b6 c 30 
5 5! b 10! g! di: dl; el t 2 
ar; 2 C25 4 3 
e ze f 2: g — h E x2 
10 2 10 2 7 = cm, 27cm? 8 —cm?, 72cm? 
6 3oms 73m 
9 a $0.40 bse 
X 
7 am 10 gt 11 gz 12 gu 
5 3 5 3 
bi 4m ii 82m ii 19> m 
6x 
13 a b 50 
X 13 4x 5 
mera a ae Review exercise 
10 a 66 b 45 c 6! d 34 it ae bo 44 gee 
10 3 5 
11 $9 
224 gin p28 
s 7 3 2 
12 am biim 
5 2 
# gees h 10(S~ 5 i 2{(? - 6) 
7 7 5\5 
90 
1D: 3 4p 3/3r 372 
j (23 - Be = Pee 
8 ll 5\5 4 
14 a 3x*cm b 48 cm 
2 al0 b 14 c 4> 
6x 1 
1 acm b 19-cm 
5 5 
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3 a 10 b 62 
1 1 
d 15: : 
g 6; 65 
ee b 22 
7 5 
s (s+e) 
18 35 
6 a 2x b 6n 
e 4n f lla 
ae b 22 
20 
3 
e 4. fo 
20 5 
§ 4g 2B 26 
56 7 
73 1 
112 2 
9 ax ee 
3 
q eal 
7 44a 
10 az b 3x2 
2 
ol = om 40 cm? 12 


Challenge exercise 
1 a8&cm 


b ~cm 
3 


2 a 2(£+2) = +4) om 


b 2(22342)= +7) om 
3. a 180km 

ec 3xkm 
4 ai 140km 

b i 375 km 
5 a 60km/h b > km/h 
6 hb 

50 


c 55 
f 5 
1 3 
YZ 
ce 24 d — 
P 5 
g 18a h 3ab 
17 1 
c 355 d4 
gli h 33 
25 51 
Pell ha! 
3136 
ce 9a 
t > 
12 
¢ 5mn3 di 
2 
15x" in? 135 in? 
16 
c eae d —cm 
3 
b 60n km 
d xnkm 


ii (50 + 30n) km 
ii (500 — 25n) km 


c km/h 
m 


7 a BC= 16 om b perimeter = 2x + om 


c 16cm d 128 >cm 
d 20 -d 
8 20 -d)k bi —h ii h 
a ( ) km i a ii 80 
¢ total time = dg, Wiad dr, 
80 240 
di 16; min ii 18 min iii 20 min 
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Chapter 8 answers 


Exercise 8A 
1 2x 10° +7X 1046424 2-4 
10 10? 104 

ge aes 3 0.057 

1000 
4 a2 b 0.02 e 0.2 

d 20 e 0.002 f 0.00002 
5 Any 10 of the following: 


10 


11 


12 
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1.023, 1.032, 1.203, 1.230, 1.302, 1.320, 2.013, 2.031, 
2.103, 2.130, 2.301, 2.310, 3.012, 3.021, 3.102, 3.120, 
3.201, 3.210, 10.23, 10.32, 12.03, 12.30, 13.02, 13.20, 
20.13, 20.31, 21.03, 21.30, 23.01, 23.10, 30.12, 30.21, 
31.02, 31.20, 32.01, 32.10, 102.3, 103.2, 120.3, 123.0, 
130.2, 132.0, 201.3, 203.1, 210.3, 213.0, 230.1, 231.0, 
301.2, 302.1, 310.2, 312.0, 320.1, 321.0 


(Note: Answers are in bold type.) 
a 3.09 b 3.9 


t | = ee ae 
3 4 3 4 

c 1.28493 d 5.700001 
yoo i 
1 2 5 6 

e 4.499 f 9.09999 
| | | = | | x 
4 5 9 10 

a 04 b 1.93 c 6.8 d 5.63 

e 7.3412 f 5.1 g 8.99978  h 3.67 

i 297.2357 j 113 k 434.89769 1 3.56 


a 0.2, 2.3, 4.08, 7.2, 8.153 

b 1.09, 1.30, 1.39, 1.9, 1.93 

¢ 7.000023, 7.0748, 7.230000, 7.410 9572, 7.99 
d 6.4, 6.66, 6.888, 6.9234, 6.98574 


a4 b5 e 5 d5 e4 f 4 
g4 h4 i4 j 4 k 5 14 


a 600 thousandths 
c 0.6 units 
e 0.006 hundreds 


b 60 hundredths 
d 0.06 tens 
f 0.0006 thousandths 


a 890 thousandths 
c 0.89 units 
e 0.0089 hundreds 


b 8.9 tenths 
d 0.089 tens 
f 0.000 89 thousands 


a 72.3 hundredths 
ce 0.723 units 
e 0.007 23 hundreds 


b 7.23 tenths 
d 0.0723 tens 
f 0.000 723 thousands 
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Exercise 8B 
i, ae b 154 ee a4! 
a i 50 a 
e i 9 g 403 h 82 
40 1000 500 4 
ee | ‘ 5 
i— 545 
80 a 
2 a5 b 0.43 ¢ 0.05 
d 0.005 e 0.057 f 0.03 
g 0.27 h 0.0009 i 23 
j 23 k 16.96 1 16.096 
m 24.035 n 101.101 o 101.0101 
3 a55 b 12.5 c 6.5 d 8.6 
e 57.4 f 95.25 g 54.75 h 54 
4 all b 0.92 c 0.6 
d 1.05 e 0.132 f 0.815 
g 0.016 h 1.04 i 1.068 
j 27 k 54 1 19.12 
m2.62 n 0.12 0 0.016 
5 a2 b7 c 6 
a4 e 5 f 3 
6 


Decimal 


Fraction 


Exercise 8C ec 36400000 mm 
d 0.000276 km 
1 a59 b 73 ¢ 8.9 
4 632 9.18 865 e 1000000000000 square mm 
ve es f 1306000000000 square mm 
ee ceecniege x ee g 0.000000045678 square km 
j 11.815 k 10.1993 1 88.0594 
m 39.887 01 n 126.9739 0 237.1128 f 
Exercise 8E 
2 ad44 b 81 ell d 1.77 1 a 0.03 b 0.16 
e 5.25 f 15.5 g 5.9 h 11.9 d 0.024 e 0.12 
i 3.478 j 8.255 k 80.375 1 7.397 336776 g 0.048 h 0.11 
3 25.26 kg 4 026m ae me 
2 a7 b 0.08 
5 0.835, 116s, 1.69s 6 2.25km 
d 0.024 e 12 
7 8800 mor 8.8 km 8 12.72m g 0.48 h 16 
: j 0.0044 k 0.011 
Exercise 8D 
3 als b 0.08 
Pye Dee ets d 0.98 © 0.096 
d5 e 0.5 f 0.05 a Oi8 nae 
g 928.9432 h 3920.01 Ae cies 
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b 1000000 mm 
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2 a 34 b 478 ce 1.3 
d 80 e 0.4 f 2830.4 
g 430.9387 h 20120.1201 
3 aQO.12 b 0.008 
ce 0.0002 d 20.120 1201 
4 a 2.406 b 0.1406 
c 0.55703 d 0.020 006 
5 a 507 b 789 028 
ec 2.300001 d 234560 
e 0.010462 f 0.6 
g 25000 h 30 
i 12 j 3.435 
k 402.521 1 10 
6 a 0.82 b 0.082 
ce 8.2 d 85700 
e 8570 f 857 
g 0.502 h 0.0502 
i 0.005 02 j 0.000 005 43 
k 0.000 0543 1 0.000 543 
7 $32.58 
8 a 680 min b 40.8 s c 1000 
9 a 1000mm 
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0.009 


0.09 


0.000072 


0.00072 


0.00072 


0.0072 


0.0072 


0.072 


0.072 


0.72 


7200 


72000 


720000 


72000 


720000 


7 200000 


720000 


7 200000 


72000000 


5 a03 b 1.8 c 63 6 $1.13 7 431 
d 2.06 e 0.0042 f 0.152 Exercise 8G 
g 0.1476 h 0.0606 i 0.043 
1 a 0.375 b 1.75 ¢ 0.05 
6 al2 bl e 4.3 d 0.35 e 0.025 
d 0.05 e 0.26 f 0.108 
2 a3 b 0.6 c 0.1 d 0.2 
7 a(0.15 b 0.1 c 0.63 e 03 f 04 g 0.5 h 0.6 
d 0.005 e 0.043 f 0.0206 i 07 j 08 
8 a 0.023 b 0.1 ¢ 0.01 3 a 0.09 b 0.18 ¢ 0.27 d 0.36 
d 0.00005 e 0.0005 f 0.00407 e 0.45 f 0.54 g 0.63 h 0.72 
9 a $12.15 b $0.70 c $14.90 a 0ot 10.20 
d $1.87 e $10.89 4 a 0.16 b 0.3 ¢ 0.5 d 0.6 
e 0.83 f 0.083 g 0.25 h 0.416 
Exercise 8F i 0.583 50.75 k 0.916 
1 a05 b 0.9 c 9.1 d 0.02 ee era ere 
e 02 £08 g 3.1 h 0.032 5 0.142857, 0.385714, 0.428571, 0.571428, 
i 0.33 j 0.0064 k 0.048 1 4.94 0.714285, 0.857142 
m 33.85 n 0.0058 o 0.000345 p 0.001354] 6 a4 06857142 b 0.96 c 454 
Rhee ae A Pat d 1.316 e 0.924 2857 f 0.36857142 
e 201 f3 g 0.5 h 0.4 #510 Bes sie 
j 4.68 k 157.3 1 0.393 
3 a4 b 0.2 ¢ 0.9 d 12 : 
e 12 f 24 g 3.2 h 0.25 Exercise 8H 
i 3.1 j 152.7 k 0.32425 1 3579.9375} ya 345 b 9.50 © 8.00 a 215 
4 a 120, 1200, 12000 b 100, 1000, 10000 e 6.45 f 7.99 g 12.355 6.44 
© 430, 4300, 43000 45,50, 500 i 7.992 j 12.3548 k 6.4541 1 7.9920 
e 26, 260, 2600 f 1000, 10000, 100000 


600 
0.000 04 
0.0004 
0.004 


6000 
0.000 004 
0.000 04 
0.0004 


4000 
40000 
400000 
4000000 


4000 
40000 
400000 
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a 


e 0.5758 


i 


0.58 


0.46 


b 0.64 
f 0.6364 
j 0.4777 


Review exercise 


1 


a 


e 


i 0.298 
m 0.0241 


a 


d 0.008 


a 


0.1 
0.39 


0.8 


0.4 


2.9 


d 2.8 


g 


a 


c 


5.12 


b 0.9 

f 0.001 

j 0.0001 
n 0.6939 


b 0.08 
e 0.0008 


b 0.04 


b 1.91 
e 4.999 
h 1.231 


1.5, 1.4732, 1.28, 1.09 
9.999, 9.909, 9.9, 9.09 


1 
27 


b 3 


0.000021 


c 0.576 d 0.636 

g 0.37 h 0.7748 

k 0.23784 1 0.1755 

c 0.01 d 0.09 

g 0.004 h 0.028 

k 0.0009 1 0.0019 
ec 8 


f 80 and 0.0008 
¢ 0.0004 d 0.00004 


e 3.11 
f 5.501 
i 4.51 


b 1.928, 1.36, 1.2849, 1.2 


d 23.5, 23.451, 23.09, 23.0001 


ec 2 d4 
g 68 h 300 
k 214 1 627 

8 

e 12 8 

2, 25 
111 SL 
1000 250 
1 106 
k a 2s 


0.00021 


10 


11 


12 


13 


14 


15 


a 0.2 b 0.5 
e 103 f 0.08 
i 47 j 10.1 
m0.024 n 0.98 


¢ 1.02 d 0.08 

g 4.04 h 0.004 
k 2.4 1 1.0625 
0 0.825 p 0.795 


Decimal 
Fraction 
147 
100 
a 0.428571 b 0.18 
d 0.461538 e 0.83 
PaO eee ee 
5 8 4 
0s 2008 2209 
2 58 
a 3.9 b 8.9 
d 8.97 e 0.738 
g 23.1 h 53 
j 1s k 64.189 
a 45, 450, 4500 
c 0.6, 6, 60 


1004.85, 10048.5, 100485 


0.45, 0.045, 0.0045 
0.006, 0.0006, 0.00006 
4.38, 0.438, 0.0438 


c 0.416 
f 0.583 


b =, 0.24, 1,04,2.4, 41 
24 4 

23 
VW 
¢ 6.95 

f 144 

i 5.9 

1 108.5287 


290 


d 2, 2.07, ; 
100 


1 
25,27 


b 3, 30, 300 
d 13.96, 139.6, 1396 
f 0.002, 0.02, 0.2 


b 0.03, 0.003, 0.0003 
d 0.1396, 0.01396, 0.001396 


f 10.0485, 1.00485, 0.100485 


2.1 21 


0.00021 


0.0021 


21 210 


0.0021 


0.021 


210 2100 


0.021 


0.21 


2100 21000 


0.21 


WA| 


21000 


210000 


Peed 


b 38.4 


0.001 


21 


c 14.76 d 17.7 


0.01 


210000 


e 285.6 


210000 


f 19.888 


10 


210000 


2100000 21000000 


2100000 


g 4.08 h 15.4622 


1000 


0.000052 


0.00052 


D2. 52 


0.00052 


0.0052 


5.2 


52 520 


0.0052 


0.052 


52 520 


5200 


0.052 


0.52 


520 


5200 


52000 


0.52 


5.2 


5200 


52000 


520000 


5.2 


52 


52000 


520000 


5200000 


19 a3 


570 
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c 60 d 0.05 


R 7 


e 0.757 1428 


520000 


f 10.213 
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5200000 


52000000 


g 8.32 h 3525 
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20 $3.15 


23 $5.15 


25 a $28.70 per metre 


21 0.8004 kg 22 
24 $1.87 


b $287 


Challenge exercise 


1a 2.9, 3.0, 3.1, 3.2, 3.3 
e 12.2, 12.1, 12.0, 11.9, 11.8 


2 a 0.8 x 0.765 = 


3 $52.50 
4 a : 
9 


$23.92 


b 4.0, 4.3, 4.6, 4.9, 5.2 
d 9.1, 8.0, 6.9, 5.8, 4.7 


0.612 b 0.85 x 0.76 = 0.646 
4 41 
aul ¢ 
33 333 


5 ’ for n = 1, 2, 4,5, 8, 10, 16, 20, 25, 32, 40, 50, 64 and 80 


6 If the denominator is n, there are n — 1 possible remainders. 


Chapter 9 answers 


Exercise 9A 
1 a4cm 

d 13.3cm 
2 a 60mm 

d 43 mm 

g 300cm 

j 100000 cm 

m0.09 km 

p 25cm 

s 6.25 mm 
3 a 8.7cm 

d 365 cm 
4 a 0.493 kg 

e 45300 g 
5 a 5023m 
6 al8L 
7 20 laps 


9 51 markers 


11 a 15.25kg 
d 1984 kg 
g 1.38t 


12 a $5.94 
d $0.28 
g $120 
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b 5 mL ce 72kg 
e 220g f 650 mL 
b 18cm ec 180mm 
e 2.7cm f 58.3cm 
h 190 cm i 2000 m 
k 6340 m 1 0.2km 
n 2.901 km o 500m 
q 200 mm r 7mm 
t 8.75 mm 
b 59 mm ce 6.7cm 
e 45800 m f 14.038 km 
b 2300 g c 3400 kg d 250g 
f 0.48 g g 0.29 ¢ h 100 kg 
b 15020m c 3020 kg d 24015 kg 
b 1500 mL e 4.002 L d 3.968 kL 
8 = 5500 g or 5.5 kg 
10 220cm 
b 13.215m e 185.6cm 
e 105.604 t f 17m 
h 9.044 kg i 1.4064 km 
b 42c c $6 
e $6.80 f $30 
h $1.26 i $12 
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Exercise 9B 
1 = 1000000 L 2 10000 um 
3 2000000000000 L 4 5100000000 um 
5 ~—9850000000000000 mg 6 = 15.8dm 
7 0.89 dm3 8 52.596 min 
Exercise 9C 
1 1125¢ 2 $36.44 3 0.609kg 4 910km 
5 560km 6 = 12 oranges for $4.08 is cheaper. 
7 12km 8 6000m 9 $20 
10 a 1200m b 72km 
11 2kg 12 14.175 days 
13 ai $8.00 ii $800.00 iii $9.60 
iv $960.00 v $20.00 vi $100.00 
bi $2.80 ii $21.00 iii $8.40 
iv $0.84 v $2.45 vi $71.40 

Exercise 9D 
1 al2 b 12 ce 60 

d 52 e 50 f 80 
2 a 100mm b 91 mm 
3 a8sgcm b 10cm ce 16cm 
4 ai118m b 32.4m 
5 aatbt+e b 3x ce 4d 

d 4a + 6b e 8a+ 3b f 14x + 12y 
6,7 Various answers are possible. 
8 40m 
Exercise 9E 
1 a 12cm b 24 cm? ¢ 8 cm d 30 cm? 
2 adm b 63 cm? c 169 mm? ~~ d 3.52 cm? 
3 a 10000 cm? b 100 hectares ¢ 1000000 m2 
4 a 425m b 1.6 km? 
5 200 hectares 6 90000 m2 
7 a 42cm b 3 cm e5m d 12 km 
8 a 9a b 42cd 
9 $2160 10 35m? 11 $84.38 
12 $420 13 3.8 hectares 
14 1.69 m? 15 $4820850 
16,17 Various answers are possible. 
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Exercise 9F 

1 a 10cm? b 23 cm? 

2 a 74cm? b 60 m? c 37 cm 
e 32 cm f 40 cm? g 46 cm’ 

3 54 m? 4 32m? 5 16m? 


Exercise 9G 


1 a 24cm b 38.5 m? ¢ 26 cm? 


2 a2cm b 4.5 cm? c¢ 3 cm? 
e 2 cm? f 3 cm? g 3 cm? 
3 a 21cm b 6cm ec 10cm 
4 a 24cm b 6 cm? 
d 6 cm? e 14.5 cm? 


d 84 mm? 


d 6 cm? 
h 6 cm? 


d 24 km 


c¢ 25.5 cm? 


6 An infinite number; fix the base and vary the third vertex so 


that the height remains the same. 


7 a 35cm? b 36 km? c 102 cm? 
d 105 mm2 e 42 m2 f 56 cm? 
8 a 120m b 18 m2 c 17 m2? d 125.5 m2 


9 AFBA and AECD have the same area. Parallelogram 
ABCD has the same area as rectangle AFED. 


10 a 42cm b 3 cm ce5m 
11 a 104 cm? b 168 m? 
12 4cm 13°. 24cm 
14 base = 6 cm; height = 3 cm 
15 24 cm’ 
Exercise 9H 
1 880 mm? 
2 a 108 cm b 160 cm? 
3 a 20 b 27 
d 16 e 18 
4 a 120cm* b 770 cm3 c6cm 
5 9m 6 75 mm 7 
8 a 30000 mm? b 30 cm? 


d 12km 


e 12 
f 35 


d 4cm 


675 cm? 


9 5mm x 9mm x 10mm;15 mm x 3 mm x 10 mm; 


45 mm X | mm xX 10 mm 


10 Ilmx24mx10m;2mx 12m~x 10m; 
8mx 10m;4mx6mx 10m 


572 
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7 


Exercise 9] 


1a 1380 seconds 
ce 408 hours 


e 4320 minutes 


b 1440 minutes 
d 17 days, 21 hours 


f 6 hours, 32 minutes 


g | hour, 26 minutes and 41 seconds 


2 a 1430 b 0600 
e 0535 f 1200 
h 1505 i 2358 
3 alpm. b 6a.m. 


4 a 270 minutes 


ce 9 months 
5 12 hours 33 minutes 
6 71 days 18 hours 7 


8 a 3 hours 45 minutes 
ce 6 hours 30 minutes 


e 1 day 45 minutes 


e 2349 d 2035 
g 0000 
¢ 8:20am. d 11:30p.m. 


b 4 hours 49 minutes 


d 168 hours 


9 days 19 hours 


b 2 hours 30 minutes 


d 4 hours 20 minutes 


f 2 days 14 hours and 23 minutes 


g 4 days 16 hours and 25 minutes 


9 8 hours 


10 15 hours 55 minutes 


11 3 minutes 5 seconds, 18 seconds 


12 19 minutes 
13. 1:27 a.m. on Wednesday 


14 1530 seconds 


Exercise 9J 
1 a 50km/h b 5 m/min 
d 120m e 605 km 
2 12km 3 
4 1km 5 
6 730 km/h 7 
8 24 nautical mile/h 9 
10 a 11 m/s 
11 a 20km b 6km/h 
12 a 1 hr 33 minutes 
ce 12 A km/h 
2 
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c 30km/h 
f 20km 


24 km/h 
112km 
48 km 
630 km 

b 198m 
e 70 km/h d 30 km/h 


b 66 = km/h 


d 38 ~~ km/h 
31 
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13. 24 km/h 
2 5x 1 
14 16; m/s, — m/s 15 28— km/h 
18 Ht 
Review exercise 
1a 1.607 b 160.7 e 19.7 d 0.197 
e 2300 f 2.3 g 550 h 0.55 
i 150000 j 1500 k 830 1 0.0083 
2 a 3000000 b 3000 c 0.0048 
d 4800 e 1.029 f 0.001 029 
g 329000 h 329000000 i 4000 
j 2300 k 2.95 1 250000000000 
3. 46cm 4 5.35kg 5 120.05 m 
6 $2.70 7 1190 g, 210g 
8 a perimeter: 42 m; area: 68 m? 
b perimeter: 64 km; area: 72 km? 
9 a 5:53:59 p.m. b 3:06:59 a.m. 
¢ 4:50:02 a.m. d 9:23:59 p.m. 
e 7:08:59 p.m. 
10 1Lkg50g 
11 from smallest to largest: 
ABC = ACD = ADE, ABD = ACE, ABE 
12 30cm? 13 1000 m’,375 14 (0.0065m 
15 240m 16 72 m/s 17 7+km/h 
18 a 18m? b 40 m? 
19 49.2 cm 20 74 km/h 21 26 ; km, 5 km/h 
22 1.609344km 23 32 cm? 
24 89 hours, 25 minutes and 59 seconds 
25 12 
26 a 6cm? b ee cm 
27 a 312 cm? b 60 cm ce 350 cm? 


Challenge exercise 


1 yes, since 6 x 107 > 5.256 x 107 
4 area = 120m”, perimeter = 62 m, area of path = 66m? 


5 Wednesday 6 65 cards 7 5 people 


8 8 times (0:00, 1:11, 2:22, 3:33, 4:44, 5:55, 11:11, 22:22) 
9 3.5kg 


10 240 plants 11 = 2400m 


ICE-EM Mathematics 7 3ed_ ISBN 978-1-108-40124-1 


Tuesday 


34cm, 20 cm, 16cm 


13 4.8km/h 14 52m 


Chapter 10 answers 


10A Review 


15 48 cm? 


smallest possible area is 11 cm/, largest is 36 cm? (a square) 
A square has the smallest perimeter (32 m). 


A square has the largest area (729 m7). 


Chapter 1: Whole numbers 


1 a95 
d 100 
2 a 841 
d 943 
3 a 554 
d 38 
g 703 
4 $680 5 


b 50 
e 154 


b 779 


e 30130 


b 155 
e 25 
h 13 


229 metres 


3 


1 


e 120 
f 180 


c 7746 
f 2490 


e 102 
f 8567 
i 1894 


6 1500km 


7 — Jacqui is 31 cm taller than David and 36 cm taller 


than Adrian. 


8 a= b > 

9 a 2700 b 430 
e 966 f 1716 

10 a 216 b 696 
e 8280 f 67458 
i 9729 j 25296 
m 358050 n 112308 

11 544 12 722 

15 a 222 b 211 
d 71 e 31 
g 66 h 22 
j 302 k 361 
m 108 n 105 


p 1789 remainder 3 


r 7914 remainder 3 


16 a 22 
b 24 


e 23 
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13 


c = d < 
ce 8200 d 750 
e 301 d 1188 
g 6993 h 77208 
k 3172343 1 1319396 
0 35819232 
13717 14 1377 

ec 323 

f 81 

i 63 

1 759 

0 308 


q 6938 remainder | 


573 


Se 
Sa 


Chapter 2: Factors, multiples, primes and Chapter 3: An introduction to algebra 
divisibility 
1 a 6z b xy cx-8 d 5m+3 
1 a 1,3, 13,39 a os 3 6x 
b 1, 2, 3, 4, 6, 8, 12, 16, 24, 48 
c 1, 2, 3, 4, 6, 8, 9, 12, 16, 18, 24, 36, 48,72, 144 4 a 24° b 35x? ¢ 3m?n? 
d 1, 2, 3, 4,5, 6, 7, 10, 12, 14, 15, 20, 21, 28, 30, 35, 42, ; 3 
60, 70, 84, 105, 140, 210, 420 ae es ge a= 
y 2p x 3y 
e 1, 2, 3, 4, 6, 8, 12, 24, 53, 106, 159, 212, 318, 424, 
2 
636, 1272 6 av b 5ab er a2 e@ 
f 1,2, 5, 10, 25, 50, 125, 250, 625, 1250 7 q 
2 24,144,232 3 76,95, 152 4 2,3, 6, 62, 93 7 al4 b 0 ¢ 53 d 10 e 14 
5 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101, 103, 107, 8 $500 
109, 113, 127, 131, 137, 139 
9 a 9x b 4a c 6xy d 12xy 


6 a5+43=48, 74+ 41 =48, 114+ 37=48, 17+ 31=48, 
19 + 29 = 48 10 a 6x—2 b 5@- 3) 


b 5 + 83 = 88, 17 + 71 = 88, 29 + 59 = 88, 41 + 47 = 88 
ec 5+ 103 = 108, 7 + 101 = 108 

d 5+ 109= 114, 7+ 107 = 114, 11 + 103 = 114 12 a 9x? b 42? ¢ 225x? d 49c? 
e 5+ 199 = 204, 7 + 197 = 204, 13 + 191 = 204 
f 7+ 233 = 240, 11 + 229 = 240, 13 + 227 = 240 


11 a 3a b (a)? 


13. a+5anda+10 


7 a dlad, A= 16, 4 =64, 44= 256, 4 = 1024 Chapter 4: Fractions — part 1 


b 10! = 10, 10? = 100, 10° = 1000, 10* = 10000, 


4 3 3 4 19 
10° = 100000, 10° = 1000000, 107 = 10000000, 2 4 13 2 8 
107 = 10000000, 108 = 100000000, 10° = 1000000000 fis ave es ER eS I Ey 
) 1 2 3 
8 a2x3 b 2x3 ¢2x3x5? d2x3+ 2 1 2 8 41 u 23 
6 3 9 9 6 6 
e 2? x 34 f£ 2x? Viiv Wiwe ppp Vi piri Vv i 
0) 1 2 3 
9 a 25 b 81 ¢ 121 d 784 
e 2500 f 10000 ar ae bi got a‘ ge 
11 3 8 7 23 
10 a6 b 20 c 14 d 21 
4 ‘Various answers are possible. 
e 27 f 1000 
5 a 30 b5 e 50 d 96 
11 a 29=274+ 374+ 42 b 105 = 12+ 2? + 102 
e 20 i 
¢ 70=1°+274+4+7 d 299 =17+37+17 
12 Some possible answers are 2, 3, 8, 14. 63a I b I c 2 d — 
3 3 23 17 
13. a4 b 3 ce 2 d 5 
33 3 1 1 
e4 ° 40 7 Bs ‘7 
14 a2 4 12 
a 28 b 40 c d 8 i 7 ie k7 1 ie 
e 30 f 72 15 
15 Possible answers: 7T a 2+ b : c 3: d 1+ 
a 400030 b 400030 ¢ 400032 aa 34 
5 32 
d 400030 e 400032 f 400032 
g 400230 h 400035 i 400030 4 53 ¢2 4 42 3 5 Lee 
8 a 4,425.6: b 32,4:,5,52 e=,1,131; 
16 Some possible answers are 
574 = 14 x 41, 1300 = 25 x 52, 1729 = 19 x 91. Bo gel? b 24 eit a’ 
22 
Aol 5 40 
9 19 


574 
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10 a-f Various answers are possible. 


(ia e Pee) 
10643 2 848 4 8 
(14325 gti i529" at Te 
3°96 36 18° 16 18° 19° 17 
33457 3s aks: ol Ao 
eer Peoria eee Po Bey Pa 2, 2 = 
845 6 8 Bete 10r ate <6 
ae b2 ee d2 
7 8 5 
3 11 
elt i 2 h — 
: § Pog 12 
2 Jsayt 2 13 
i 1: jl k 12 bis 
13 es bee ae ne 
3 7 6 8 
oy re Pe nl 
3 8 4 15 
i 2 ju w 3 ) 3 
35 21 20 18 
14 Various answers are possible. 
1 
15 3 {; baskets 
Chapter 5: Fractions — part 2 
1 12 chocolates 
2 Pee pe oe a2 
2 10 2 4 
et 15 ma n 15 
36 16 15 64 
, 4 1 5 
ig jit k 52 1 18 
3 a2 b 3 ese d=. 
15 35 20 
2 
4 al b 16 c 2 d— 
9 
e 15 t 3 ral hl 
5 4 
1 eel 1 8 
oo gt k = ys 
34 ae 2 9 
4 20 
m= n2 0 - p — 
5 49 
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5 ali bit ct di 
6 asi be eit 
7 1788L 8  72km 9 ; 


10 210 seconds 


Chapter 6: An introduction to geometry 


1 ai 70° ii 45° iii 8° 
iv 72° v 14° 
bi 40° ii 48° iii 95° 
iv 112° v 14° 
2 a 90° b 90° ce 120° d 90° 
e 120° f 90° g 30° h 150° 
3 ai 50° ii 166° 
bi 310° ii 194° 
4 a 
b 


5 a 8 =60° (corresponding angles, ABIICD) 
b 0 = 60° (co-interior angles, DGIIEF) 
ce a = 38° (alternate angles, RSIITU) 
d B = 72° (alternate angles, BDIICA) 
e y= 130° (co-interior angles, BYIIAX) 
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a ZOAB = ZACD (corresponding angles are equal), 8 = 38° 
b ZVAB = ZVDC (alternate angles are equal), y = 30° 
c ZVAB = ZVDC (alternate angles are equal), 8 = 30° 


d ZBAC = ZDCA (co-interior angles are 
a = 105° 


supplementary), 


Chapter 7: Algebra with fractions 


1 ax~+6 b e~-5 
5 3 8 
x+4 x—-12 £2 -4) 
11 12 10 
By h~412 i 9% -5) 
8 8 8 
2 al0 b7 c 7; 
4+ e 30 f 16 
g h 48 i3 
3 a (n+70)L ay 
150 
epee agen: «2s ipsa 
12 5 15 
a ge bit © 9 a 
5 4 5 
e 14 f 41 g 12 h4 
6° 7x b Ix ex 
2 3 5 
a> e 13(2 + 11) 
4 7 
7 a 235 b 15 c 162 
: ¥ nD 
8 a =m bi 3m ii 6m a 
Chapter 8: Decimals 
1 a6 b 600 c 0.6 
d 0.0006 e 0.6 f 0.006 
= 0.06 h 0.0006 
2 a 08 b 0.96 ¢ 3.5 
d 2.1 e 9.8 f 10.45 
g 1.03 h 4.92 i 0.39 
3 a 3.009, 3.059, 3.061, 3.1, 3.45 
b 4.0002, 4.203, 4.222 22, 4.3, 4.32 
4 a = b L c _ 
10 4 5 
87 216 1 
diz e 426 f25 


576 
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1 153 
B75 h 10> 
7 9029 
J 4 000 k 9 10000 
5 a0.75 b 0.5 
d 0.45 e 0.06 
2 04 h 3.2 
j 0.6 k 1.6 
6 a 8.788 b 5.842 
d 342 e 35.668 
g 520.5 h 411.3518 
j 13.299173 k 156.558 
ae b 0.4 
8 
d 2.75 e 35 
8 a 0.16 b 0.285714 
d 0.83 e 0.857 142 


Chapter 9: Measurement 


0.1 
0.234 

14 

0.714 285 


86.0872 
156.9 


i 91.83 


7239.785 


0.27 


1 a 120mm b 250 mL ec 4mL d -3°C 
2 al2 b 14.3, 0.143 230, 2300 
d 800 e4 3000 
g 324000, 0.324 h 25000 i 2.305 

j 3200 k 40 
3 3.035 kg or 3035 g 4 6607 ¢ 
5 $7.11 6 = 17.5 days 8 apples 
8 20cm, 15cm? 
9 a 260cm, 2016 cm? b 26m, 40 m 


c 232 mm, 2788 mm? 


10 a 36 hours 25 minutes 


ce 51 minutes 35 seconds 


11a 5:54:30 p.m. 
b 6:57 a.m. Saturday 
c 2:46 p.m. 


10B Problem-solving 
Evens and odds 


sometimes true and sometimes false 


always true 


1 

2 

3 always false 
4 sometimes true and sometimes false 
5 


sometimes true and sometimes false 


d 10x + 6y, 15xy 


b 6 hours 43 minutes 
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The Collatz conjecture 


Number 


Steps 


Largest 


Number 


Steps 


Largest 


Number 


Steps 


Largest 


Totient numbers 


—_ 
N 
[— 
Lt 
9 
1) 
Lan 
LD 
os 
° 
a. 
Q 
5 
> 
5 
c 
3 
om 
Q 
tad 
° 
=, 
an 


~ 


> 


foe) 
— ole ~ 
N wolw x 
col 


9:-, =, a = i. 5. totient number of 6 
999999 
10: ua Es is totient number of 4 


= 
ae =) 
= 
No 
— 
wo 
ja 


a1, 2, ae el 02 ah Sk Se 
11 11 11 11 11 11 11 11 «11 «211 
number of 10 
1 5 7 11 


:—, — —, — totient number of 4 
12 12 12 12 


; totient 


2 15: Z ze cc 7 Bis is 13 1S sonent imiber ots 
15 15 15 15 15 15 15 15 

418: Zs 3 ae 1S 17 

18 18 18 18 18 18 

0: = : : > 2 a - tk 2, totient number of 8 
20 20 20 20 20 20 20 20 

4: es 2 ; J ; ph, -. uo 2 de fouenCnbor Ors 
24 24 24 24 24 24 24 24 


; totient number of 6 


yoo, LS. 7 11 13° 17-19 23 25 29 31 35:37 
"72° 72’ 72’ 72° 72° 72°72’ 72’ 72° 72 72° 72’ 72 
41 43 47 49 53 55 59 61 65 67 71. 
72° 72° 72 72° 72° 72’ 72’ 72’: 72’: 72’: 72’ 
number of 24 
45 te ASE By AO V9 le 1718 
“81’ 81’ 81’ 81 81 81’ 81 81 81’ 81 81 81 81 
20 22 23 25 26 28 29 31 32 34 35 37 38 40 
81 81 81 81’ 81° 81’ 81 81 81’ 81 81 81 81 81° 
41 43 44 46 47 49 50 52 53 55 56 58 59 61 
81 81 81 81’ 81 81 81 81 81’ 81° 81 81 81 81 
62 64 65 67 68 70 71 73 74 76 77 79 80. 
81 81’ 81 81’ 81°81 81 81 81 81 81 81 81 
totient number of 54 


totient 
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gets B52 9 dd 13 AS 17 19.23.25, 27 29 
“98° 98° 98° 98’ 98° 98’ 98° 98’ 98° 98’ 98° 98’ 98° 
31 33 37 39 41 43 45 47 51 53 55 57 59 61 
98° 98’ 98’ 98° 98° 98’ 98’ 98’ 98” 98’ 98’ 98’ 98° 98 
65 67 69 71 73 75 79 81 83 85 87 89 93 
98° 98’ 98’ 98" 98’ 98’ 98’ 98’ 98” 98’ 98’ 98’ 98° 
—, —; totient number of 42 
98’ 98 
1 3 7 ~«9 1 13°17 19 21 23 
"100° 100’ 100’ 100° 100’ 100’ 100’ 100° 100’ 100” 
27 29 31 33 37 39 41 43 47 #49 51 


100° 100’ 100’ 100’ 100° 100° 100’ 100’ 100’ 100’ 100 
53 57 59 61 63 67 69 71 73 77 79 


100° 100° 100’ 100’ 100° 100’ 100’ 100’ 100° 100° 100 
81 83 87 89 91 93 97 99 


100’ 100° 100° 100’ 100° 100° 100’ 100 
of 40 


;totient number 


Last digits of powers 
Square numbers 


Square numbers never end in 2, 3, 7 or 8. 

The possible pairs of digits that odd squares may end with are: 

° O1, 21, 41, 61 and 81 if the end digit of the number is | or 9 
° 09, 29, 49, 69, and 89 if the end digit of the number is 3 or 7 
e 25 if the end digit is 5. 


In a square number, the last digit can only be 0, 1, 4, 5, 6 or 9. 
The second-last digit of an odd square is always even. 


Cube numbers 


For cube numbers the complete table is: 


If a number ends in | 0 | 1 


Its cube will end in | 0 | 1 


Fifth powers 


The fifth power of a number always ends in the same final digit 
as the original number. 


Obstinate numbers 
a 45 =434+2=414+4=374+8=29+ 16= 134 32... five 


pairs. 

b 29=13+ 16... only one pair as 27, 25 and 21 are all 
composite. 

ce 59=43+ 16... only one pair as 57, 55, 51 and 27 are all 
composite. 


d 95=79+ 16=31+ 64... two pairs as 93, 91, 87 and 63 
are all composite. 


The two smallest obstinate numbers are 127 (125 = 5 x 25, 

123 =3 x 41,119=7%x 17, 111 =3 x 37,95 =5 x 19, 

63 =7 x9... all residuals are composite) and 149 (147 = 3 x 49, 
145 =5 x 29, 141 =3 x 47, 133 =7 x 19, 117 =9 x 13, 
85=5 x 17,21=3 x7... all residuals are composite). 


Areas 


1a area of BWA = 3 cm”, area of CWX = 0.75 cm? 
b area of BAC = 4.5 cm, area of BWC = 1.5 cm? 
¢ 3.75 cm? 

2 a 144cm? 
b area of PAX = 64 cm’, area of PBX = 32 cm? 
ec QB=3cm 
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The grid method of multiplying decimals 


A 

x 

B 

P Q 

pret s AB 
2 


-12 -11 -10 


6 -35, -30, —25 


ellittdititti tii 


7 a-5 
1 0.217728 2 37.9974 3 39.8978 eg 
10C Number bases 8 a2 
d -10 
1 a 202, b 320, c 1032, 
d 1210, e 2002, 9 a3<5 
c -7<-4 
2 a 24, b 42, c 106, 
d 144, e 1000, f 1130, IQ Ea 
3 a 279,, b 59, c 19, d 289,, Exercise 11B 
10D Binary numbers Bae 
e4 
1 a 101, b 1010, © 1100, a, 
d 10000, e 101101, 
2 a-il 
2: a 8 Tio etl. did - ey e -23 
3 a 1000, b 10100, —¢ 1101, d 10100, oan 
4 a 11000, b 1111, ¢ 100, ae 
d 10, e 100100, am 
i -45 
5 a 10101, b 11110, e 11110, 
4 a-34 
6 101011, 7 i 1 
Chapter 11 answers 5 a $1600 
Exercise 11A . Bree 
i Ei eB ee org ALAS St 3d ee ak 
c -9, -8. -7. -6, 5 e1+2-3+4 
d -131, -130, -129, -128, -127, -126, -125, -124 
Exercise 11C 
2 a -1000, -100, -10, -6, 0, 5, 10, 100 
b 55, 45, 26, -26, -30, -31, -45, -550 ne oe 
e4 
4 va n rn n l 4 l fe ane i7 
8 7 6 5 4 3 2 “A 0) 
b 2 all 
< 4 | 4 | 4 > e 4 
8 7 6 5 4 3 2 “A 0 
i -15 
c 
4 4 4 4 4 4 
= -8 7 -6 5 -4 3 -2 +1 () ‘i 3° a —36 
d e2 
< L 4 4 4 4 | > i 16 
-3 -2 -1 0 1 2 3 
4 a 43 
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b 4 
f 8 


b7 
e -30 


b —30°C 


a 
= 


b -14 
e —20 


b $1214 


b -9°C 


=) 
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-50 —45 —40 -35 


b 
d 


Cc 


a oO 


30 = -25 

10 d 12 
4 h 3 

ce 20 

f 40 
3>-5 
2 <—-(-3) 
-18°C d -—40°C 
5 d 3 

h 5 
1 11 

-15 d -21 
-8 h -5 
-19 1 -13 
-29 d -21 
—28 h 15 
-60 1 -6 

c 0 

c $240 
3-10+9+4+5 
5 d -15 
-8 h -15 
—50 1 -10 
5 d 15 
-4 h 15 
5 1 70 
14 d -1 
—27 h 71 
200 1 1550 
13 


Cambridge University Press 


e 22 f —23 g 42 h -17 
. 5 1 a-5 b -13 ce -5 d -7 
i -19 j 41 k 116 1 -25 
e —40 f -5 g -18 h -9 
6 17°Crise 7 10°C rise i -3 j —456 k 17 1 6 
8 m2 n-ll1 o 16 p 24 
Temperature at| Temperature at Rise in 
5 a.m. (°C) 2 p.m. (°C) | temperature (°C) q3 r 50 s -27 20 
= 10 5 15 2 a-5 b 5 c -3 d -2 
45 20 el f -1 g 50 h -2 
i -5 j -4 k 3 1 -1 
3 a4 b -4 e -5 d 14 
e -33 f -120 g -15 h -73 
i -8 j -29 k -14 1 10 
m-—24 n -64 o 14 p 18 
4 a-5 b -5 ce 104 
: d 169 e —400 f 0 
9 6 minutes 10 -14°C g 12 h —450 ill 
11 
Temperature | Temperature Inside — 
5 -1 —204 -12 
inside (°C) outside (°C) | outside (°C) vee es 
d 40 10 f 50 
20 25 E 
13 18 6 a 8&+4~x(-2)x3=-12 
24 b 3x4~x (-5) + 6=-10 
Exercise 11F 
1 a-tl b 26 c -9 
d 22 e -16 149 
A negative number means it is warmer outside than g 42 h —120 i 65 
inside. 
2 a 56 b 48 c -78 d 30 
12 Jane will have $70 left. 13) -50 e 45 f -18 34 h -110 
Exercise 11D 3 al4 b 27 c 0 d -48 
e -18 f 93 g 126 h -140 
1 a-5 b -6 c 6 d -16 i 49 j 532 k -350 
e 0 f g -18 h -24 
i —56 j 0 k 10 1 —24 4 a 64 b -121 e 32 d -81 
e —900 f 144 g -125 h 16 
2 a-l0 b -12 ce -5 d —44 i 32 ae en 11 
e -192 f -10 g -12 h -50 
i —44 j —48 k 120 1 -48 5 a 128 b -—96 ce —256 d 20 
m 126 n 169 o -152 p —60 e 48 f -2 g —108 h -7 
q 153 r 102 s —280 t 180 dee b 10 © -25 d 60 
3 a 36 b -168 c 2400 e —40 f -189 g9 h -170 
d 6300 e 2700 f -204 
7 a-tl b -24 ce 10 d -12 
g -12 h 18 i -6 
8 a 80 b —100000 ce —1900 d 2000 
4 a-l15 b -13 c -6 d -7 
e -6 f -5 g 12 h 8 9 a-8 b -2 c -8 d -1 
i 0 j 12 k -27 1 -16 e 23 f -29 g7 h 15 
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12 a $340 


13 


a $15000 


a $140 loss 


$3200, —$200, a loss of $200 


b 


b $430 


b $220 profit 


Review exercise 


1 a 23 
e -16 
i 70 
m—25 
q -190 
u —547 
2 -10 
3) a 25°C 
4 a 25°C 
5 a —250 
e —48 
i -440 
6 a —-25 
e 4 
i 23 
7 ad 
60 
16 
8 -56 
9 -6 
10 a 64 
e —26 
11 a 55 
e -37 


b -14 c 
f -68 g 
j -80 k 
n -135 (1) 
r -65 s 
b —25°C 
b —25°C 
b -396 c 
f 1150 g 
j —2400 k 
b -4 c 
f 5 g 
j -6 k 

b -63 

e -168 

h 49 
b -64 c 
f —1000 g 
b -93 c 
f 30 g 
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—$5000 

c $20 loss 

c $40 profit 
15 d -95 
—180 h —60 
32 1 —50 
= p -85 
70 t -—82 
—1750 d 2040 
3200 h 500 
100 1 100 
-7 d 17 
8 h 150 
14 1 -25 

ec -60 

f -16 

i -90 
-12 d —22 

1 

-l 5 h 8 
-13 d -64 
-119 h 51 
-l 
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—2 


-10 


4 a4+(-7)-(-2) 
© -7 + (-2)- 
5 a5+(-4)-(-5) 
© 5+ (-5) - (-4) 


4 


Exercise 12A 


1 a-4 
e -l 
i5 

2 a-S7 
e 66 

3 a-l 
e -72 

4 a-6 

-10 
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2 5 (0) 
-3 1 1 
—2 3 -4 

9 ai -6 

10 100 

12 a -10 


b 2 
f -8 
j 7 
b 36 
f 125 


b —28 
f 6 


b 14 
e —20 


b 4+ (-2)-(-7) 


a (5+ (-3))x G+4)=14 
b5+(-3)x3+4x2=4 
e (5-5)x6+7x6-5=37 


Chapter 12 answers 


b -5 + (-4) -5 

ii -6 b -50 

11 -6 

b -52 
c 0 d -5 
g8 h4 
k 1 1 12 
ce -64 d 35 
g 15 h -17 
e 20 d 96 
g 288 h -8 
ce 10 
f 100 
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Sgt b 15 ex 
a7 e 27 £27 
= 36 h 216 i -25 
6 a9 b 81 eri 
-216 e 27 f -18 
7 a-30 b 30 ¢ 60 d 200 
e —1000 pe eae h 10000 
5 2 
8 a —400 b —10000 ¢ -10 
d 8000 e -900 f 0 
9 a 40 Role eu 
d 64 e 12 f 48 
10 ai $(1000-x) ii $(1000 — 5x) 
bi $500 ii $0 iti$ — 250 
HW ai (25-x°C ii (25 - 6x)°C 
b —5°C 


Exercise 12B 


1 A(4, 4), BG, -1), C(O, 4), D(S, 0), E(-3, -3), 
F(-5, 5), G(5, —4) 


-5| -4 


-3] -2] -1 


—5| -4 


-3) -2] -1 
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The letter E 


Ned Kelly 
a AG, 2), B(4, 0), C3, -3), DCI, -D, E(-3, 4), 
F(-5, 3), GO, 2) 


b ACL, 2), BG, 3), C3, -1), D2, -1), EO, 0), 
F(-3, 0), G(-2, 3) 


Square, area = 9 cm? 
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7 a,b,c 


b= (0, 0), (3, -1), (4, -2), (4, -4), (2, -4), 1, -3), (0, 0) 
d= (0,0), (-3, -1), (-4, -2), (-4, —4), (-2, -4), 


a = (1, -3), 0, 0) 
rectangle; area = 55 cm? (0, 0), (3, -1), (4, 2), (-4, 4), (2, 4), (FL, 3), (0, 0) 
d yh Exercise 12C 
6 
A B° 1 ay=3x 


The lines meet at right angles. 


parallelogram; area = 12 cm? 
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c 

(-2,|9) (4,9) : 

e e 14 

13 

12 

11 

(+1, (3, 4) 10 

9 

8 

(2, fl) 

(1, 0) 7 

-5| -4| -3| -2 12) 3) 4) 5] y 6 

5 

Exercise 12D 4 

3 

1 ay=1xx+1 bd=3xt+6 

=x+1 =3t+6 2 

j 

ec y=2xXx+2 dd=-3xt+6 e 
=2x+2 =-31+6 ies 

dc=2t+2 


en=3xm+6 
=3m+6 


f y=-2xx-1 
=-2x- 1 


b2 


ICE-EM Mathematics 7 3ed 


ISBN 978-1-108-40124-1 


ANSWERS TO EXERCISES 


© The University of Melbourne / AMSI 2017 


Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


d c=-4n+ 44 d y 
e 6 2 
5 a ae 4 
> 3 
4 
2 
1 
5 4} 5| x 
6 a 2 3 4 5 6 
b 960 | 940 | 920 | 900 880 
b d= 1000 — 20m 
c $800 d 50 months 
7T al 4 5 6 
20 | 25 | 30 
b h=5w 
i 4) 3) x c 60 a9 
8 ay=x+3 b y=-2x ec y=-2x4+1 
d y=x-4 e y=3x f y=-2x-1 
Review exercise 
1 al b -7 e 5 
d 6 e -12 f 6 
c 2 
5 4} 5| x 
5 4) 5) x 
-5 
-4 
3. AG, 4), B(-4, 3), C(-3, -2), D3, -3), EC, D, 
FO, -4), G(-2, 0) 
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5 a 13 b7 


ec 9 d —27 


e -9 f 225 g —225 h 20 


6 ai $(600-x) 
bi $100 


7 ai (20-2x)°C 


b 12°C 

8 D(6,0) 

10 ay=x+2 
d g=2p-1 
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ii $(600 — 5x) 
ii —$400 


ii (20 — 10x)°C 
¢ 0°C d 11 p.m. 


9 D(7,-6) 


b d=2t+8 ec n=4m-4 
e d=-3t+15 f y=-3x-7 
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Challenge exercise 


David 
CDs for 


b (0, 10), (1, 9), (2, 8), (3, 7), (4, 6), (5,5), (6, 4), (7, 3), 
(8, 2), (9, 1), (10, 0) 


CDs for Angela 


4 5 6} 7 


CDs for David 


2 Pairs of CDs for David 
and Andrew 


Single CDs for Angela 


c yh 
10 
*| fale) 
8 
a 2/6) 
cS 6 
<x 
2° REPL) 
3) 4 
: [@/2) 
2 
1 
1.0) > 
of 1] 2} 3) af 5) 6| 7| 8] 9 10] x 
Pairs of CDs for David and Andrew 
d y=10-2x 
3. a C(8,9) 


b Y(5, 5), Z(5, 0) or Y(—5, 5), Z(-S, 0) 
ce C(0, 8), D(-4, 4) or C(8, 0), D(4, — 4) 


4  Ccan be any point with y-coordinate 8 or —8. 
5 C(6, 10), D(6, 4) or C(-6, 10), D(—6, 4) 


6 C(7, 10), D(7, 4) or C(-7, 10), D(-7, 4) 
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it Stacks of mangoes | Stacks of pineapples 
3 0 
2 2: 
1 4 
0 6 


b (0,6), (1, 4), (2, 2), (3, 0) 


c 


Stacks of pineapples 


Stacks of mangoes 
d 2x+y=6 


8 a (0,45), (2, 36), (4, 27), (6, 18), (8, 9), (10, 0) 


c¢ i 2 adults and 36 children 
iv 4 adults and 27 children 


9 aS=a 
1 
bl a - 1 1; 2 25 
1 
s A 1 2+ 4 6; 
Cc 
Chapter 13 answers 
Exercise 13A 
2 aa=80° b B = 140° 
c y= 55° d 6=14 
e a= 73° f B=43° 
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g y= 60° h 8 = 90° 
i a = 60° (alternate angles, RS || PQ), 

B = 70° (alternate angles, PQ || RS), 

y = 50° (straight angle at B) 


a a= 120° b B = 44° ec y=31° 

d @ = 27° e a= 53° f B= 152° 
g y=117° h 0 = 123° 

a No, because two obtuse angles add to greater than 180°. 
b No, because two right angles add to 180°. 

c 2, because of parts a and b. 

d Yes, if the interior angle is obtuse. 

e No, because 2 obtuse interior angles would be required, 


which is impossible. 


a o = 72° (straight angle at NV), 

a+ B = 112° (exterior angle of Jd), B = 40° 
b 6 = 115° (straight angle at 1), 

y = 105° (exterior angle of J) 
c a= 45° (straight angle at M), 

B = 135° (exterior angle of J) 


d y= 110° (straight angles at W and A; exterior angle of JA) 
e 9 = 90° (straight angles at A and B; exterior angle of A) 
f o = 93° (exterior angle of Z\FLS ), 


B = 117° (exterior angle of Z\ALS ) 

g o = 85° (straight angle at L; exterior angle of AGI), 
B = 115° (exterior angle of Z\AGI ) 

h 125° =o + 20° (exterior angle of Z\EGH), a = 105° 
a= 8 + 32° (vertically opposite angles at E; exterior 
angle of L\EFG), B = 73° 


a a= 30° b B = 30° c y= 60° 
d @ =50° e a=40° f B=70° 
g 8 =30° h y= 12° 


a 6 = 35° (alternate angles, HO || ER), 
a = 75° (angle sum of Z\ors ) 


b 115° = 75° + 6 (exterior angles of JD), 6 = 40°, 
B = 40° (alternate angles, UL || RI) 


¢ @=55° (alternate angles, RA || DC), 
B = 25° (alternate angles, CA || DR), 
y = 100° (angle sum of A ADR) 
d o = 50° (alternate angles, PL || YA), 
a + B = 110° (co-interior angles, PY || LA), 
B = 60°, y = 60° (alternate angles, PY || LA) 
€ oO = 32° (alternate angles, PA || TR), 
B = 58° (angle sum of L\TRP), 
y = 100° (angle sum of L\ARP) 
f a= 45°(angle sum of Z\FGH), 
B = 45° (alternate angles, IF || HG), 
Y = 20° (angle sum of Z\FHD 
g 95° =a + 40° (exterior angle of FGW), 
a = 55°, B = 55° (alternate angles, FG || TD, 
y = 40° (alternate angles, FG || T/) 


Cambridge University Press 


h o = 150° (straight angle at A), 


B = 65° (alternate angles, MS || TR), 
a= 68+ (exterior angle of L\aRT), y= 85° 


8 a ZAVB = 25°(angle sum of L\AvB; corresponding 
angles, AB || PQ) 
b ZAVB = 86°(angle sum of L\AVB; corresponding 
angles, VB || PQ) 
ce ZVAP = 90°(angle sum of Z\RAP), 
ZAVB = 63° (angle sum of Z\VAB) 


d ZAPV = 72° (exterior angle of Z\BOP), 
ZAVB = 97° (exterior angle of Z\APV) 

e ZAPV = 102° (co-interior angles, AP || QB), 
ZAVB = 130° (exterior angle of 7\APV) 

f ZVAB = 115° (co-interior angles, AV || PQ), 
ZAVB = 20° (exterior angle of Va ABV) 

g AP || BR (alternate angles at P and Q are equal), 
ZAVB = 70° (alternate angles, AP || BR) 

h PA || QV (co-interior angles are supplementary), 
ZVAP = 45° (co-interior angles, PA || OV), 
45° = 25° + ZAVB (exterior angle of Z\ABV), 
ZAVB = 20° 

i ZBCV = 70° (corresponding angles, AB || VC), 
110° = 40° + ZAVB (co-interior angles, PQ || RS), 
ZAVB = 70° 


Exercise 13B 


1a centre b radius c diameter 
d chord e minor arc f major arc 
2 aO b RT, SU ce RS, ST 


d OR, OU, OT, OS 
e SRT, RUS, UTR, TSU 
f the curves RS, RU, UT, TS 


5 e ZA =31.6°, ZB = 38.9°, ZC = 109.5° 
6 b BC=9.2cm 
7b Angle sum of a triangle is 180°. 

e AC =4.3 cm, BC =5.5cm 
Exercise 13C 


1 aP b PQ and PR, 3 cm 


c OR d ZPOR = ZPRO = 67° 


e Base angles are equal. 


2 a Yes, base angles are equal. 
b Yes, ZB = ZC. 
c No, all angles are different. 
d No, all angles are different. 
e Yes ZB = ZA. 
f No, all angles are different. 


3. a ZABC=70° b ZOPQ = 62° 
4 aa=43° ba=45°,x=5 
c a= 75°, B = 90° d B=45°, y=6 
e a=30°,x=5 f a=y=60, B = 120°, x=6 
g a= 90°, B = 60° ha=45°,x=4 
i a=60°,x=5 
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5 


a a=75° b B = 36° 
¢ a= 110° d B=31° 
e a= 46°, B = 67° f «=90° 


Exercise 13D 


1-3 Refer to teacher 


4 


a Construct an equilateral triangle on AB and then bisect 
angle at A twice. 


b Construct a right angle at A and bisect angle twice. 
¢ Construct 30° as in part a and take the supplement. 


d Construct 45° as in part b and construct the 
supplement. 


5-9 Refer to teacher 


Exercise 13E 


1 


a a= 85° b a= 60° ce a=114° 
d a=65° e a@=70° f a=99° 
a 60° b 90° ce 85° 

d 135° e 330° f 110° 

a a= 90°, B = 115° b a= 112.5° 

c a=y= 118°, B = 62° d a=90° 


a a= 160° 
b «= 50°, B = 130°, y= 120°, 8 = 40° 
c a= 110°, B=y= 35° d a = 52°, B = 48° 


e a= 101° f B=465° 

a a= 13° b a= 135° 

c B=62° d a= 72° 

e a= 40° f a=78°, B = 143° 


a 90°, 45° and 45° b 135°, 22.5° and 22.5° 


Review exercise 


1 
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a a = 30° (vertically opposite angles at A), 
B = 90° (alternate angles, CB || OP), 
y = 60° (angle sum of Z\ABO) 
b a= 8 = 65° (co-interior angles, AB || DC and AD || BC), 
y = 115° (co-interior angles) 
c B = 90° (co-interior angles, FI || GJ), 
a = 110° (corresponding angles) 


d 0 = 70° (construct MX parallel to KL and ON; alternate 
angles) 


a 0 = 110° (exterior angle of A\RST) 


b a = 40° (angle sum of Av VW, vertically opposite 
angles at W) 


c B = 22.5° (angle sum of Z\BRT) 
d 125° = y+ 90° (exterior angle of L\DEP), y= 35° 


e 0 = 70° (angle sum of ZS ABC; corresponding angles, 
BC || PQ) 


f 50 = 140° (exterior angle of L\JKM), 6 = 28° 


ANSWERS TO EXERCISES 


ZXAB = B and ZYAC = y (alternate angles, XY || BC), 
soa +B + y= 180° (straight angle at A). 


a a = 25°, B = 130° (base angles of isosceles triangle are 
equal) 


b y= 78° (base angles of isosceles triangle are equal) 
c 8 = 35° (base angles of isosceles triangle are equal) 


d a= = 20° (base angles of isosceles triangle are equal; 
alternate angles, PQ || RS) 


oO 


8 = 100° (angle sum in quadrilateral) 


= 


8 = 65° (angle sum in quadrilateral; vertically opposite 
angles at A, B, C and D) 
a 10cm (equal angles) b 8cm(ZS= ZR) 


5cm(ZM = 40° due to alternate angles, PQ || GF, 
so ZP = 70° = ZF) 


oO 


a AB || DC (co-interior angles are supplementary) 
b MN ||| PQ (alternate angles ZN and ZP are equal) 


c¢ PQ|| AC, AP || BO (alternate angles ZAPB and 
ZPBQ are equal), BP || CQ (alternate angles ZPBQ and 
ZBQC are equal) 
a Construct an equilateral triangle. 
b Bisect the 60° angle. c Bisect the 30° angle. 
d Construct a right angle. e Bisect the 90° angle. 


f Bisect the 45° angle. 


12 a 0 = 32°, B = 68° b 0 = 108° 
c a= 94° d a= 90° 
e B=65°,0=45°,y=110° ff a =79° 
g a= 90° h o = 64° 


Challenge exercise 


1 


a B=a+ ZDCB,soB> «a. 
b ZACD = o (base angles of AABC are equal) 


c Itis impossible that B > o and B < o at the same time, so 
AB and AC must have equal lengths. 


b Draw in radius OA, and construct two 30° angles starting 
from A on either side of OA, cutting the circle at B and C. 


c ZPOB=2ZAPO and ZPOA = 2ZBPO (exterior angles 
of ABOP and AAOP), so 
ZAPB = ZAPO + ZBPO = 3 (ZPOA + ZPOB) 


= 5 x ZAOB = 90° 


d Proof follows from the result in question 3. 
b Draw in two perpendicular diameters, AOB and COD. 


b Construct right angles at A and B, and their bisectors. Let 
the bisectors meet at C. 


c Let the base angles of the four isosceles triangles 
be a, B, y and 0. Then the angle sum of ABCD is 
2(a+B+y+ 8) = 360°, som+B+y+ 8 = 180°. 
Observing that ZA + ZC=a+B+y+0=2ZB+ZD 
completes the proof. 
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a 


d Follow the same procedure as in part ¢, except now let 
the flattest triangle have base angle 0. Then the angle 
sum of ABCD is 2(a+ B+ y—- 9) = 360°, 
soa+B+y-— 0 = 180°. In this case, 
ZA+ZC=a+B+y- 98 = ZB+ ZD, and the result 
is proved. 


9 Each reflex angle is more than 180°. If there is more 
than one such angle, then the angle sum would exceed 
2 X 180° = 360°, which is impossible. 


Chapter 14 answers 


Exercise 14A 


i. oo Re bee oe 
5 42 5 442 
a ae. 22 ad -2,-11) mS -| 
125 31 1B 3 
2 43-34 -3} -14 13 
ror titi tyre digg tipi tigi tiritiritiyit iy 
6 Bae SB 0 1 2 
1 1 1 3 
3 as b 2- cS d= 
2 2) 7 
1 1 1 2 
e-- f -2- -= h= 
2 7 e 3 5 
4 a pt Gai d — 
4 10 12 21 
3 5 1 1 
“5 f-=1 gis h-lz 
ae oe at pall 
10 12 15 15 
& oh guild el _10 
4 10 12 21 
rs all gcd pom 
10 15 20 40 
13 4 11 
i-14 j -—— k — eres 
10 J 30 15 15 
1 1 1 
6 a2; b 2 ce -l d -— 
3 
est 2 os ee 
15 2 5 
1 3 5 1 
i 25 j =35 k-25 1 =2 5 
19 19 19 31 
3 5 10 
os f 55 £55 h -6> 
7 14 13 13 
i 55 j 355 k-5 5 1 0 
ge grail Ie Le 
12 12 12 
See. > pf —t 
12 12 12 
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Exercise 14B 


1 ere 
10 
2 
@-—= 
7 
sD 
os 
21 
2 a-l12 
a3 
7 
3 a-4 
1 
e 4; 
i -61 
31 
4 a4z 
8 
dls 
5 a-9 
2 
d1x 
6 cee 
9 
e -33 


Exercise 14C 


1 a 26 
e 3.5 


2 a-0.7 
e -5.8 


e -0.3 


5 a -0.027 
d 0.009 

6 a-5.09 
d -7.76 
g —26.26 


7 a 0.021 
d —0.026 25 


8 a-14 
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aes oa 
35 20 
Zi a2 
6 55 
Pi k > 
45 10 
2 
b lee 
e 10 
-3 c9 
1 ze 
3 8 
1 1 
65 = k - 17; 
14 
b -25 
5 
e —5 4 
10 
b Le 
4 
e a5 
1 4 
Pace co 
27 9 
28) gd 
343 12 
b 5.25 e 12 
0.7 g —2.5 
b -8.2 ce 6.12 
-10.3 g 4.93 
b 0.28 e 0.24 
0.002 g 0.024 
b 41 ce 41 
2.1 g 1.1 
b —0.064 
e —0.008 01 
b -30.4 
e —3.03 
h -6.09 
b 0.0075 
e 0.3125 
b 0.3 
e -1.1 
h 0.054 
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aie 


d -1.2 
h -1.55 


d —0.4 
h 9.47 


d 0.182 
h 0.63 


d —25 
h 310 


—0.091 
—0.0064 


—16.35 
—14.67 


i 4.5 


0.21 
—0.005 75 


—0.4 
-0.1 


i 0.033 


Exercise 14D 


1 a-l b uN 
2 
e2 f zs 
8 
i 35 j 4 
2 1 
2 a-35 b -45 
oe tl 
6 8 
3 a 3.5 b 4.5 
d -19.5 e — 0.05 
4 a4 bs 
4 
d -28 e —— 
5 
3 1 
_ 243 aa 
1024 16 
1 1 
gl, h 6, 
6 a-l b —5.1 
d 4.5 e 0.5 
1 2 
if a le b 55 
1 
d 61 e -8 
9 
331 h-= 
eae 32 
8 alll b 8.9 
~1.21 f 19.36 
9 a 4.55 b 3.75 
d -0.24 e 0.015 
10 a 0.159 b -0.161 
d 2.8 e 7000 
Review exercise 
3 13 3 
1 a -3,-13,-13, : 2, 23 
2 als ee 
2 
d as e i 
35 8 
17 29 
B35, h me 
3- a1? pes 
3 25 
a -17! mes 
: 2 215 
1 
g 5 h-l, 
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e —1.331 
g -6.05 


d —1.61051 
h 12.2 


—3.45 
-1L5 


0.007 
—20.14 
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4 a -1.75 b -16.42 ¢ -26.6 d -1.2 3 a 0.07 b 0.25 ¢ 0.75 
e -6.44 f =1727 g -174 h -7 d 0.35 e 0.9 f 1.27 
5 a 0.49 b 0.035 c 0.5 j 0.125 k 0.062 1 0.375 
d 0.5 4.74 f 5.5 
i 4 a 27% b 97% © 13% d 229% 
6 a-l2 bil: c dl: e 70% f 90% 2 0.7% h 52.7% 
x ‘78 pages aieae 5 a 60% b 85% © 44% d 46% 
e 76% £ 95% g 106% h 208% 
8) sa0.t b -1.5 ¢ 0.2 d 46 i 435% j 75% k 17.5% 1 42.5% 
e 0.0125 f 0.35 g 0.2 h 3.9 
6 a 35% b 27% © 73% d 130% 
Challenge exercise e 560% f 129% g 12.5% h 37.5% 
1 ae boa ce nee 
4c) 352 2 40 200 16 8 
3 
2 |-12)-55 : 5 |0.25|0.75) 0. 0.457 | 0.23 
2 1 457 | 23 
—4 % "3 1000 | 100 
25%|75% |40%|100 %/45.7 %| 23% |40.3%| 62.5% 
2 ~ For example,— =, -= 
9 a 162% b 125% 
3 a -3.63, - 3.63, -37, - 3.6 © 371% d 284% 
b -1.435, - 1.435, - 1.435, - 12 e 831% f 222% 
2 5 1 
4 542 g 455% h 585% 
5 There are 16 solutions. Find them. i 71 >% j 91 5% 
Exercise 15B 
1 a 80% b 62.5% 28% 
d 85% e 30% 37.5% 
g 125% h 93.75% i 200% 
j 87.5% k 20% 312.5% 
2 a 60% b 75% 8.5% 
d 24% e 46% f 15% 
g 24% h 45% i 62.5% 
oo clee j 0.4% k 23.5% 51% 
30° 3 
3 a 72% b 80% 12% 
Chapter 15 answers eer? eeeroe 
Exercise 15A Exercise 15C 
1 a 100% b 66% c 40% i. $053 
d 50% e 37.5% 
a 2 4 2 1 
: 2 2 3 3 a 20 b 40 c 200 d 150 
9 55 20 ae 5 e 15 f 15 g 150 h 750 
i 45 j 200 k 236 4 
Es r 4 git his , 
10 5 20 
1 1 1 12 
i25 j 4; kit 142 
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6 


1 


2 


1 


10 


1 


3 


a 184 b 36 c 41 
d 207 e 150 f 102 
1 
$26 5 $60 
a 3.36 hours b 8.4 hours ¢ 35.5% 
2 
Exercise 15D 
a7:ll b 11:7 c 11:18 3 
al:l b 3:7 el:l d 5:3 
al1l:2 b 2:3 e433 d 2:3 
e 4:1 f. 322 g 6:7 h 11:12 ; 
a Z b 2 
B) 5 
13 6 3:4 T. V2 
5 
a 25:26 b 1:25 
a5:6 b1:4 e 1:2 d 5:24 
6 
Exercise 15E 2 
a 20, 25 b 54, 42 10 
e 27,45 d 60, 84 rr 
e 60, 40 f 108,24 
g 96, 160 h 27,72 
12 
230 pansies 3 40 blue marbles 
13 
7 green balls 5 15 girls 
15 
160 cm, 96 cm 7 370cm 
AC =6cmand CB=4cm oy 
length = 20 cm and width = 8 cm 
35 cm 11 368cm 12 135 cm? 1 
; 3 
Exercise 15F 
83 cents per mango 2 = 13 cents, 12 cents : 
a. 
a $2.50 b $2.40 
$1.875, $1.60 
The price per sheet of the first is 1.4 cents and the price per 
sheet of the second is 1.2 cents. The second is better. 
1 
a 23 cents, 27 cents b 45 cents, 53 cents 
Trade 15 blue marbles with Alice to get 25 red marbles. 2 
Exchange 24 red marbles with Carol to get 15 blue 
marbles. We end up with 15 blue marbles and one extra 
red marble. 
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a 0.34 
e 0.09 


a 20% 
e 230% 
i 370% 
m 25% 


a 33 
e 18 
i 29.58 


a 48% 
c 11.839% 


92% 
a 11:8 
1:5 


al:2 
e 8:1 


a 48, 60 
207 carrots 
427 green balls 


75 cents 


$800 


9+mL 8 


Exercise 16A 


a 3x+4=31 


Review exercise 


b 45% 
f 1000% 
j 40% 
n 225% 


b 89 
f 9 
j 236 


7 129 


b 8:11 


b 3:4 
f 5:3 


b 48, 42 
14 


16 


Challenge exercise 


2 
b5 
5 $824.32 
264 9 


Chapter 16 answers 


bx=9 


c 3 d l= 

100 

1 1 

ott hee 
? 40 8 
ce 0.23 d 0.02 
g 2.5 h 3.83 
c 98% d 20% 
g 180% h 80% 
k 3% 1 5% 
0 0.04% 
c 48 d 18 
g 73.2 h 111.15 
k 30 1 1500 
b 52% 
d 8.625% 

8 265% 
e 11:19 

Cvl2e7 d 3:4 
g 8:7 h 7:12 
c 48, 96 d 60, 84 
96 blue marbles 
28 girls 


30 cents and 33 cents 


68% 


e3 


6 625000 


41:99 10 31:74 


c There are 9 pencils in each pencil case. 


ax=7 
d x=5 
gx=4 
j x=9 


bx=15 
ex=21 
hx=7 
k x= 24 
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ex=15 
f x=21 
i x=4; 


1 x= 100 


593 


594 


a 23a+ 17 = 707 


a 10x + 23 = 523 


a 6n=72 


a 6c+7= 127 


a 19-x=12 


x=11 


Exercise 16B 


1 


10 x=5 


ax+5=21,x=16 
c 5x = 37, x =72 


e x-15=37,x 


=52 


az+7=12,z=5 
e z-6=14,z=20 


e 3z=5,z =15 


SS eH AO 


a! 


Exercise 16C 


1 


ax=3 
dx=4 


et 
gxa4; 
a z=24 
d z= 187 
gz7=27 

= ed 
ax=4, 


dx=3 
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bx =22 
ex=4 

hx=8: 
b z=45 
e z=72 
h z=175 
ba=14 
eb=9 


Wl x=24 


1 


0 


x=4 

x=10 
at 

x=25 


45 
x=25 


b 7x =35,x=5 
d ~ = 23, x = 69 
3 


b z+12=19,z=7 
d 9-z=6,z=3 
f 5z=45,z=9 


YEAR 7 


ISBN 978-1-108-40124-1 


gz =25 hk=1" 
j x= 204 k x= 240 
4 a 7x+6=20,x=2 b 
7 -4=23,x= 81 d 
e 7-11 = 20, m= 217 f 


Exercise 16D 


1 ax=-9 b x=-6 
dx=5 ex=0 
gx=-4 hx=0 
jx=-7 k x=-9 

2 ax=-3 bx=-5 
d x=-12 e x=-50 
gx=3 hm=9 
j z= -100 k a=-72 

3 ax=-7 b x=-3 
d x =-1; ex=-2: 
g x= 225 hx=7 
jx=-2 k m=-12 

4 ax=-12 b x=-12 
d x =-224 e x=-35 
g m=-180 h m=-30 


Exercise 16E 


1 a 4x+20 b 3x- 12 
d 15x - 25 e 14a - 28 

g 54x -— 99 h x? - 3x 

j 2e-x k 3x-—x? 
a2 aad 

2 azel; bz=10; 
d z= 33 ez= -42 

7 _,2B 

3 ax=555 bm=1, 
dx=9 ne 
36 

49 a) 
gm=77 ere 


4 a 3(x+ 4) =32,x = 65 
b 5(x- 2) = 42, x = 102 
¢ 2(x- 3) = 15, x = 105 
d 6(¢ +5) =42,z=2 

e 12(n+ 11) = 150,n = 15 
f 6(z- 8) = 100, z = 24> 


5 21 
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~ +11 =20, x =36 
4 
4x + 6 = 30,x=6 


6m — 14=10,m=4 


e x=-17 
f x=5 
i x=-6 
1 m=0 
¢ x=3 
f x= -28 
i m=-1l4 
1 p=-99 
ex=1 
f x=-92 
ix=5 
a 1 
lp=-2, 
e x=-3 
f x=-36 
i m= -192 
ce 12x-24 
f 24+ 18x 
i 2x?4+4x 
1 2x? +x 
© z=72 
f= 22 
nO 
cm=2,, 
25 
fn=25 
8 
i m=— 
55 
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Exercise 16F 


1 a 14x b 16x ce 13x 
d 7x e 16x f 7+9x 
g 10x+2 h 14x + 7y i 7x+2y 
j 8x + 6y 
2 a7x+6 b 24x -6 ec 27x + 22 
d 30 e 46x+ 14 f llx-12 
g 13x-8 h 19x + 34 
3 ax=6 bx=3 ex=52 
dx=2 ex=-4? f x=2 
gx=3 hx=2 
ae yal ae 
4 azel; bz=3, ez=5 dz=1: 
= _ 14 Es 6 
5 am=3 bm=1, ex=-ly 
_ 20 7 _ 15 
dm=;, ex=9 fn=15 
6 5cents 
Exercise 16G 
1 ax=3 bx=3 eae 
4 
dx=5 ex=2 fx=17 
gx=l hx=3 i x=20 
1 
2 am=-5 bz=l1 os 
ereree ee fm=l1- 
13 2 5 
3 ax=162 b x=20 ex=28 
‘) Zs _ 48 
dx=5 ex=5 fFxe=l17 
Exercise 16H 
1 a8 b 34 c 98 d 12 
e 6 f 4: g7 h 11 
2 21cm 3 12cm;36cm 4 = 15and 18 
5 54 and 56 6 5 and 4+ 7 32cm 


8 27x + 21 = 2181, x = 80. There are 80 bananas in each case. 


9 a 4x-3=6x-7,x=2 
b llx-14=9x+6,x=10 
ec 3x-8=12-2x,x=4 


10 x=5 u x= 3 12 x=140 

Review exercise 

1 a 12x+3 = 363 b x=30 

2 ax=12 ba=5: e c= 41; 
d b=9 ex=932 f x=70 
gn=14 h p=3 iys= ; 
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14 


15 


16 


17 


18 


19 


20 


j x= 108 k x =-20 1] x= 160 
mx= 15 nm=14 ox=55 
px=22 


axt+11=23,x=12 
ec ~-3=6,x% = 63 
7 


length is 48 cm, width is 12 cm 


28, 16 
ax=-l6 bx=-5 ex=-4 
dx=3 ex=-l f x=-28 
gx=5} hx=-27 i x=l11 
ax=l1 bx=2 eae 
4 
dx=-l ex=1! fxs 2: 
3 11 
ax=27 bx=32 
1 ged 
e¢x=7, x= 855 
* = 4:%=20 


x + 29 = 65; the man is 36 years old. 
x + 163 = 390; 227 pages 


2x 


a ete 13 6x- 6 = 3x4 = 3 


Let x be Brett’s amount, x +x + 16+x+24= 400, 
3x + 40 = 400; Brett: $120, Jennifer: $136, David: $144 
2x —5 = 55; 30cm 


Suppose Anne runs x km, x — 12 = Le Anne: 24 km, 
Jennifer: 12 km, Carl: 12 km 


6x —- 10 =7x+6,x =-16 
x= 50 


Let Jason receive x dollars; x + 3x + 2x = 450; Jason: $75 
David: $225, Isabel: $150. 


$4 


Challenge exercise 


1 


2 


© The University of Melbourne / AMSI 2017 
Photocopying is restricted under law and this material must not be transferred to another party. 


bx=6: 


a 10xcm : 


a 2(20 — 10(x + 6)) = —80 — 20x 


= 7 = 17 
bx= -3 Fil e x= 43 ot 
5:12 p.m., 192 km from Tantown 
student: 11; sister: 14; father: 36 


4 6 $52 
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Chapter 17 answers 
Review exercise 
Exercise 17A 
Fa ae bi oe at 
1 al b 0 ey e 0 8 7 4 
7 1 5 5 
Exercise 17B 285 MS © 9D a 
1 2 4 7 
1 al, 2,3,4,5,6,7, 8, 9, 10 em) ae “tr an 
b 1, 3,5, 7, 9 7 6 6 
4 a— b — c — d — 
2 a2,4,6 b 1, 3,5 13 13 13 13 
c 3, 6 d 2, 3, 4, 5, 6 eed f2> rece 
13 1 13 
3 al, 2,3,4,5 b 1, 2, 3 
1 1 1 5 ees [ are 7 a : a 
4 a a b 5 c Ss d 6 
6 a a b el c 7 d = 
S aT b> ef 99 1 1 
10 2 5 7 al ee Ce 
3 9 500 10 5 
d — e — 
10 10 
Challenge exercise 
1 3 
6 a 3 b . 
49 
1 oa = b 50 c ; d : 
7 a 2 b 2 c . d 2 
9 9 9 9 
9 1 9 7 
e — f — — h — 
8 al Be oe ae 50 10 8 10 25 
6 6 3 3 
1 1 1 ; B ; 18 
9 a 10 b 2 c 5 50 J 5 
a ee. 
2 a : b ; c 7 
10 a a b ah c ES 
26 13 26 d0 et c=. 
10 
9 Be Pee 50 
26 13 
; 3 a Thomas Leslie Anthony 
11 5 Thomas Leslie Tracie 
Thomas Leslie Kim 
12 a : b ; c ; Thomas Anthony Tracie 
19 Thomas Anthony Kim 
d 0 e — 5 ; 
30 Thomas Tracie Kim 
1 Leslie Anthony Tracie 
5 5 Leslie Anthony Kim 
Leslie Tracey Kim 
ita ib ee Anth Traci Ki 
18 36 18 nthony racie im 
as ex »3 <2 
5 5 
4 7 10 1 
Dee saa er ret a5 ire ae be 5 11 red balls 
3 225 
6 a Be ¢ 2 6 HH =item 1, HT = item 2, TH = item 3, TT = repeat trial 
114 19 228 : 
a JZ e 13 p 17 7 3 
114 114 228 
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Chapter 18 answers 


Exercise 18A 


1a 3 units right and 5 units up 
b 2 units right and 1 unit up 
c 3 units right and 2 units down 
d 3 units right and 2 units down 
e 3 units right 


f 2 units right and 2 units down 


2a , b : 
A’) A 
A 
Al Bs 
B 
¢c d 
A’ 
A 
Cc’ 
: 
B Cc 
3 a They are the same. 


bi 2£X’Z’Y’ ii ZZ’X’Y’ 
c They are the same. 


d They are both 12.5 square units. 


4 a L’ isthe midpoint of B’C’. 
b 2 down, 10 right 


c yes 

di A’C’ ii A’L’ 
ei B’L’ ii C’A’ 
f no 


Exercise 18B 


d 
B' A’ 
A A 
B' A’ 
O 
@ 
B B 
f 
ane 
h 
A B A 
c : ) 
Cc @) 


Was) 


ICE-EM Mathematics 7 3ed_ ISBN 978-1-108-40124-1 


ANSWERS TO EXERCISES 


© The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


597 


3. Only the centre of rotation is fixed. 


4 a 
Cc B' 
E' A’ 
te) 
b parallel 


c They are both 12 square units. 


Exercise 18C 


1 oa 
“Sa ral 
B |B 
b 
A A’ 
B B' 
Cc’ 
c 
xX} Xx 
Z IZ 
@ @ 
Y y" 
d 
A 
B 
A’ 
B' 
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e 
A 
iC’ 
B' 
iC 
A’ 
f 
xX 
@ 
Z ® 
Y 
y’ 
e 
Z' 
e 
x’ 
g 
h 
A 
C' 
A’ 
B 
By) oc 
i 
Xx’ 
© 
xX) Y' 
ze 
@ 
Y 
j 
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k b 
m 
n 
1 
Exercise 18D 
1 oa 4 right, 3 uw 
AN & Pp 
@ 
A’ 
r 
A 
@ 
m 
b 3 down, 2 right 
* c 3 right 
d 3 right, 1 up 
| sey. 
2 
2 a 
90° anticlockwise 
m n 
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30° clockwis 


210° anticlockwise 


3 a L-iii 


iv yes 


b i, ii, iv 


iv no 


4 = Many answers are possible. For example: 
a Rotate 90° clockwise about B; translate 3 right, 4 up. 
b Reflect in AC; translate 1 up. 
c Reflect in BC; translate 2 right, 3 up. 


d Rotate 90° clockwise about C; translate 1 down. 


B” 


A’ 


” 


SEAS 


B’ 


5 a 


B” 


Cc 
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-4 GC 


a | up and 2 right b 2 right and 5 up 
c 8 down 
3 
aA’(1, 2) b B’(-l, 2) ¢ C’-1, -3) d D’(0,0) 
4 y 


Exercise 18E 


1 


a A’(-2, 1) b B’(-2, -1) e C’(0, 0) d D’(0, -2) 


D 


a A’(2, 3) bB’(4, 4) ¢C’(-l, 4) dD’(-3, -2) 
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5 y 8 y 
5|p 6 
4 
By : 
2 C(-B, 3) 4 
2 ’ 3 
cle’ : AY fee 
-5] -4] -3] -2] -1 2) 3] 4) 45) x AAI) | pbs, 0 
TA 14] 2) 3) 4) 5] 6] “x 
AQ —H 
B’ ice 2) a 2) 
C3, 3) 3 i 
5 -4 
5 
aA’(2, 1) b B(-3,-3) e C’(-5,0) d D’(0, -4) 
a A’(2, 1), A”(-2, 1) b B’(2, -2), B’(-2, -2) 
e C'(-3,-3), CB, -3) d D’(-5,0), D(5, 0) 
9 
D'(-5, 
D"(-5, 1) 
—5| -4 5 6) xy 
—2 
ai A’(-3,-1) ii B’(3,3) iii C’(0, 4) 
3 
b AA’B’C’ A"(O| -4) 
D(-5, -5)|_ C3, 5) 4 
7 y + iz oe BYtA 5) 
B'(-1, 6) é Att 6) 
-6 
5 
A a A’(0,0), A”(0, -4) b B’(2,-1), B’(2,-5) 
sTt ¢ C’(-3,-1), C’(-3, -5) d D’(-5, 5), D”(-5, 1) 
10 


-1 AQ, -1 A'(6, +1) 
—2 
33 
-4 
d p'(-1), -5) | 
D(45, -5) 5 
a A’(6,-1),A”(1, 6) b B’(6, 1), B’(-1, 6) 
e C’(1,1),C’(-1, 1) d D’(-1,-5), D’(-5, 1) 


A(3, 1) > A’, -3), A”(-3, -3) 


B(7, 1) — B’(7, -3), B’(-7, -3) 
C(7, 4) > C’(-7, 0), C’(-7, 0) 
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Exercise 18F 


1 
Order: 1 1 1 1 1 
G | L 
Order: 1 2 2 4 1 
| 
M | N P;Q;R 
Order: 1 2 2 1 1 
| | 
| _ yf 
S WU) VIV | 
Order: 2 1 1 4 2 
| | : Oo 
Order: 1 2 2 2 2 
2 
| 
| 
| 
Saf 5 = 
| 
| 
square rectangle rhombus kite 
Order: 4 2 2 4 
ae oe 
S oe 
equilateral triangle isosceles triangle right triangle trapezium 
Order: 3 4 4 1 
| 
| 
any diameter isan ellipse arallelogram 
axis of reflection circle P P 8 
Order: infinite 2 2 
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Exercise 18G 
1 a,b 


3 a8 ce 45° 


d The diameters shown are the axes of symmetry, together 
with the lines joining opposite midpoints; 8. 


e the diameters shown, 4 


4b All acute triangles thus constructed are equilateral, and 
hence have angles of 60°, which is the angle required for 


= 60). 


the hexagon 290 


c¢ order =6 


5b aclock face ce 12, 12 


6 


36 and 37, respectively 


Review exercise 


1 


2 


a 3 right, 1 up b 2 down ec 2 right, 2 down 


3 
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a A’(3, 1) 


b B’(5,2) 


e¢ C’(0, 2) 


a 3 right, 1 up b 5 right, 5 up c 6 down 
y 
B' Cc 
e 5 
-4) -3) -2) -1 4, 5] 6 < 
el | IA 
1-2 
-3 
-4 
5 
a A’(2, 1) b B’(-4, 1) e C’(-1, - 2) 
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30° clockwise 


a A’(3, 2) b B’(3, — 2) e C’(-2,-1) 
10 a2 b4 c 6 d2 
ll a 
B 
BN C 
B” A . 
C 
” (Ses 
a a A"(-5, 1) b B"(-2,1) e C"(2,3) 
14 y 
1 left and 3 down 
b 71C"(0, 7) 
R” : 
” |B’ c-1, 4) 2 C'Q, 5) 
A” 4 
NV Cc’ 3 
21 a2, 1 
B i 1 + 
| B"(-4,0) 
-7| -6| -5| -4) -3) -2; -1] OF 1) 2) 3) 4 5) 6 7 y 
ie c B’ 2,|-2)| -1 TA'(4, -11) 
2. hal —y 
BS, -3) = 
3 left and 4 up ' 


aA"(2,1) b B"(-4,0) ¢ C"(0,7) 


12 


15 Many answers are possible. For example: 


a Rotate 90° anticlockwise about B; translate 3 left, 
4 down. 


b Reflect in AB; translate 5 left, 3 down. 
c Reflect in AC; translate 1 down. 
d Reflect in AB; translate 3 left, 6 down. 


90° anticlockwise 
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Ny 


Challenge exercise 5 a 


1 oa 


\ 


Q 
> 
> 

XQ 
ONS 


PSS 
\o 
NG 
N\ 
N\ 
N\ 
N 
N\ 


i 
> 
* 
= 
fe) 
SecSs5 
> 


b 45° 
c No, but the angle between /, and /, must be 45°. There 


&% are many possibilities. 
Cc B Ce BY ‘B’ Cc 
¢ Both are 4 units right. Chapter 19 answers 
2 . 
A why Exercise 19A 
‘s 1 a 41089 
t b 57% 
6 
c B Cc”) BB | ic’ c 25% 
d There is no entry for the O—5 years age group. 
b 6 units right " 2 Py 
c 8 units in a direction perpendicular to the parallel line 2 a 230000 b 330000 ce 80% 
(can be left or right) 
d Translation will be 2a units perpendicular to the lines. 3a 146 b 22 
e 980 d 13:146 
3 
y 4 
5 a Matches 
a Lost 
3 
2 
1 Bryce 
B 
-3) -2]; -1 OjA1 2 3 > Gerald 
A f John 
-2 
mt a Bryce b Gerald e 33 +% 
-4 
5 
Exercise 19B 
No, there are many ways to do this; the distance between : : : 
the lines is 2 units. 1a The pictogram is a poor representation of the amount of 
time spent star-gazing. The picture size doesn’t clearly 
4 show the number of hours. 


b Time spent star-gazing 


Stuart «KK * %& =1 hour of star-gazing 
Loys * 

Jyothi kkk 

Warwick KK KKKKK*K 
Durham K KKK KK KKK 


2 a 4500 
b 18000 
e 25% 
d 31% 


No, there are many ways to do this; the distance between 
the lines is 2 units. 
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3 Basketball club singlet sizes 


Extra small =5 basketball singlets 
Small 

Medium 

Large 


Extra large 


4 Large cat numbers at an open range zoo 


Cheetah Oi oe ® 
Puma SS & Gy 


Exercise 19C 


= 10 large cats 


1 a5 b netball 
ce 25 d 8% 
2 a 60 b 2000 and 2002 
c 500 d 28% 
3 ai 2001 ii 2002 
b 2001 c 2 d 7000 
e 12000 f 2006 or 2007 
4 a Hobby farm animal numbers 
Chicken 
Pig 
= Shee 
[a 
c 
& Horse 
fo} 
a G 
Goose 
Dog 
Cow 
5 10 15 20 25 
Number of animals 
b 20% ce 50% 


5a Saturday waking times of Year 10 boys 


11:00 


10:00 


9:00 


8.00 


Time (am) 


7:00 


6:00 
T 


2 4 6 8 1012 14 16 18 20 


Number of students 
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b 332% 


c Most of the boys sleep in on Saturday morning. 


Exercise 19D 


1 Sporting event advertising expenditure 
Newspapers Radio Television Billboards 
2 Car sales over 12 months 

Sedan 4WD 


People mover Station wagon 


3 a staff meetings, 40°; client meetings, 160°; paperwork, 
60°; telephone calls, 80°; other, 20° 


b 2 hours ce! d 44% 


9 
4 a Mode of transport 


Walk 
Bus 


b 20% 


e 15° 


5 School band 


=— Xylophone 
Saxophone 


Drums Clarinet 


6 a Michelle $108; Sarah $100. 
b Michelle $108; Sarah $110. 


c Although Michelle spends a higher percentage on 
clothes, she does not necessarily spend more than Sarah. 
It depends on how much they each earn in a given 


month. 
7 a food b 126° ce 35% 
8 a 390000 
b 4000000 
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Exercise 19E 


1 


National park visitors 
“" 
300 
2 
& 
a 
2 2004 
° 
3 
2 
5 
5S 100 - 
6) T T T r T T > 
Mon Tues Wed Thur Fri Sat Sun 
Day 
a 0.8 kg b 6.5 kg 
c Rohani's weight 
Cc: 
= 
= 
20 
oO 
= 
2: 4 
0) 2 4 6 8 10 12 
Month 
a $100 b 15 
ce 3 d more money 
a Singapore b Niger ce 1996 
d Oman e Vietnam 
Maximum daily temperature 
rN 
204 
ae 
2 
2 
5 104 
a 
£ 
e | 
> 


T T T T T T 
Mon Tues Wed Thur Fri Sat Sun 


Day 
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6 a 
b 


c 


1 oa 


Q 


4 a 
d 


1 oa 


oO 


on 
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2004 
Births at a country hospital 

aN 
150- 


100 = 


50 - 


Number of births 


T 
1999 2000 2001 2002 2003 2004 2005 
Year 


The answer is subjective. They are quite similar. The 
lines connecting the points in the line graph possibly 
make the increasing trend over the last three years 
more apparent, while the column graph gives a better 
impression of the numbers of births. 


Exercise 19F 


i £4 ii £8 iii £16 

i A$25 ii A$50 iii A$80 
6 hours 

i 4km ii 6km iii 2km 
1400, for 1 hour d 6km 

12km f 4km/h 

3 km/h h 2km/h 

40 km b 65 km c 2p.m. 
25 minutes e 60 km/h 

i 53 ; km/h ii 120 km/h iii 80 km/h 
1 hour b 6km ce 5 hours 

2 km e 2>knv/h 


Review exercise 


January and February b June and July 
February d June, July and August 
January and November f May 

October b January and July 
approximately 650 mm d spring 

winter 


Cambridge University Press 


3 — ii Student enrolments 

Predictions 2nd 4th Rianne 

edicine 5.6% 
Adrian Jonathon it 

N kK Arts 36.2% 

Jonathon Adrian 
Khan Science 10% Law 2.4% Engineering 18.3% 
Lars iii Student enrolments 


b Adrian Ist, Khan 2nd, Rory 3rd, Lars 4th, Jonathon 5th 


s Law 
4 ai 1435 ii 10% 24% 
bi Student enrolments 
800 -— Medicine 
5.6% 
2 600 Science 
3 Engineering 10% 
5 18.3% 
x) 
x, 400 - 5 ai 60 km/h ii 90 km/h 
= b 20 km from Walton for 10 minutes 
Ss 
2 00 - ce 100 km/h 
d 20 km from Walton 22 minutes after Bertie started his 
journey. 
6 a 80km b 60 km/h 
F Ss wv Cg 
© SS \ & e ¢ 60 minutes d 80 km/h 
oO” io & RCS 
(2 ge e 10 minutes 
f 26 = km from Smolyvar after 13 ; minutes 
Faculty 
Chapter 20 
Exercise 20A 


1 a i 
Weight (correct | 571 58] 29] 30] 31] 32| 33] 34] 35] 36] 37] 38 
to nearest kg) 


Tall 
HH 
HH 


Frequency | 1] of 3[ 1] 4] 10] 3] 3] 5] 5] of 3) 


b 38 
c e 
e 
e 
; 
e e e 
; : : * . . : : 
e e e e e e e e 
e e e e e e e e e e 
<= T T T T T T T T T T T T > 
27 28 29 30 31 32 33 34 35 36 37 38 
Weight of dog (kg) 
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d ; 
e 
e 
e e 
e e e e e e 
e e e e e e e e 
=—— T T T T T T T T T T T T T T T > 
72 73 74 #75 #76 #77 +78 +79 #80 81 «82 83 84 85 86 87 88 


Brad's golf score 


3 

Number of 

organisms 

Tally 

Frequency 

b : : 
e e e e 
e e e e e 
e e e e e e e e e e 
< T T T T T T T T T T T T T T T ral 
20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 


Number of organisms 


Frequency _ 8 
7 Number of 
chairs 
Tally 
Frequency 
b 28 chairs 30a Stem | Leaves 
C : 7/689 
ceed ie 2 8/1668 
Sen eaeE Mer: 9/2477899 
SE SEE LU ca 10}011122333 
14 21 2324252627 2829 33°35 111002348 
12/0 
3 ee b 101 and 103 
< T T T T T T T T T T T =a 
311 321 353 361 367 371379 387 405 
Length of wire (centimetres) Exercise 20D 
Exercise 20C 1 a 6.5 metres b 6 metres c 7 metres 
1 a Stem | Leaves 2 a 44kg b 43 kg 
3/9 
al Be'9 ec 42.42kg d 8kg 
516 
6\78 3 20 bags 
ceeee 4 7.7 11.4 
lease a $7.75 b $11.45 
9/899 c Median is better, mean is affected by $42.50 
b $39, $99 c $78 d $38.50 
2 a 24 b 38 people 5 5.1 years 
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* V score 1/21/3|415|6|7]8]9/10 
frequency |2/2/1/)/1/1/}1/6/2)2)| 2 
b mean = 6, median = 7, mode = 7 


ec 9 


7 median = 36 


Chapter 21 answers 
Exercise 21A 


1a polyhedron 


oO 


not a polyhedron 


b not a polyhedron 
d not a polyhedron 


e polyhedron f nota polyhedron 
2/01377 
3|}0112346688 = = = 
Pale 2 aV=8, F=6, E=12 
5 |2334 b V=6, F =5,E=9 
8 1,2,5,6,6 ec V=4, F=4, E =6 
d V=7, F=7, E=12 
e V=5, F=5, E=8 


Review exercise 


3 a prism 


b not a prism ¢ nota prism 


d not a prism e prism f prism 
1 a,b stem | Leaves : 
g nota prism 
9| 6889999 
AQ: 0.012 2:3 18 Bo é Type of Number | Number of | Number 
11 | 2@ 33 569 cross-section of edges (E) of 
12/12 faces (F) vertices 
(V) 
12) 282) “Sadiaga 2? UP ons F 
Palen Triangular 
15|256 Rectangular 
16|77 Pentagonal 
17 | 1 Hexagonal 
¢ 75; the range is the difference between the highest and bV- E+F=2 
lowest values. ‘ - ee 
cin+2 ii 3n lii 2n 
2 : dV-E+F=n+2- 3n+ 2n=2 
; ; e 5 a 
: : : : Type of Number of | Number | Number 
a . . : : : an pyramid faces (F) | of edges of 
0 4 2 3 4 (E) vertices 
Number of absences Vv) 
Triangular 4 
3. a mean = 48.88, median = 45, range = 68 Rectangular 5 
b mean = 92.4, median = 44, range = 551 
Pentagonal 6 
4 a $75000 b $103 125 c $248000 Hexagonal 7 
5 mean = 50.42 correct to two decimal places, bV-E+F=2 
median = 58 cin+1 ii 2n iii n+ 1 
dV-E+F=n+1+n+1-2n=2 
6 a7 b 722 
7 6 7 ; 
4 __Stem|Leaves Platonic solid | Number | Number | Number 
5106 56 61 98 of faces of of vertices 
6|30 (F) edges (V) 
7|21 34 63 65 72 78 90 (E) 
8] 24 43 46 52 53 64 65 82 
9]1012 143558 Cube ie 
b5 c 824 d 452 Tetrahedron 6 
Icosahedron 30 
8 ax = 38 b median = 20 Ouahedion 12 
9 a maximum = 78 b median = 58 Dodecahedron 


c x= 65.5 


bV- E+F=2 


ANSWERS TO EXERCISES 
ICE-EM Mathematics 7 3ed ISBN 978-1-108-40124-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


Exercise 21B 


2 


. ° 
ce 
e e e 
. 
. 
. 
. 
. 
. 
° . 
a Front 


° a . 
e e 
. ° 5 
7 : : 
. . 
e e e e . 
= 
d F - ; . 
. 2 
. b no 
" 
: 7 . : 4 a There are seven such solids. 
F F 3 b 2 
: r° 5 s ° 


Side Planview b- Front Side 


Plan view . e 
2 7 
c Front view Side view 7 ; 
Plan view . . . . ° ° ° . 
eae Pe es ee oe ae ee 
b e 
* 
d_ Front view Side view ° 
a 
; 5 
Plan view ° 
5 
e 
Plan view % ; ° 7 . : * 7 
Front view Side view c ° 
* 
< 
fe 


f Front view 


Side view Plan view 
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Review exercise 


1a triangular prism 
b ABCF, CDF, BEA, AEDF, BCDE 


¢ Plan view 


Back view Side view 


e Ae e e 


e V=6, E=9, F=5,6-9+5=2 


2 a 
Plan view Front view Side view Rear view 
b no 
30a 7 < 7 
b, 


Challenge exercise 


1a square pyramid b triangular prism 


¢ asolid with two squares and eight triangles 


2 a square pyramid b pentagonal pyramid 


b nine faces and nine vertices 
c 2n + | faces and 4n edges 
d extended square pyramid, octahedral pyramid 
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a six-sided polyhedron — triangular dipyramid; number of 
faces = 6, number of vertices = 5, number of edges = 9 


d octahedron 
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6 
Se ae : 
Chapter 22 answers P 
22A Review 
Chapter 11: Integers 
1 =, =4,.53, =2, 10, 1,:2)3 3 
2 51, 48, 45, 42 
3 a5 b 34 
4 
c -7 d -13 
4 a b 2 
c 7 d -l11 5 
e —42 f 6 
g -5 h -17 
5 a-3 b -12 6 
ec -14 d -7 
e -34 f 20 
@ 35 "pel iu 
i -4 j -l4 
8 
k -9 1 50 
6 15°C 
7 a -35 b -18 
ce -110 d -84 
e -160 f 50 
g -44 h 48 
8 a6 b -9 
c5 a9 
9 a-3 b -9 c —7 
10 a 8l b -64 c -4 d -65 e 33 
11  -10 
12 a6 b -64 c -120 
d 120 e —408 f 25 
g 81 h 49 i -90 
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bi4dm ii 8=m 
a i $(2000 — x) 


b i $1500 ii $1000 


Chapter 12: Algebra and the 
Cartesian plane 


iii 19m 
ii $(2000 — 5x) 


iii —$250 


A(1, 4), B(3, 1), C(4, -3), D(-3, -2), 


E(-2, -4), F(2,-2), G(-2, 2) 


square 
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-5| -4| -3 


isosceles triangle 


c 


Points are: (—3, 3), (-2,2), (-1, 1), (0,0), (1, -1), 


(2, -2), (3, -3) 


rectangle 


Points are: (-3,-7), (-2,-6), (-1,-5), (0, -4), 


(1,-3), (2,-2), 3,-1) 


parallel lines 


9 ay=4x 
x -3 | -2 | -1 (0) il 2 3 
y |-12] -8 | -4] O 4 8 12 


Points are: (—3, -12), (-2, -8), 
(-1,-4), (0,0), (1, 4), (2, 8), (3, 12) 
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Chapter 13: Triangles and constructions 6 a2 be ee 21 
8 8 0 400 
1 a = 98°, B = 82°, y= 98° ‘ ; 
: Chapter 16: Solving equations 
b w= 85°, B = 40° 
a ae 1 ax=2 bx=1l ex=12 
d a= 70°, B = 80°, y = 30° aces ex=23 f 7=22 
ela eats a ee | hx=12 i c=8 
f «= 67°, B = 64°, y= 43°, 6 = 43° 
g 0 = 49°, B = 43°, y= 88°, 6 = 43° 2 ax=2 bx=5 c x=6 
h a= 149° dx=4 ex=4 f 7 =32 
i a= 18° gx=12 h m= 12 i 7=50 
j B=50°,0=70° 
k a@=75° 3 ax=-l b x=-3 ec x=- 
4 
1 a@=40° d x=35 ex=1} Sn 
m 0 = 32°,B=111° gx=3 h x=0 i x=1 
n a = 73°, B = 65° 
0 a= 113° 4 axt+3=6,x=3 b x-5=10,x=15 
p a= 70°, B = 105° © 7x =84,x= 12 a= 15,x=60 
q 0 = 60°, B = 120° i ; 
e 4x-3=17,x=5 f 3(x+ 6) =28,x=3! 
Chapter 14: Negative fractions 
and decimals 5 50cm, 10cm 6 19, 1 
i gl Hl 13-99 91 aa 7 ax=-l7 b x=-7 ex=l1 
i ae aie et dx= -22 ex=4 f x=-3 
1 1 
2 a3 b 2: ce d = g x=-80 hx=4 Py es 
eee = _1 
et f -12 g -2: h -25 eae fou PS 
3 3 3 
pe a =e oes 
ais 20 8 110 ge. aes has eee 
ae ae Bi ag : : ; 
24 10 5 50 56 dx=-3 ex=2 fx=2 
8 
2 
ar — c 2 2 MS dee ix=1i 
2 3 32 : 
es f -; g 1: h -23 mite 
s a2! p3 ° 3? ah Chapter 17: Probability 
3 2 
ae ea g3° h7 Poa ar 
64 64 4 
1 5 1 
6 12 b -74 ie d -3} a *D 2 
ang mr C2 “28 
5 3 7 
: _9! = z: d — e = f — 
e7y f -9; g-9 h-5 24 4 12 
Chapter 15: Percentages and ratios gt he i ; 
1 3 1 
1 a 90% b 85% © 120% d 48% a bi ce 5 
2 18% b 9.5% 97% d 135% 4 as bee ee at 
owe cn were : 19 19 19 19 
3 a 30% b 125% © 335% pee ape pom 
19 19 19 
4 a4!%, 2 0.39 b 0.6, 64%, = ; ; 7 
32 3 5 as b — c — 
2 18 6 
5 . 37.5%; 0.3, 334%; - 0.75; 2.75, 275%; 3,3 
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-5| -4| -3 


D 
a A'(3, 1) b B4, 3) 
ec C(I, 2) d D'(-2, - 4) 
2 
a 1 unit right, 3 units up 
b 1 unit right, 6 units up 
3 


a A'(1, 2) 
e C'-4, - 3) 


b B(2, 2) 
d D‘(4, - 4) 
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B 
e 
{Db yc 
a A\(-2, 1) b B\-2, 2) 
ce C'B, —4) d D'(4, 4) 
5 y 
5 
B *|D 
7 3 
2 A 


a A'(2, 1) 

b B\(-3, -3) 
ce C\(-5,0) 
d D'(0, -4) 


Chapter 19: Graphs and tables 


1 1 120°; >, 100°; 4, 20°; 4 30°; , 30° 
3 18 ig ie a9 


Favourite colours 
of students 


Brown 


Purple 
Yellow 


2 a 144° b 72° 
3 a July 
e¢ 17°C d 9°C 


b January and December 
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4 a Crop production 7 a mean = 85.64 correct to two decimal places 
b median = 84 
c range = 27 
Barley d Stem | Leaves 
7|4666 
8}01122244568 
9}122669 
10} 1 
b wheat: 12000 t; barley: 16000 t; rice: 20000 t 
5 Division of a sum of money Chapter 21: Polyhedra and three- 


dimensional drawing 


1 ai F=6, V=8, E=12 
li F=5, V=6, E=9 
iif = 10, V=8, E=16 
ivF=14, V=24, E=36 
bi 2 ii 2 iii 2 iv 2 


6 Daily museum visits 


2 a Front view 


Side view 


Number of people 


= imi 


b Front view 


Day of the week 


Chapter 20: Statistics 


Side view a 


Plan view 
1 oa Stem | Leaves 
2|234467 
3)/1356889 ce Front view 
4/011146 
b 36 ce 24 
Side view 
2 a 13.7 b 14 e 15 
3 a 86 b 29 
4 . 2 . : 
e e e e Plan view 
<—+ 7 7 —> 
48 49 50 51 52 


Length (cm) 


d Front view 


5 x=17, y=22;x= 18, y=21;x=19, y= 20 


6 a median = 18, range = 12 


b median = 12, range = 26 
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Side view 


Plan view 


4 ‘Front view 


Side view 


Plan view 
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22B Tessellations 


Activity 7 


Polygon Number Interior Size of each 
of sides anglesum | angle 


Triangle 3 180° 60° 


Quadrilateral 360° 90° 
Pentagon 540° 108° 
Hexagon 720° 120° 


Heptagon 900° 128%° 


Octagon 1080° 135° 
Nonagon 1260° 140° 
Decagon 1440° 144° 
Dodecagon 1800° 150° 


: The square, equilateral triangle and regular hexagon are the 
only polygons with angle sizes that divide 360°, thus enabling 
several such shapes to meet at a vertex without leaving any 
spaces. 


Activity 3 


The interior angles of a pentagon add up to 540°. 
ZA + ZB + ZD = 360° and 4 Cairo tiles fit together to form 
° a hexagon which tessellates the plane. 


Activity 4 


FANGS 
LEX 


wx 
ZN 


: , Activity 5 


The other seven codes 
[6, 3, 6, 3], [8, 8, 4], [4, 3, 4, 3, 3], [12, 12,3], 


[4, 4, 3, 3, 3], [12, 6, 4], [6, 3, 3, 3, 3] 
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